17

Multiple Integration

17.1 VOLUME AND AVERAGE HEIGHT

Consider a surface f(x,y); you might temporarily think of this as representing physical
topography—a hilly landscape, perhaps. What is the average height of the surface (or
average altitude of the landscape) over some region?

As with most such problems, we start by thinking about how we might approximate
the answer. Suppose the region is a rectangle, [a,b] X [c,d]. We can divide the rectangle
into a grid, m subdivisions in one direction and n in the other, as indicated in figure 17.1.
We pick z values zg, 1,..., Tm—1 in each subdivision in the z direction, and similarly in
the y direction. At each of the points (z;,y;) in one of the smaller rectangles in the grid,
we compute the height of the surface: f(z;,y;). Now the average of these heights should
be (depending on the fineness of the grid) close to the average height of the surface:

f(.1507y0) +f(:61,y0) + -+ f(x(hyl) + f($1>y1) + -+ f(xmflyynfl)'
mn

As both m and n go to infinity, we expect this approximation to converge to a fixed
value, the actual average height of the surface. For reasonably nice functions this does
indeed happen.

Using sigma notation, we can rewrite the approximation:

LSS o= LI o L
%ZZM@,% *mzz‘fﬁj,yz Lo
1=0 j5=0 ==
1 n—1m-—1
= T o g & X e wiat.
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Figure 17.1 A rectangular subdivision of [a,b] x [c,d].

The two parts of this product have useful meaning: (b — a)(d — ¢) is of course the area of
the rectangle, and the double sum adds up mn terms of the form f(z;, y;)AxAy, which is
the height of the surface at a point times the area of one of the small rectangles into which
we have divided the large rectangle. In short, each term f(z;,y;)AzAy is the volume
of a tall, thin, rectangular box, and is approximately the volume under the surface and
above one of the small rectangles; see figure 17.2. When we add all of these up, we get an
approximation to the volume under the surface and above the rectangle R = [a, b] x [c, d].
When we take the limit as m and n go to infinity, the double sum becomes the actual
volume under the surface, which we divide by (b— a)(d — ¢) to get the average height.

Figure 17.2  Approximating the volume under a surface. (JA)
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Double sums like this come up in many applications, so in a way it is the most impor-
tant part of this example; dividing by (b — a)(d — ¢) is a simple extra step that allows the
computation of an average. As we did in the single variable case, we introduce a special
notation for the limit of such a double sum:

n—1m—1

mlgng Zf(r;yyz)ArAy—/ f(xyy)dﬂcdy=/ f(z,y)dA
R

i=0 j=0

the double integral of f over the region R. The notation dA indicates a small bit of
area, without specifying any particular order for the variables x and y; it is shorter and
more “generic” than writing dz dy. The average height of the surface in this notation is

1
@:mﬁgéfmmm

The next question, of course, is: How do we compute these double integrals? You
might think that we will need some two-dimensional version of the Fundamental Theorem
of Calculus, but as it turns out we can get away with just the single variable version,
applied twice.

Going back to the double sum, we can rewrite it to emphasize a particular order in

which we want to add the terms:

— m—1

Z foj,yl x| Ay.

In the sum in parentheses, only the value of x; is changing; y; is temporarily constant. As
m goes to infinity, this sum has the right form to turn into an integral:

m—1

mlgn Zfzjvyz Az*/ fx,yi)d

So after we take the limit as m goes to infinity, the sum is

n—1 b
flx,v:) da:) Ay.
> (/a pdr ) Ay

Of course, for different values of y; this integral has different values; in other words, it is

b
aw:/fmwm

really a function applied to y;:
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If we substitute back into the sum we get

n—1

> Gly)Ay.

i=0

This sum has a nice interpretation. The value G(y;) is the area of a cross section of the
region under the surface f(z,y), namely, when y = y;. The quantity G(y;)Ay can be
interpreted as the volume of a solid with face area G(y;) and thickness Ay. Think of the
surface f(x,y) as the top of a loaf of sliced bread. Each slice has a cross-sectional area and
a thickness; G(y;)Ay corresponds to the volume of a single slice of bread. Adding these
up approximates the total volume of the loaf. (This is very similar to the technique we
used to compute volumes in section 8.3, except that there we need the cross-sections to
be in some way “the same”.) Figure 17.3 shows this “sliced loaf” approximation using the
same surface as shown in figure 17.2. Nicely enough, this sum looks just like the sort of
sum that turns into an integral, namely,

n—1

Jim ZG(JZ)A?/—/ G(y)dy

:/C /a f(z,y) dz dy.

Let’s be clear about what this means: we first will compute the inner integral, temporarily
treating y as a constant. We will do this by finding an anti-derivative with respect to
x, then substituting z = a and = b and subtracting, as usual. The result will be an
expression with no x variable but some occurrences of y. Then the outer integral will be
an ordinary one-variable problem, with y as the variable.

EXAMPLE 17.1 Figure 17.2 shows the function sin(zy) 4+ 6/5 on [0.5, 3.5] x [0.5, 2.5].
The volume under this surface is

2.5 3.5 6
/ / sin(zy) + - da dy.
0.5 Jo.5 o

The inner integral is

3.5
. 6 —cos(zy) 6z
sin(zy) + - doe = ——— + —
/0.5 0 +3 y 5

35 _ —cos(3. 5y) cos(0.5y) L 18 18
0.5 Yy Y 5

Unfortunately, this gives a function for which we can’t find a simple anti-derivative. To
complete the problem we could use Sage or similar software to approximate the integral.
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Figure 17.3 Approximating the volume under a surface with slices. (JA)

Doing this gives a volume of approximately 8.84, so the average height is approximately
8.84/6 ~ 1.47. ]

Because addition and multiplication are commutative and associative, we can rewrite

the original double sum:

n—1lm-—1 m—1n—1
D fagy)Azdy =Y flay,vi) Ay,
i=0 j=0 j=0 i=0

Now if we repeat the development above, the inner sum turns into an integral:

n—1

d
tiw, 3 fos, )80 = [ fas.0)dy,
70 c

n—00 4
@

and then the outer sum turns into an integral:

m—1 d b pd
lim /fz-,y dy Aw:/ / f(z,y)dydzx.
Jm 3 ([ st NRCY

In other words, we can compute the integrals in either order, first with respect to = then
y, or vice versa. Thinking of the loaf of bread, this corresponds to slicing the loaf in a
direction perpendicular to the first.

