10

Techniques of Integration

10.1 POWERS OF SINE AND COSINE

Functions consisting of products of the sine and cosine can be integrated by using substi-
tution and trigonometric identities. These can sometimes be tedious, but the technique is

straightforward. Some examples will suffice to explain the approach.

EXAMPLE 10.1 Evaluate / sin® x dx. Rewrite the function:

/sin5 rdr = /Sina:sin4:z:da: = /Sin z(sin? z)? dr = /sin:c(l — cos? z)% dx.
Now use u = cosx, du = —sinx dx:

/sinaz(l—coszaz)zdx: /—(1 —u?)? du
:/—(1—2u2—|—u4)du

2 1
:—u+§u3—gu5+0
2 3

:—cos:r:-i-gcos x—gcos5x+C.
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190 Chapter 10 Techniques of Integration

EXAMPLE 10.2 Evaluate /sinGxdx. Use sinz = (1 — cos(22))/2 to rewrite the

function:

1-— 2z)3
/sinGxda::/(sm z)? dw-/%dw

1
= g/l—3C0821’+3COS22$—COSSQQZ(ZQZ.

Now we have four integrals to evaluate:
/ lde ==

/—3cos2a:d:(: = —g sin 2z

and

are easy. The cos® 2z integral is like the previous example:

/ —cos® 2z dr = / — cos 2z cos® 2z dx

1
/ —1—u du
2
1 ud
= —— u — —
2 3

1/ . 5 sin® 2z
= —— | sin2x — .
2 3

And finally we use another trigonometric identity, cos? 2 = (1 4 cos(2z))/2:

1 4 3 in4
/300822$d$:3/$d$:§ <$+SIH4 :z:)

— cos 2z(1 — sin® 2z) dx

So at long last we get
/Sin6$dl’= % — 1—6$in233— 6 (sian— SlIl3 x) + 16 (x-i— Sm4 :z:) + C.

EXAMPLE 10.3 Evaluate /sin2 x cos? x dzx. Use the formulas sin® 2 = (1—cos(22))/2

a

and cos® z = (1 + cos(2z))/2 to get:

1— 2 1 2
/sin2:z:coszxda; :/ cos(2z) . + cos(22) dx.

2 2

The remainder is left as an exercise. O
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Fxercises 10.1.

Find the antiderivatives.

1. /sinQ:cdaz = 2. /singmdaz =

3. /sin4 rdr = 4. /0052 xsin® zdr =
5. /cosga:daz = 6. /sin2x00529:d93 =
7. /COS3 zsin® z dx = 8. /sinx(cos 2)3? do =
9. /sec2 resel xdr = 10. /tansxsecxdm =

10.2 TRIGONOMETRIC SUBSTITUTIONS

So far we have seen that it sometimes helps to replace a subexpression of a function by
a single variable. Occasionally it can help to replace the original variable by something
more complicated. This seems like a “reverse” substitution, but it is really no different in
principle than ordinary substitution.

EXAMPLE 10.4 Evaluate / V1 —22dzx. Let £ = sinu so dx = cosu du. Then

/\/1—xde:/\/l—Sin2ucosudu:/\/c082ucosudu.

We would like to replace Vcos?u by coswu, but this is valid only if cosu is positive, since
Vcos? u is positive. Consider again the substitution x = sinu. We could just as well think
of this as u = arcsin z. If we do, then by the definition of the arcsine, —7/2 < u < 7/2, so
cosu > 0. Then we continue:

1 2 in 2
/Mcosudu:/coszudu:/wmb:g—i—sm4u—i—C

arcsinx  sin(2arcsinx
= 5 + ( 1 ) + C.

This is a perfectly good answer, though the term sin(2 arcsinx) is a bit unpleasant. It is
possible to simplify this. Using the identity sin2x = 2sinx cosx, we can write sin2u =

2sinucosu = 2sin(arcsinz) V1 — sinu = 21’\/1 — sin?(arcsinz) = 221/1 — 22. Then the

full antiderivative is

arcsinz  2zv1 — 22 arcsinz xvV1 — 22
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This type of substitution is usually indicated when the function you wish to integrate
contains a polynomial expression that might allow you to use the fundamental identity

2

sin® z + cos®> z = 1 in one of three forms:

2 2 2

cos“x =1—sin“zx sec’r =1+ tan’x tan® z = sec?

r — 1.