‘We haven’t really proved that the value of a double integral is equal to the value of the
corresponding two single integrals in either order of integration, but provided the function
is reasonably nice, this is a true theorem, called Fubini’s Theorem.
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EXAMPLE 17.2 We compute // 1+ (z —1)? +4y* dA, where R = [0,3] x [0,2], in
R

two ways.
First,

2

dx

3 2 3
4 .
//1+(z—1)2+4y2dydw:/ v+ (z— 1)y + -y
0 0 0 3 0

3
2

:/2+2(1'71)2+3—dx
0 3
3
2 3 32

=2+ Z(z—-1)°+=

x+3(x )+3x

0
2 32 2
= - 22.3-(0—-1-2
645 845 3-(0-1-3+0)
=44,

In the other order:

2 2 2 : (z—1)° 2
1+ (x—1)"+4y°dady = T4 —— +4y°x
JO JO 0 3

2
8 1
= 3+-+12%+2d
/0+3+ vt gdy

2

3
dy
0

8 1
=3y+-y+4y>+ =
y+3y+ Y +3?J

0

—6+16+32+2
a 3 3

= 44.

]

In this example there is no particular reason to favor one direction over the other;
in some cases, one direction might be much easier than the other, so it’s usually worth
considering the two different possibilities.

Frequently we will be interested in a region that is not simply a rectangle. Let’s
compute the volume under the surface 2 + 2y? above the region described by 0 < z <1
and 0 < y < 22, shown in figure 17.4.

In principle there is nothing more difficult about this problem. If we imagine the three-
dimensional region under the surface and above the parabolic region as an oddly shaped
loaf of bread, we can still slice it up, approximate the volume of each slice, and add these
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0 1
Figure 17.4 A parabolic region of integration.

volumes up. For example, if we slice perpendicular to the x axis at x;, the thickness of a

slice will be Az and the area of the slice will be
2

/ 1 x; + 2y% dy.
0

When we add these up and take the limit as Az goes to 0, we get the double integral

1 pa? -1 9
/ / x+2y2dydz:/ zy+ -yt
o Jo 0 37 1o

! 2
:/ 2%+ a8 da
Jo 3

22

dx

.734+2 7
= — 4+ —=z
4 21 |,
_1+2 29
4 21 84’

We could just as well slice the solid perpendicular to the y axis, in which case we get

1ol 1,2
/ / 1’+2y2d’f,dy:/ 2y
Jo Jyg Jo 2

1
1 . .
:/ 7+2y27%72y2\/§dy
Jo

1
dy
Vi

What is the average height of the surface over this region? As before, it is the volume
divided by the area of the base, but now we need to use integration to compute the area
of the base, since it is not a simple rectangle. The area is

1

1
/ 22 de = =,
Jo 3

so the average height is 29/28.
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EXAMPLE 17.3 Find the volume under the surface z = /1 —z2 and above the
triangle formed by y = x, x = 1, and the z-axis.
Let’s consider the two possible ways to set this up:

1 1o
/ / V1—z2dydx or / / V1-—z2dzdy.
o Jo 0 Jy

Which appears easier? In the first, the first (inner) integral is easy, because we need an

anti-derivative with respect to y, and the entire integrand \/1 — z2 is constant with respect
to y. Of course, the second integral may be more difficult. In the second, the first integral
is mildly unpleasant—a trig substitution. So let’s try the first one, since the first step is

easy, and see where that leaves us.
1 1 » 1
// Vl—azzdydz:/ y\/l—I2’ dz:/azx/l—:ﬂdm.
0o Jo 0 0 0

This is quite easy, since the substitution « = 1 — 2? works:

1 1 . 1 .
/w\/l—dez:—i/\/ﬂdu:§u5/2:—§(1—1'2)‘5/2.

Then

1 1
1 1
/ zV1—a?dx = 75(1712)3/2 =3
0

0

This is a good example of how the order of integration can affect the complexity of the
problem. In this case it is possible to do the other order, but it is a bit messier. In
some cases one order may lead to a very difficult or impossible integral; it’s usually worth
considering both possibilities before going very far. O

Ezxercises 17.1.
2 4
1. Compute / / 1+ zdyde. =
Jo Jo
12
2. Computc/ / r+ydydr. =
—1Jo
2 ry
3. Compute/ / zydrdy. =
1 Jo

1oV
4. Compute/ / drdy. =
o Jy2/2

2 o2
5. Compute/ / — dydzr. =
1 J1 Y



10.

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.
21.
22.

23.
24.

25.

26.

27.
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1 pa? y
. Compute/ / = dydz. =
o Jo e

/2 pa?
. Compute / / rcosydydr. =
0 0
7/2 pcos6
. Compute / / r2(cosf — ) drdf. =
0 0

1 1
. Compute: / / Vad + ldedy. =
o Juz

1 1
Compute: / / ysin(a?) de dy. =
o Jy2

1 1
Compute: / / z\/1 4+ y? dyde =
0 Ja2

1y 9
Compute: / / —dzdy =
P o Jo V1—2a? v

13,
Compute: / / e’ drdy =
o Jay
Evaluate // 22 dA over the region in the first quadrant bounded by the hyperbola zy = 16

and the lines y =2, y =0, and z = 8. =

Find the volume bounded by z = 2 + y? and z = 4. =

Find the volume in the first octant bounded by y*> = 4 —z and y = 22. =

Find the volume in the first octant bounded by y* = 4z, 2z +y =4, z =y, and y = 0. =

Find the volume in the first octant bounded by z +y+ 2 =9, 2o+ 3y = 18, and  + 3y = 9.
=

Find the volume in the first octant bounded by z? +y*> = a? and 2z = = +y. =

Find the volume bounded by 42? + ¢*> = 4z and 2z = 2. =

Find the volume bounded by z = 2? + y? and z = y. =

Find the volume under the surface z = zy above the triangle with vertices (1,1,0), (4,1,0),
(1,2,0). =

Find the volume enclosed by y = 2%, y =4, z = 2*, 2 =0. =

A swimming pool is circular with a 40 meter diameter. The depth is constant along east-west
lines and increases linearly from 2 meters at the south end to 7 meters at the north end.
Find the volume of the pool. =

Find the average value of f(z,y) = eYv/z + e¥ on the rectangle with vertices (0,0), (4,0),
(4,1) and (0,1). =

Figure 17.5 shows a temperature map of Colorado. Use the data to estimate the average
temperature in the state using 4, 16 and 25 subdivisions. Give both an upper and lower
estimate. Why do we like Colorado for this problem? What other state(s) might we like?
Three cylinders of radius 1 intersect at right angles at the origin, as shown in figure 17.6.
Find the volume contained inside all three cylinders. =
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Figure 17.5 Colorado temperatures.