If your function contains 1 — 22, as in the example above, try = = sinu; if it contains 1+ z2
try = tanwu; and if it contains z? — 1, try = secu. Sometimes you will need to try
something a bit different to handle constants other than one.

EXAMPLE 10.5 Evaluate / V4 — 922 dxr. We start by rewriting this so that it looks

more like the previous example:

/\/mdx:/\/4(1—(3x/2)2)dx:/2\/mdx.

Now let 3x/2 = sinu so (3/2) dx = cosudu or dz = (2/3) cosudu. Then

4
/2\/1—(3$/2)2d$:/2 1 —sin®u (2/3) cosudu = §/c082udu

B 4y 4sin2u

5 t—]H t C
_ 2 arcsin(3z/2) N 2sinucosu LC
3 3
2arcsin(3z/2)  2sin(arcsin(3z/2)) cos(arcsin(3z/2))
= + +C
3 3
2 in(3z/2 2(32/2)+/1 — (3x/2)?
_ 2arcsin3e/) | 20e/2VI-Gi2R
3 3
2 in(3z/2 4 — 92
_ arcsin(3x/2) N TV x el
3 2
using some of the work from example 10.4. 0

EXAMPLE 10.6 Evaluate / V' 1+ 22dz. Let ¢ = tanu, dz = sec® udu, so

/\/1-1-932(133 :/\/l-l-tanQuseCQudu: /VSGC2US6C2udU.
Since u = arctan(z), —7/2 < u < w/2 and secu > 0, so Vsec?u = secu. Then

/ Vsec2 usec? udu = / sec® u du.

In problems of this type, two integrals come up frequently: / sec® udu and f sec u du.

Both have relatively nice expressions but they are a bit tricky to discover.



10.2 Trigonometric Substitutions 193

First we do [ secu du, which we will need to compute / sec® u du:

secu + tanwu
secudu = | secu —— du
secu + tanwu

secZu + secutanu
= du.
secu + tanu

Now let w = secu + tanu, dw = secutanu + sec® udu, exactly the numerator of the

function we are integrating. Thus

2 t 1
/S€CUdUz/S€C Ut secu anualu:/—alw:1n|w|-l-C’
w

secu + tanu

=In|secu + tanu| + C.

Now for / sec? u du:

3 sec3u  secdu  secdu  (tan®u + 1)secu
sec” u = + = +
2 2 2 2
B sec u secutan? u n secu sec u + secu tan? u n secu
2 2 2 2 2

We already know how to integrate sec u, so we just need the first quotient. This is “simply”

a matter of recognizing the product rule in action:
/sec3 u 4 sec utan® u du = sec u tan u.

So putting these together we get

/seCSUdu _ secutanu N In | secu + tan u el
2 2
and reverting to the original variable x:
/mda: _ secutanu n In | secu + tan u| s
2 2
sec(arctan ) tan(arctanxz)  In|sec(arctanx) + tan(arctanx)|
= + +C
2 2
rV14a? N In|v1+z? + z| Lo
2 2 ’

using tan(arctanz) = z and sec(arctanx) = \/1 + tan?(arctanz) = /1 + 2. O
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Fxercises 10.2.

Find the antiderivatives.

1. /csca:da::> 2. /csc3azd:c:>

3. /\/xQ—lda:: 4. /\/9+4x2dm:>
5. /mx/l—az2dx:> 6. /mzvl—m?daz:

7./ ! dr = 8. /\/m2+2mdx:>

V1+ 2?2
[ s o= 0. [ LN
z?(1 4 2?) ' V4 —x?
NZ / z®
11. dx = 12. ——dz =
/\/1—3: Vax? —1

10.3 INTEGRATION BY PARTS

We have already seen that recognizing the product rule can be useful, when we noticed
that

/sec3 u 4 sec utan® u du = secu tan u.
As with substitution, we do not have to rely on insight or cleverness to discover such
antiderivatives; there is a technique that will often help to uncover the product rule.

Start with the product rule:

2 f()o(a) = f(@)a(@) + (@) (x).

We can rewrite this as

f@g(e) = [ F@ga)dot [ fa)g (@) da,
and then

[ H@ @) do = f(@)glo) - [ F@)g(a) da,

This may not seem particularly useful at first glance, but it turns out that in many cases
we have an integral of the form

[ f@)g@) o
but that
/ f(2)9(x) da

is easier. This technique for turning one integral into another is called integration by
parts, and is usually written in more compact form. If we let u = f(z) and v = g(x) then
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du = f'(x)dx and dv = ¢'(x) dx and

/udv:uv—/vdu.