Figure 17.6 Intersection of three cylinders. (JA)

x Ly
28. Prove that if f(z,y) is integrable and if g(z,y) = / / f(s,t) dt ds then goy = gyo =
a Jo
f(z,y).

29. Reverse the order of integration on each of the following integrals

a. /Og/omf(z,y) dx dy

2 plnz
b. / / f(z,y) dy dz
1 Jo
1 /2
c. / / f(z,y) dx dy
0 Jarcsiny
14
d. / / f(z,y) dy dx
0 Jax

e. /j/{)ﬂf(z,y) dz dy
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30. What are the parallels between Fubini’s Theorem and Clairaut’s Theorem?

17.2 DOUBLE INTEGRALS IN CYLINDRICAL COORDINATES

Suppose we have a surface given in cylindrical coordinates as z = f(r,0) and we wish to find
the integral over some region. We could attempt to translate into rectangular coordinates
and do the integration there, but it is often easier to stay in cylindrical coordinates.

How might we approximate the volume under such a surface in a way that uses cylin-
drical coordinates directly? The basic idea is the same as before: we divide the region into
many small regions, multiply the area of each small region by the height of the surface
somewhere in that little region, and add them up. What changes is the shape of the small
regions; in order to have a nice representation in terms of r and 6, we use small pieces of
ring-shaped areas, as shown in figure 17.7. Each small region is roughly rectangular, except
that two sides are segments of a circle and the other two sides are not quite parallel. Near
a point (r, ), the length of either circular arc is about 7A@ and the length of each straight
side is simply Ar. When Ar and A6 are very small, the region is nearly a rectangle with
area rArAf, and the volume under the surface is approximately

DO f(ri, 0))riArA.

In the limit, this turns into a double integral

01 1
/ / f(r,0)rdrdo.
0o To

Ar

Figure 17.7 A cylindrical coordinates “grid”.
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EXAMPLE 17.4 Find the volume under z = v/4 — r2 above the quarter circle bounded
by the two axes and the circle 22 + y? = 4 in the first quadrant.

In terms of r and 0, this region is described by the restrictions 0 <r <2 and 0 <6 <
/2, so we have

/2 2 /2 1 . 2
/ / V4 —r? rdrd@:/ — (4712 a9
0 0 0 3 0

7r/28
= [ Zap
s

i

3

The surface is a portion of the sphere of radius 2 centered at the origin, in fact exactly
one-eighth of the sphere. We know the formula for volume of a sphere is (4/3)7r3, so the
volume we have computed is (1/8)(4/3)72% = (4/3)n, in agreement with our answer. O

This example is much like a simple one in rectangular coordinates: the region of
interest may be described exactly by a constant range for each of the variables. As with
rectangular coordinates, we can adapt the method to deal with more complicated regions.

EXAMPLE 17.5 Find the volume under 2 = v/4 — r2 above the region enclosed by
the curve r = 2cosf, —m/2 < 6 < 7/2; see figure 17.8. The region is described in polar
coordinates by the inequalities —7/2 < 6 < 7/2 and 0 < r < 2cos 6, so the double integral
is

2 cos 6

/2 p2cos6 " /2
/ \/477’2rdrd0:2/ V4 —r2rdrde.
—=/2J0 0 0

We can rewrite the integral as shown because of the symmetry of the volume; this avoids
a complication during the evaluation. Proceeding:

/2

w/2 p2cosf ™ 1 . 2cos 6
2/ \/477>2rdrd(9:2/ 3 (4 —r2)3/2
Jo JOo 0

0

w/2 ] . ]
=2/0 —gsin59+§d9

8 cos® 0 8 "
=2(-z —cosf + -0
< 373 cos +3 .
8 32
=om— —.
3 9
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Figure 17.8 Volume over a region with non-constant limits. Figure 17.9 Finding area by computing volume.
You might have learned a formula for computing areas in polar coordinates. It is 8. Find the area inside both 7 = 2sin € and r = 2 cosf. =
possible to compute areas as volumes, so that you need only remember one technique. 9. Find the area inside the four-leaf rose r = cos(20) and outside r = 1/2. =
Consider the surface z = 1, a horizontal plane. The volume under this surface and above 10. Find the area inside the cardioid r = 2(1 + cos 0) and outside r = 2. =
a region in the z-y plane is simply 1 (area of the region), so computing the volume really 11. Find the area of one loop of the three-leaf rose r = cos(36). =

just computes the area of the region. 3 p/oe?
12. Compute / / sin(z2 + y2) dy dz by converting to cylindrical coordinates. =
EXAMPLE 17.6 Find the area outside the circle r = 2 and inside r = 4sin#; see 7; 00

figure 17.9. The region is described by 7/6 < 0 < 57/6 and 2 < r < 4sin#, so the integral 13. Compute /0 / — 2°y dy dz by converting to cylindrical coordinates. =

is
57/6 p4sin@ 57/6 1
/ 1rdrdd = / —r?
/6 2 /6 2 2

57/6
:/ 8sin? 0 — 2d0
ks

4sin 0 14. Figure 17.10 shows the plot of r = 1 + 4sin(56).
df /

/6
4
=_1+2V3.
3
]
Ezercises 17.2. . .
Figure 17.10 r =1+ 4sin(50)
1. Find the volume above the x-y plane, under the surface r*> = 2z, and inside 7 = 2. =
. Find the volume inside both 7 = 1 and 72 + 2% = 4. = a. Describe the behavior of the graph in terms of the given equation. Specifically, explain
. Find the volume below z = /1 — r2 and above the top half of the cone z = r. = maximum and minimum values, number of leaves, and the ’leaves within leaves’.
Find the volume below z = r, above the z-y plane, and inside r = cos§. = b. Give an integral or integrals to determine the area outside a smaller leaf but inside a

Find the volume below z = r, above the z-y plane, and inside » = 1 + cosf. = larger leaf.

c. How would changing the value of a in the equation r = 1+ a cos(50) change the relative

. Find the volume between 2> + y? = 2% and 2°> + y> = 2. =
Y Y sizes of the inner and outer leaves? Focus on values a > 1. (Hint: How would we change

=N N

. Find the area inside r = 1 4 sin @ and outside r = 2sin. = the maximum and minimum values?)
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15. Consider the integral dA, where D is the unit disk centered at the origin. (See

v
2 1 42

A = +y

the graph here.)

a. Why might this integral be considered improper?

b. Calculate the value of the integral of the same function 1/y/2? + y2 over the annulus
with outer radius 1 and inner radius 4.

c. Obtain a value for the integral on the whole disk by letting § approach 0. =

d. For which values A can we replace the denominator with (z>-+y*)* in the original integral?