To use this technique we need to identify likely candidates for u = f(z) and dv = ¢'(z) dz.

EXAMPLE 10.7 Evaluate /xlnx dr. Let w =1Inx so du = 1/zdx. Then we must

let dv = 2 dx so v = 2%/2 and

22Inzx x2 1 2Inzx T 22nx 22
Inxdx = — | ——dx = — | =dx = - — +C.
/x nxdx 5 7 7 T 5 /2 T 5 1 + _

EXAMPLE 10.8 Evaluate /xsina: dr. Let u = x so du = dx. Then we must let

dv =sinxz dx so v = — cosz and

/xsinxda::—xcosx—/—cosxd:v:—xcosx-ﬁ-/cosxdaz:—xcosaz-i—sina:-i—C.
O

EXAMPLE 10.9 Evaluate / sec® z dz. Of course we already know the answer to this,

but we needed to be clever to discover it. Here we’ll use the new technique to discover the
antiderivative. Let u = secz and dv = sec? x dz. Then du = sec ztanz and v = tan z and

/sec?’xdm:Seca:tana:—/tanza:seca:da:
=secxtanz — /(seczx — 1)secx dz

:Sec:z:tan:z:—/sec3xda:+/secxda;.

At first this looks useless—we’re right back to / sec® z dz. But looking more closely:

/Sec3xdx:Secxtanx—/Secgajda;—f—/seca:da:

/Sec?’xdx—i—/sec?’xdx:secxtanx—i—/secxdm
2/8663:66{1':secxtanx-i—/seca:da:

t 1
sec® zdr = w + Q/Seca:da:

secxtanx In|secx + tanx
= + 2 el
2 2 O
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EXAMPLE 10.10 Evaluate /x2 sinz dz. Let u = 22, dv = sinz dx; then du = 2x dx

and v = —cosz. Now /5(32 sinzdr = —x°cosx + /23: cosx dx. This is better than the

original integral, but we need to do integration by parts again. Let u = 2x, dv = cos x dz;
then du = 2 and v = sinz, and

/.’EQSiHIZJdIZJ: —x2008x+/2xcosxda:

= —z?cosz + 2xsinz — /QSinxdx

= —22cosz + 2xsinx + 2cosx + C.

a

Such repeated use of integration by parts is fairly common, but it can be a bit tedious to
accomplish, and it is easy to make errors, especially sign errors involving the subtraction in
the formula. There is a nice tabular method to accomplish the calculation that minimizes
the chance for error and speeds up the whole process. We illustrate with the previous

example. Here is the table:

sign U dv U dv
x? sin x x? sin x
— 2z —CosT or —2x —CosT
—sinz 2 —sinx
— 0 coszT 0 coszT

To form the first table, we start with u at the top of the second column and repeatedly
compute the derivative; starting with dv at the top of the third column, we repeatedly
compute the antiderivative. In the first column, we place a “—” in every second row. To
form the second table we combine the first and second columns by ignoring the boundary;

“—” to every

if you do this by hand, you may simply start with two columns and add a
second row.

To compute with this second table we begin at the top. Multiply the first entry in
column u by the second entry in column dv to get —z? cos z, and add this to the integral

of the product of the second entry in column u and second entry in column dv. This gives:
—z? cos + / 2x cosx dx,

or exactly the result of the first application of integration by parts. Since this integral is
not yet easy, we return to the table. Now we multiply twice on the diagonal, (2%)(— cos z)
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and (—2x)(—sinx) and then once straight across, (2)(—sinz), and combine these as
—z?cosx + 2z sinz — /28111:1: dx,

giving the same result as the second application of integration by parts. While this integral
is easy, we may return yet once more to the table. Now multiply three times on the diagonal
to get (22)(—cosz), (—2x)(—sinz), and (2)(cosz), and once straight across, (0)(cosx).
We combine these as before to get

—z? Cosx+2xsinx+2008x+/0d1‘ = —z?cosx + 2xsinz + 2cosz + C.

Typically we would fill in the table one line at a time, until the “straight across” multipli-
cation gives an easy integral. If we can see that the u column will eventually become zero,
we can instead fill in the whole table; computing the products as indicated will then give
the entire integral, including the “+C'”, as above.

FExercises 10.3.

Find the antiderivatives.