17.3 MOMENT AND CENTER OF MASS

Using a single integral we were able to compute the center of mass for a one-dimensional
object with variable density, and a two dimensional object with constant density. With a
double integral we can handle two dimensions and variable density.

Just as before, the coordinates of the center of mass are

M, M,

M M

|

T =

where M is the total mass, M, is the moment around the y-axis, and M, is the moment
around the z-axis. (You may want to review the concepts in section 11.1.)

The key to the computation, just as before, is the approximation of mass. In the two-
dimensional case, we treat density o as mass per square area, so when density is constant,
mass is (density)(area). If we have a two-dimensional region with varying density given
by o(z,y), and we divide the region into small subregions with area AA, then the mass of
one subregion is approximately o(z;,y;)AA, the total mass is approximately the sum of
many of these, and as usual the sum turns into an integral in the limit:

Z1 Y1
M :/ / o(z,y)dydz,
Zo Yo

and similarly for computations in cylindrical coordinates. Then as before

1 Y1
M, = / / yo(x,y)dydx
zo Jyo

Tl Y1
M, = / / zo(z,y) dyde.
Zo Yo

EXAMPLE 17.7 Find the center of mass of a thin, uniform plate whose shape is the
region between y = cos x and the z-axis between z = —7/2 and x = 7/2. Since the density
is constant, we may take o(z,y) = 1.
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It is clear that = 0, but for practice let’s compute it anyway. First we compute the

/2 cos /2
M= / / ldydz = / coswdr = si1r195|7:/7r2/2 =2.
J—=/2Jo J-m/2
Next,
/2 cos T /2 1 T
M, = / / ydydx:/ —cos’zdr = —.
J-ms2Jo Jeny2 2 4
Finally,
/2 cos T /2
]My:/ / xdydw:/ zcoszdr = 0.
—n/2J0 —7/2

So T = 0 as expected, and § = 7/4/2 = 7/8. This is the same problem as in example 11.4;
it may be helpful to compare the two solutions. m]

EXAMPLE 17.8 Find the center of mass of a two-dimensional plate that occupies the
quarter circle 22 + y? < 1 in the first quadrant and has density k(z? + y2). It seems
clear that because of the symmetry of both the region and the density function (both are
important!), z = 3. We’ll do both to check our work.

Jumping right in:

1 pV1I—z? 1 _ .2)3/2
M:/ / k(x2+y2)dydw:k/ 172\/17x2+%d1'.
Jo Jo J0

This integral is something we can do, but it’s a bit unpleasant. Since everything in sight
is related to a circle, let’s back up and try polar coordinates. Then x? + y? = 2 and

/2 pl /2 i /2 1 p
]V[:/ / k(TQ)TdeGZk/ 1 d9:k/ —df =k—.
0 0 0 0

4 8
Much better. Next, since y = rsin 6,

1

0

/2 pl /2 q 1 /2
Mzzk/ / r4sin0drd9=k/ —sinfd) =k ——cosf| =~
0 0 o O 5 0
Similarly,
/2 1 /2 q 1 /2 k
]Wy:k/ / r40050drd0:k/ —cosfdf =k —sinf =—.
o Jo o O 5 0 5
. 8
Finally, z =9 = —. m]

5
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Ezxercises 17.3.
1. Find the center of mass of a two-dimensional plate that occupies the square [0, 1] x [0, 1] and
has density function zy. =

2. Find the center of mass of a two-dimensional plate that occupies the triangle 0 < = < 1,
0 <y < z, and has density function zy. =

3. Find the center of mass of a two-dimensional plate that occupies the upper unit semicircle
centered at (0,0) and has density function y. =

4. Find the center of mass of a two-dimensional plate that occupies the upper unit semicircle
centered at (0,0) and has density function z*. =

5. Find the center of mass of a two-dimensional plate that occupies the triangle formed by
xz =2,y ==, and y = 2z and has density function 2z. =

6. Find the center of mass of a two-dimensional plate that occupies the triangle formed by
z =0, y ==z, and 2z + y = 6 and has density function 22 =

7. Find the center of mass of a two-dimensional plate that occupies the region enclosed by the
parabolas « = y?, y = 2° and has density function v/z. =

8. Find the centroid of the area in the first quadrant bounded by x? — 8y +4 = 0, 2% = 4y, and
2 = 0. (Recall that the centroid is the center of mass when the density is 1 everywhere.) =

9. Find the centroid of one loop of the three-leaf rose r = cos(36). (Recall that the centroid is
the center of mass when the density is 1 everywhere, and that the mass in this case is the
same as the area, which was the subject of exercise 11 in section 17.2.) The computations of
the integrals for the moments M, and M, are elementary but quite long; Sage can help.
=

17.4 SURFACE AREA

We next seek to compute the area of a surface above (or below) a region in the z-y plane.
How might we approximate this? We start, as usual, by dividing the region into a grid
of small rectangles. We want to approximate the area of the surface above one of these
small rectangles. The area is very close to the area of the tangent plane above the small
rectangle. If the tangent plane just happened to be horizontal, of course the area would
simply be the area of the rectangle. For a typical plane, however, the area is the area of
a parallelogram, as indicated in figure 17.11. Note that the area of the parallelogram is
obviously larger the more “tilted” the tangent plane. In the Java applet you can see that
viewed from above the four parallelograms exactly cover a rectangular region in the z-y
plane.