1. /a:cosxda:: 2. /a:zcosazdaz:

3. /mez dr = 4. /al:ea”2 dr =

5. /sin2xdaz = 6. /lnxdaz =

7. /marctanxdm = 8. /m2 sinzdr =

9. /a:sinzazdaz = 10. /a:sinxcosa:dx =
11. /arctan(\/f) dr = 12. /sin(\/E) dx =
13. /sec2 zesc’ xdr =

10.4 RATIONAL FUNCTIONS

A rational function is a fraction with polynomials in the numerator and denominator.
For example,
x3 1 2?2 4+1
2+z—6 (x —3)%’ 2 -1
are all rational functions of x. There is a general technique called “partial fractions”
that, in principle, allows us to integrate any rational function. The algebraic steps in the
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technique are rather cumbersome if the polynomial in the denominator has degree more
than 2, and the technique requires that we factor the denominator, something that is not
always possible. However, in practice one does not often run across rational functions with
high degree polynomials in the denominator for which one has to find the antiderivative
function. So we shall explain how to find the antiderivative of a rational function only
when the denominator is a quadratic polynomial az? + bz + c.

We should mention a special type of rational function that we already know how to
integrate: If the denominator has the form (az + b)", the substitution v = ax + b will
always work. The denominator becomes u", and each x in the numerator is replaced by
(u—b)/a, and dz = du/a. While it may be tedious to complete the integration if the
numerator has high degree, it is merely a matter of algebra.

3

EXAMPLE 10.11 Find / (31.72>5 dx. Using the substitution u = 3 — 2z we get
—2x

3
3 (_—3) 3 gy, _
/ T do — 1 2 d 1 /u u”® + 27u 27du

(3 —2x)° —2 u® 16 u®
1
= 16 w2 —9u +27u"* — 27u "% du
B 1 (u? Oy 2 + 27u 3 274 L
16 \ —1 -2 -3 —4
1 /(3—2x)"' 9(3—2x)"2 27(3—22)"3 27(3-—22)"*
L1 (B2 93— B2 273-20)7")
16 -1 -2 -3 —4
1 9 9 27
= — + — + +C

16(3 —2z)  32(3—2x)2 16(3—2x)3  64(3 — 2z)* o
We now proceed to the case in which the denominator is a quadratic polynomial. We
can always factor out the coefficient of z2 and put it outside the integral, so we can assume

that the denominator has the form 22 + bz + ¢. There are three possible cases, depending
2

on how the quadratic factors: either 22 +bx 4+ c = (z —r)(x — s), 22 + bz + c = (x — r)?,

or it doesn’t factor. We can use the quadratic formula to decide which of these we have,
and to factor the quadratic if it is possible.

EXAMPLE 10.12 Determine whether 22 + 2 + 1 factors, and factor it if possible. The
quadratic formula tells us that z° +z + 1 = 0 when

 1+1-4
_f.

Since there is no square root of —3, this quadratic does not factor. 0

T
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EXAMPLE 10.13 Determine whether 22 — z — 1 factors, and factor it if possible. The
quadratic formula tells us that > —z — 1 = 0 when

1+v/1+4 1++56
T = = .
2 2

22— —1= (93—1+\/S) (1’—1_\/5>
2 2 '

If 22 + bx + ¢ = (x — r)? then we have the special case we have already seen, that can

Therefore

a

be handled with a substitution. The other two cases require different approaches.
If 2% + bx 4 ¢ = (x — r)(z — s), we have an integral of the form

/ ple) .

(x—7)(x—3)

where p(x) is a polynomial. The first step is to make sure that p(z) has degree less than
2.

213’3

(x —2)(x+ 3)
ator that has degree less than 2. To do this we use long division of polynomials to discover
that

dx in terms of an integral with a numer-

EXAMPLE 10.14 Rewrite/

x3 B 3 14 Tr—6 14 Tr—6
(r—2)(z+3) 22+x-6 r24+1—6 (x —2)(x+3)’
SO
x3 Tr —6
de= [ x—1dx+ / dx.
/(w—2)(w+3) / (z —2)(z +3)
The first integral is easy, so only the second requires some work. 0

Now consider the following simple algebra of fractions:

A n B  Alw-s)+Bx—-r) (A+B)r— As—Br
r—r z—s8  (x—r)(z—5) (x —r)(z—s)