Now recall a curious fact: the area of a parallelogram can be computed as the cross
product of two vectors (page 303). We simply need to acquire two vectors, parallel to
the sides of the parallelogram and with lengths to match. But this is easy: in the x
direction we use the tangent vector we already know, namely (1,0, f;) and multiply by Az
to shrink it to the right size: (Az,0, fAz). In the y direction we do the same thing and
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Figure 17.11  Small parallelograms at points of tangency. (JA)

get (0, Ay, fyAy). The cross product of these vectors is (fz, fy, —1) Az Ay with length
\/f2+ [} + 1Az Ay, the area of the parallelogram. Now we add these up and take the

limit, to produce the integral
1 Y1
/ / f2+ f2+1ldyda.
&

0 Yo

As before, the limits need not be constant.

EXAMPLE 17.9 We find the area of the hemisphere z = /1 — 22 — y2. We compute

the derivatives
_ -z _ Y
el by e

and then the area is

1 V1—z? 2 y2
// A1z 2_2+1_ 2_2+1dydz.
—1J—-V1-22 T Y T Y

This is a bit on the messy side, but we can use polar coordinates:

27 1 1
/ / 1/ 1,2 rdrdf.
o Jo -

This integral is improper, since the function is undefined at the limit 1. We therefore

compute
a
1
lim / \| T—5 rdr= lim —V1-a2+1=1,
a—1~Jo 1—17r a—1—
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using the substitution u = 1 — 72. Then the area is

27
/ 1do =2r.
0

You may recall that the area of a sphere of radius r is 4712, so half the area of a unit
sphere is (1/2)47 = 2, in agreement with our answer. O

FExercises 17.4.
. Find the area of the surface of a right circular cone of height h and base radius a. =
. Find the area of the portion of the plane z = ma inside the cylinder z* + 3* = a®. =

Find the area of the portion of the plane  + y + z = 1 in the first octant. =

AN R

. Find the area of the upper half of the cone z* +y* = 22 inside the cylinder z° +y* — 2z = 0.
=

5. Find the area of the upper half of the cone x? + y? = 22 above the interior of one loop of
r = cos(20). =

6. Find the area of the upper hemisphere of 2% + y? + 22 = 1 above the interior of one loop of
r = cos(20). =

7. The plane ax 4 by + cz = d cuts a triangle in the first octant provided that a, b, c and d are
all positive. Find the area of this triangle. =

8. Find the area of the portion of the cone z* + 3 = 32? lying above the xy plane and inside
the cylinder z2 + ¢ = 4y. =

17.5 TRIPLE INTEGRALS

It will come as no surprise that we can also do triple integrals—integrals over a three-
dimensional region. The simplest application allows us to compute volumes in an alternate
way.

To approximate a volume in three dimensions, we can divide the three-dimensional
region into small rectangular boxes, each Az x Ay x Az with volume AxAyAz. Then we
add them all up and take the limit, to get an integral:

L1 Y1 Z1
/ / / dzdydx.
Zo Yo Z0

Of course, if the limits are constant, we are simply computing the volume of a rectangular

box.

EXAMPLE 17.10 We use an integral to compute the volume of the box with opposite
corners at (0,0,0) and (1,2, 3).

///dzdyd:c—//z|0dydz—//3dydz—/ 3y|0dx—/6dx—6
0 0

]
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Of course, this is more interesting and useful when the limits are not constant.

EXAMPLE 17.11 Find the volume of the tetrahedron with corners at (0, 0, 0), (0, 3,0),
(2,3,0), and (2,3,5).

The whole problem comes down to correctly describing the region by inequalities:
0<2<2 32/2<y<3,0<z<5z/2. The lower y limit comes from the equation of
the line y = 3z/2 that forms one edge of the tetrahedron in the z-y plane; the upper z
limit comes from the equation of the plane z = 5z/2 that forms the “upper” side of the
tetrahedron; see figure 17.12. Now the volume is

2 3 5a/2 2 03 B}
/ / / dzdydm:/ / Z|Sz/2 dy dz
0 Jsz/2Jo 0 Jaxz/2
2 3 -
:/ / S—Ldydw
Jo Jazse 2
0 2 3z/2

/215_1’_15132dT
0 2 4

1522 15437
1 12

dx

0

O

Pretty much just the way we did for two dimensions we can use triple integration to
compute mass, center of mass, and various average quantities.

EXAMPLE 17.12 Suppose the temperature at a point is given by 7" = zyz. Find the
average temperature in the cube with opposite corners at (0,0,0) and (2, 2, 2).

In two dimensions we add up the temperature at “each” point and divide by the area;
here we add up the temperatures and divide by the volume, 8:

1 /2 12 2 1 /2 2 22
—/ / / zyzdzdydz:—// i / /zydydL
8Jo Jo Jo 8Jo Jo 2

1 2xy22 1 /2 1 2?2
- Y ge== apde=-ZT
4/0 2 |, " s/orx 2 2

:1.
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Figure 17.12 A tetrahedron. (JA)

EXAMPLE 17.13 Suppose the density of an object is given by xz, and the object
occupies the tetrahedron with corners (0,0,0), (0,1,0), (1,1,0), and (0,1,1). Find the
mass and center of mass of the object.

As usual, the mass is the integral of density over the region:

1 1 y—x 1 T )2 1 1,,17/,3
M= / / :L‘zdzdydx:/ / 7L(y z) dydx = 7/ 71( 2) dx
0o Jz Jo 0 Ja 2 2 Jo 3

1t . 1
:6/0 1'731'2+3$5714dx:§().

We compute moments as before, except now there is a third moment:

1 1 ry—x 5 1
My, = dzdydr = —,
- /0 /z /0 rz“dzdydx 360
1 1 pry—z 1
M,, = /0 /z /0 zyzdzdydr = T

1 1 pry—z ) 1
Myz:/o/z/o xzdzdydx:%.

Finally, the coordinates of the center of mass are Z = M,,/M =1/3,§ = M,./M = 5/6,
and z = My, /M =1/3. ]
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Ezxercises 17.5.

1 T Tty
1. Evaluate/ / / 2 +y— ldzdyde. =
Jo Jo Jo

2 pa? oy
2. Evaluate / / / zyzdzdyder. =
o J-1 /1
1 po plny
3. Evaluate / / / eV dzdy da. =
o Jo Jo

7/2 [sin® prcos
4. Evaluate / / / r’dzdrdf. =
0 0 0

7 psin® prsing
5. Evaluate / / / rcos® 0 dzdrdf. =
o Jo 0

1 py? paty
6. Evaluate/ / / rdzdrdy. =
o Jo Jo

2 py? pin(y+z)
7. Evaluate/ / / e’ drdzdy. =
1y Jo

8. For each of the integrals in the previous exercises, give a description of the volume (both
algebraic and geometric) that is the domain of integration.

9. Find the mass of a cube with edge length 2 and density equal to the square of the distance
from one corner. =

10. Find the mass of a cube with edge length 2 and density equal to the square of the distance
from one edge. =

11. An object occupies the volume of the upper hemisphere of 22 + y* 4+ 22 = 4 and has density
z at (z,y, 2). Find the center of mass. =

12. An object occupies the volume of the pyramid with corners at (1,1,0), (1,—1,0), (—=1,—1,0),
(~1,1,0), and (0,0,2) and has density => + 3 at (z,y, z). Find the center of mass. =
13. Verify the moments M, M,., and M,. of example 17.13 by evaluating the integrals.

14. Find the region E for which // (1—2* —y* — 2%) dV is a maximum.
E

17.6 CYLINDRICAL AND SPHERICAL COORDINATES

We have seen that sometimes double integrals are simplified by doing them in polar coordi-
nates; not surprisingly, triple integrals are sometimes simpler in cylindrical coordinates or
spherical coordinates. To set up integrals in polar coordinates, we had to understand the
shape and area of a typical small region into which the region of integration was divided.
We need to do the same thing here, for three dimensional regions.

The cylindrical coordinate system is the simplest, since it is just the polar coordinate
system plus a z coordinate. A typical small unit of volume is the shape shown in figure 17.7
“fattened up” in the z direction, so its volume is rArAfAz, or in the limit, r dr df dz.
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EXAMPLE 17.14 Find the volume under z = v/4 — r2 above the quarter circle inside
22 + 9% = 4 in the first quadrant.
We could of course do this with a double integral, but we’ll use a triple integral:

/2 p2 pVA—12 /2 2
/ / / rdzdrdez/ / \/47r2rd7>d0:4—7r.
0 o Jo 0 0 3

Compare this to example 17.4. m]

EXAMPLE 17.15 An object occupies the space inside both the cylinder 2 + 32 = 1
and the sphere 22 + y2 + 22 = 4, and has density 22 at (,y, 2). Find the total mass.
We set this up in cylindrical coordinates, recalling that @ = r cos 6:

2m VA—rZ 21 pl .
/ / / 3 cos®(0) dzdr df = / / 2v/4 — 12 3 cos?(0) dr df
Va—rZ 0 0
27
:/ 128 _ 22 3 ) cos®(9) do
b \15 5

128 22
=—-—=-—=V3|7
(% -5)

m}

Spherical coordinates are somewhat more difficult to understand. The small volume
we want will be defined by Ap, A¢, and A6, as pictured in figure 17.13. To gain a better
understanding, see the Java applet. The small volume is nearly box shaped, with 4 flat
sides and two sides formed from bits of concentric spheres. When Ap, A¢, and A are all
very small, the volume of this little region will be nearly the volume we get by treating it
as a box. One dimension of the box is simply Ap, the change in distance from the origin.
The other two dimensions are the lengths of small circular arcs, so they are rAa for some
suitable r and «, just as in the polar coordinates case.

The easiest of these to understand is the arc corresponding to a change in ¢, which
is nearly identical to the derivation for polar coordinates, as shown in the left graph in
figure 17.14. In that graph we are looking “face on” at the side of the box we are interested
in, so the small angle pictured is precisely A¢, the vertical axis really is the z axis, but
the horizontal axis is not a real axis—it is just some line in the z-y plane. Because the
other arc is governed by 6, we need to imagine looking straight down the z axis, so that
the apparent angle we see is Af. In this view, the axes really are the x and y axes. In this
graph, the apparent distance from the origin is not p but psin¢, as indicated in the left
graph.
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20

Figure 17.13 A small unit of volume for spherical coordinates. (JA)
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PAG psin pAO

a3 AG

psin ¢
Figure 17.14  Setting up integration in spherical coordinates.

The upshot is that the volume of the little box is approximately Ap(pA¢)(psin pAf) =
p?sin pAPpAGAD, or in the limit p? sin ¢ dp de df.

EXAMPLE 17.16 Suppose the temperature at (z,y,2) is T = 1/(1 + 22 + y? + 22).
Find the average temperature in the unit sphere centered at the origin.

In two dimensions we add up the temperature at “each” point and divide by the area;
here we add up the temperatures and divide by the volume, (4/3)7:

Vi—z? 1— z7fy 1
/ / / — 5 dzdyde
e Viz® Aaz—r L+ a4y + 2
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This looks quite messy; since everything in the problem is closely related to a sphere, we’ll
convert to spherical coordinates.

027 1
1 5 . 3 5 3
s = 2 (4x — —3_°2"
| /0 /0 1+p2p sin ¢ dp de df 47(( m—7%) =3 1

Exercises 17.6.

2+1/ 3/2
1. Evaluate/ / / f +y) dzdydr. =
22 4 y? + 22

,2

1— 12 2 y2
2. Evaluate / / Va2 +y?+22dzdyde. =
-1 Vz24y?

2+1/ 3/2
3. Evaluate/ / / 2* +y ) dzdydr. =
zQ+1/ + 22

4. Evaluate ///x dV over the interior of the cylinder z2 +y* = 1 between z = 0 and z = 5.
=

5. Evaluate ///my dV over the interior of the cylinder 2% +4? = 1 between z = 0 and z = 5.
=

6. Evaluate // /de over the region above the z-y plane, inside z* 4+ — 22 = 0 and under
2ttt =d =

7. Evaluate ///yz dV over the region in the first octant, inside 22 +y* — 2z = 0 and under
Pyt =4 =

8. Evaluate ///902 + 42 dV over the interior of 2% + %> + 22 =4. =

9. Evaluate /// Vx2 + y2 dV over the interior of 2 + ¢ + 2% = 4. =

10. Find the mass of a right circular cone of height h and base radius a if the density is propor-
tional to the distance from the base. =

11. Find the mass of a right circular cone of height h and base radius a if the density is propor-
tional to the distance from its axis of symmetry. =

12. An object occupies the region inside the unit sphere at the origin, and has density equal to
the distance from the z-axis. Find the mass. =

13. An object occupies the region inside the unit sphere at the origin, and has density equal to
the square of the distance from the origin. Find the mass. =

14. An object occupies the region between the unit sphere at the origin and a sphere of radius
2 with center at the origin, and has density equal to the distance from the origin. Find the
mass. =

15. An object occupies the region in the first octant bounded by the cones ¢ = 7/4 and ¢ =
arctan 2, and the sphere p = V6, and has density proportional to the distance from the
origin. Find the mass. =
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17.7 CHANGE OF VARIABLES

One of the most useful techniques for evaluating integrals is substitution, both “u-substitu-
tion” and trigonometric substitution, in which we change the variable to something more
convenient. As we have seen, sometimes changing from rectangular coordinates to another
coordinate system is helpful, and this too changes the variables. This is certainly a more
complicated change, since instead of changing one variable for another we change an entire
suite of variables, but as it turns out it is really very similar to the kinds of change of
variables we already know as substitution.