That is, adding two fractions with constant numerator and denominators (x—r) and (x—s)
produces a fraction with denominator (z — r)(x — s) and a polynomial of degree less than
2 for the numerator. We want to reverse this process: starting with a single fraction, we
want to write it as a sum of two simpler fractions. An example should make it clear how
to proceed.
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x3 Tx —6
EXAMPLE 10.15 Evaluate dx. We start by writin
/kx—%@+3) Y ®z—2)(z+3)
as the sum of two fractions. We want to end up with
Tr—6 A B

Z—2(@+3) 2-2 z+3
If we go ahead and add the fractions on the right hand side we get
Tr—6 (A+B)r+3A—-2B

(x —2)(x 4+ 3) (x —2)(z + 3)

So all we need to do is find A and B so that 7z — 6 = (A + B)xz + 3A — 2B, which is to
say, we need 7= A+ B and —6 = 3A — 2B. This is a problem you’ve seen before: solve a
system of two equations in two unknowns. There are many ways to proceed; here’s one: If
7=A+Bthen B=7—Aandso -6 =34A—-2B=3A-2(7T—A) =3A—14+2A=5A—-14.
This is easy to solve for A: A =8/5, and then B=7—A=7-8/5=27/5. Thus
/(m—7§)(x6+3) dm:/%xi2 +%x—1|—3dx: §In|x—2|—|—%ln\x+3\+0.

The answer to the original problem is now

(x—§;+$ Sl <x—;@+3)x
/ d ,/ 1d / =6

.’L‘2

2
:?—x+§ln|x—2|+€71n|x+3|+0

a

Now suppose that =2 + bz + ¢ doesn’t factor. Again we can use long division to ensure
that the numerator has degree less than 2. Now we can complete the square to turn the
integral into a trigonometric substitution problem.

EXAMPLE 10.16 Evaluate / ] dx. We have seen that this quadratic does

2+ +
not factor. We complete the square:

I I R T IS S I L 2+§
B 4 4 4 4 2 4’
Now factor out 3/4:
i e 2+1 S (2. 2+1
4\3 2 1\\V37 V3

Now let
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sec?udu = — dzx

V3

dr = 53 sec? u du.

Now we can substitute in the original integral, using = (v/3/2)(tanu — 1/v/3) in the

numerator.

x (v3/2)(tanu — 1/4/3) V/3
/332—i-x-|-1alaj 3/ tan?u + 1 2 Sudu
(f/2)(tanu—1/f)f
3/ oc? sec? u du
4 /3 1\ V3
25/7 (tanu—ﬁ) Tdu
—/tanu—idu
a V3
—ln|cosu\—ﬁ+0.
:ln|secu|—ﬁ+C.

Finally, we can substitute

= arctan (5o + )

and

2 1)\?
secu = Vtanlu+ 1= <—x+—) +1
\/ V3 V3

to get

. W%H%)Zl - L (2o L) 1o

The details here are admittedly a bit unpleasant, but the whole process is fairly mechanical

and “easy” in principle. 0

Ezxercises 10.4.

Find the antiderivatives.

1 z?
1. 2.
/4_x2d9::> /4_x2d9::>
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/ +10x+25d = 4. /4—@«2
5. /4+m2dx;s 6. /x2+10x+29d =
T /4+x2 8. /a: +10x+21d =
9. /mdazj 10. / +3mda::>

10.5 ADDITIONAL EXERCISES

These problems require the techniques of this chapter, and are in no particular order. Some
problems may be done in more than one way.

1. /(t +4)%dt = 2. /t(t2 —9)*?dt =
3. /(e752 + 16)tet2 dt = 4. /sintcos 2t dt =
5. /tantsecQtdt = / 2+l t =
24+t+3 +1 —|— 3
1
——dt = 8. dt =
/ t(t2 —4) / (25 — t2 3/2
cos 3t
9. dt = 10. /tsec tdt =
V'sin 3t
et /
11. ——dt = 12. cos*tdt =
/ Vet +1
1
13. —dt = 14. —dt =
/ t2 + 3t / /—1 T
15 /L%dt: 16 /t3\/t2+1dt:>
) (1+ tant)3 )
17. /et sint dt = 18. /(t3/2 +47)%Vt dt =
19 /Ldt: 20 /édt:
S (2 2)2 © ] o+ 4e)
arctan 2t t
21. ——dt => 22. - dt =
/ 1+ 4¢2 /t2—|—2t—3
23. /sin3tcos4tdt = 24. /;dt =
t2—-6t+9
1 2
25. ——dt 26. t(Int)” dt
[ = f e ae =

27. et dt = 28. _t+l dt =
24+t—1