0.5 Y 0.5 Y

0.4 0.4

0.3 0.3

0.2 0.2

0.1 0.1

0.0 7 | 1z 00+ | I o
0.0 0.5 1.0 0.0 0.5 1.0 1.5

Figure 17.15 Single change of variable.

Let’s examine the single variable case again, from a slightly different perspective than
we have previously used. Suppose we start with the problem

1
/ 221 — 22 dx;
0

this computes the area in the left graph of figure 17.15. We use the substitution z = sinu

to transform the function from 22v/1 — 22 to sin? uy/1 — sin® u, and we also convert dz to
cosu du. Finally, we convert the limits 0 and 1 to 0 and 7/2. This transforms the integral:

-2 o /2
/ xzmdx = / sin? uV/ 1 — sin® u cos u du.
0 1

We want to notice that there are three different conversions: the main function, the differ-
ential dz, and the interval of integration. The function is converted to sin®uv/1 — sin® u,
shown in the right-hand graph of figure 17.15. It is evident that the two curves pictured
there have the same y-values in the same order, but the horizontal scale has been changed.
Even though the heights are the same, the two integrals

2 /2
/ 221 — 22 dx and / sin?u/1 — sin? u du
Jo J1

are not the same; clearly the right hand area is larger. One way to understand the prob-
lem is to note that if both areas are approximated using, say, ten subintervals, that the
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approximating rectangles on the right are wider than their counterparts on the left, as in-
dicated. In the picture, the width of the rectangle on the left is Az = 0.1, between 0.7 and
0.8. The rectangle on the right is situated between the corresponding values arcsin(0.7)
and arcsin(0.8) so that Au = arcsin(0.8) — arcsin(0.7). To make the widths match, and
the areas therefore the same, we can multiply Au by a correction factor; in this case the
correction factor is approximately cosu = cos(arcsin(0.7)), which we compute when we
convert dz to cosu du.

Now let’s move to functions of two variables. Suppose we want to convert an integral

Ty Y1
/ / f(@y) dyda
o Yo

to use new variables u and v. In the single variable case, there’s typically just one reason
to want to change the variable: to make the function “nicer” so that we can find an
antiderivative. In the two variable case, there is a second potential reason: the two-
dimensional region over which we need to integrate is somehow unpleasant, and we want
the region in terms of u and v to be nicer—to be a rectangle, for example. Ideally, of
course, the new function and the new region will be no worse than the originals, and at
least one of them will be better; this doesn’t always pan out.

As before, there are three parts to the conversion: the function itself must be rewritten
in terms of u and v, dy dz must be converted to du dv, and the old region must be converted
to the new region. We will develop the necessary techniques by considering a particular
example, and we will use an example we already know how to do by other means.

1 Vi-z?
/ / 22+ y? dy dx.
-1Jo

The limits correspond to integrating over the top half of a circular disk, and we recognize

Consider

that the function will simplify in polar coordinates, so we would normally convert to polar

T 1
/ / ViZrdrd) =",
0 0 3

But let’s instead approach this as a substitution problem, starting with x = rcosf, y =

coordinates:

rsin@. This pair of equations describes a function from “r-6 space” to “z-y space”, and
because it involves familiar concepts, it is not too hard to understand what it does. In
figure 17.16 we have indicated geometrically a bit about how this function behaves. The
four dots labeled a—d in the r-6 plane correspond to the three dots in the z-y plane; dots a
and b both go to the origin because = 0. The horizontal arrow in the r-6 plane has r = 1
everywhere and € ranges from 0 to m, so the corresponding points x = rcosf, y = rsin6
start at (1,0) and follow the unit circle counter-clockwise. Finally, the vertical arrow has
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0 = /4 and r ranges from 0 to 1, so it maps to the straight arrow in the z-y plane.
Extrapolating from these few examples, it’s not hard to see that every vertical line in the
r-6 plane is transformed to a line through the origin in the 2-y plane, and every horizontal
line in the -0 plane is transformed to a circle with center at the origin in the x-y plane.
Since we are interested in integrating over the half-disk in the z-y plane, we will integrate
over the rectangle [0, 7] x [0,1] in the r-0 plane, because we now see that the points in this
rectangle are sent precisely to the upper half disk by = rcos and y = rsinf.

0 T \ | t-z
m -1 0 1

Figure 17.16 Double change of variable.

At this point we are two-thirds done with the task: we know the r-6 limits of integra-

tion, and we can easily convert the function to the new variables:

Vaz+y?= \/7‘2 cos26 + r2sin?6 = 'r\/c052 0 +sin®0 =r. (17.1)

The final, and most difficult, task is to figure out what replaces dzdy. (Of course, we
actually know the answer, because we are in effect converting to polar coordinates. What
we really want is a series of steps that gets to that right answer but that will also work for
other substitutions that are not so familiar.)

Let’s take a step back and remember how integration arises from approximation. When
we approximate the integral in the x-y plane, we are computing the volumes of tall thin
boxes, in this case boxes that are Az x Ay x \/m . We are aiming to come up with
an integral in the -0 plane that looks like this:

/U ! /U ') drdo. (17.2)

What we're missing is exactly the right quantity to replace the “?” so that we get the
correct answer. Of course, this integral is also the result of an approximation, in which we
add up volumes of boxes that are Ar x Af x height; the problem is that the height that
will give us the correct answer is not simply r. Or put another way, we can think of the
correct height as r, but the area of the base ArA# as being wrong. The height r comes
from equation 17.1, which is to say, it is precisely the same as the corresponding height in
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the x-y version of the integral. The problem is that the area of the base Az x Ay is not
the same as the area of the base Ar x Af. We can think of the “?” in the integral as a
correction factor that is needed so that ? drdf = dx dy.

So let’s think about what that little base Ar x Af corresponds to. We know that each
bit of horizontal line in the r-6 plane corresponds to a bit of circular arc in the x-y plane,
and each bit of vertical line in the -0 plane corresponds to a bit of “radial line” in the z-y
plane. In figure 17.17 we show a typical rectangle in the -6 plane and its corresponding
area in the z-y plane.

<
<

0 T T T T
Tr -1 0 1

Figure 17.17 Corresponding areas.

In this case, the region in the z-y plane is approximately a rectangle with dimensions
Ar x rAf, but in general the corner angles will not be right angles, so the region will
typically be (almost) a parallelogram. We need to compute the area of this parallelogram.
We know a neat way to do this: compute the length of a certain cross product (page 303).
If we can determine an appropriate two vectors we’ll be nearly done.

Fortunately, we’ve really done this before. The sides of the region in the z-y plane
are formed by temporarily fixing either r or § and letting the other variable range over a
small interval. In figure 17.17, for example, the upper right edge of the region is formed
by fixing # = 27/3 and letting r run from 0.5 to 0.75. In other words, we have a vector
function v(r) = (rcosfy,rsinfy,0), and we are interested in a restricted set of values
for 7. A vector tangent to this path is given by the derivative v/(r) = (cosfp, sin 0y, 0),
and a small tangent vector, with length approximately equal to the side of the region, is
(cos by, sin By, 0) dr. Likewise, if we fix r = rg = 0.5, we get the vector function w(f) =
(ro cos B, rgsin @, 0) with derivative w(f) = (—rgsinf, ro cos#,0) and a small tangent vector
(—rosinfy, o cos by, 0) dd when § = 6y (at the corner we're focusing on). These vectors
are shown in figure 17.18, with the actual region outlined by a dotted boundary. Of
course, since both Ar and Af are quite large, the parallelogram is not a particularly good

approximation to the true area.
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P
B
A >

\ \ —
-1 0 1

Figure 17.18 The approximating parallelogram.

The area of this parallelogram is the length of the cross product:

i ik
(=g sin by, ro cos by, 0) dO x (cos Oy, sinby,0) dr = | —rgsinfy rocosfy 0| dbdr
cos Oy sin 6y 0

=(0,0,—r sin? 6y — 7o cos? o) do dr.

The length of this vector is rodrdf. So in general, for any values of r and 6, the area
in the z-y plane corresponding to a small rectangle anchored at (6,r) in the r-6 plane is
approximately r dr df. In other words, “r” replaces the “?” in equation 17.2.

In general, a substitution will start with equations z = f(u,v) and y = g(u, v). Again,
it will be straightforward to convert the function being integrated. Converting the limits
will require, as above, an understanding of just how the functions f and g transform the
u-v plane into the z-y plane. Finally, the small vectors we need to approximate an area will
be (fu, gu,0) du and (f,, gy, 0) dv. The cross product of these is (0,0, fugy — gufo) dudv
with length | fugy — gufo| dudv. The quantity |fug, — gufo| is usually denoted

z,y)
A(u,v)

= |fugv — gufol

and called the Jacobian. Note that this is the absolute value of the two by two determinant

fu Gu
f?; Gv

}

which may be easier to remember.

Because there are two things to worry about, namely, the form of the function and
the region of integration, transformations in two (or more) variables are quite tricky to
discover.

EXAMPLE 17.17 Integrate 2 — 2y + y? over the region 22 — zy +y? < 2.
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The equation 22 — zy + y? = 2 describes an ellipse as in figure 17.19; the region of
integration is the interior of the ellipse. We will use the transformation = = v/2u— 1/2/3v,
y = V2u + 1/2/3v. Substituting into the function itself we get

22— zy + y? = 2u® + 202
The boundary of the ellipse is 22 — 2y + y? < 2, so the boundary of the corresponding
region in the u-v plane is 2u® 4+ 2v% = 2 or u? 4+ v? = 1, the unit circle, so this substitution

makes the region of integration simpler.
Next, we compute the Jacobian, using f = v2u — \/2/3v and g = v2u + /2/3v:

Jugo — gufo = \/i\/Q/—3+ \/5\/7: %

4
//(2u2 +20?)—= du dv,
). V3

where R is the interior of the unit circle. This is still not an easy integral, but it is easily

Hence the new integral is

transformed to polar coordinates, and then easily integrated. m]

Figure 17.19 2% —azy+y?> =2

There is a similar change of variables formula for triple integrals, though it is a bit
more difficult to derive. Suppose we use three substitution functions, z = f(u,v,w),
y = g(u,v,w), and z = h(u,v,w). The Jacobian is now

8(x7y,z) fu Gu hu

=|fo g ho
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Then the integral is transformed in a similar fashion:

///RF(gc,y,z)dV:///SF(f(u,v,w),g(u,ww)-,h(uwvvw))‘%

where of course the region S in wvw space corresponds to the region R in zyz space.

du dv dw,

Exercises 17.7.

1. Complete example 17.17 by converting to polar coordinates and evaluating the integral. =

2. Evaluate // zydx dy over the square with corners (0,0), (1,1), (2,0), and (1,—1) in two
ways: directly, and using z = (u +v)/2, y = (u —v)/2. =

3. Evaluate // 2* + y? da dy over the square with corners (—1,0), (0,1), (1,0), and (0, —1) in
two ways: directly, and using = (u +v)/2, y = (u — v)/2. =

4. Evaluate //(:chy)ez*y dx dy over the triangle with corners (0,0), (—1,1), and (1,1) in two
ways: directly, and using z = (v +v)/2, y = (u —v)/2. =

5. Evaluate // y(@ —y) dx dy over the parallelogram with corners (0, 0), (3,3), (7,3), and (4, 0)
in two ways: directly, and using x = u +v, y = u. =

6. Evaluate // vV a? 4+ y?dz dy over the triangle with corners (0,0), (4,4), and (4,0) using
T=u,y =uv. =

7. Evaluate // ysin(zy) dz dy over the region bounded by zy =1, zy =4,y =1, and y = 4
using ¢ = u/v, y = v. =

8. Evaluate // dV where E is the solid enclosed by the ellipsoid
E

using the transformation = au, y = bv, and z = cw. =

9. Evaluate /// sin(9ac2 +4y2) dA, over the region in the first quadrant bounded by the ellipse

927 + 4y = 1. =



