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Abstract

If n is a positive integer, then the n'® cyclotomic polynomial is de-
fined as the unique monic polynomial having exactly the primitive n*®
roots of unity as its zeros. In this paper we start off by examining some
of the properties of cyclotomic polynomials; specifically focusing on their
irreducibility and how they relate to primes. After that we explore some
applications of these polynomials, including proofs of Wedderburn’s The-
orem, and when a regular n-gon is constructible with a straightedge and
compass.

1 Introduction

Cyclotomic polynomials are an important type of polynomial that appears fre-
quently throughout algebra. They are of particular importance because for any
positive integer n, the irreducible factors of ™ — 1 over the rationals (and in-
tegers) are cyclotomic polynomials. Furthermore, the minimal polynomial of
any n'® root of unity over the rationals is a cyclotomic polynomial. Records
indicate that certain cyclotomic polynomials were studied as early as Euler, but
perhaps their most famous use is due to Gauss. Cyclotomic polynomials appear
in his Disquisitiones Arithmeticae, where they play a role in the proof of when
a regular n-gon is constructible with a straightedge and compass (a result we
will examine in more depth later).

We will start off by developing some concepts behind where the cyclotomic
polynomials come from, taking a look at the n'" roots of unity, and then mov-
ing on to a formal definition of the n*® cyclotomic polynomial. From here we
will explore the polynomials themselves; first looking at general properties such
as their degree and how they relate to each other. The next section will be
dedicated to proving that the cyclotomic polynomials are irreducible over the
integers. After that we will explore how cyclotomic polynomials relate to prime
numbers; starting with a discussion of the Bunyakovsky Conjecture, and then
examining results that may be useful in proving or disproving a special case of
this. The rest of the paper will explore the applications of cyclotomic polyno-
mials and how they can be used in various proofs. We will focus on two main
results; Wedderburn’s Theorem, and when a regular n-gon is constructible with



a straightedge and compass. Except where explicitly noted, the notation and
terminology throughout this paper mimics [5].

2 Preliminaries and Definitions

Before we can formally define a cyclotomic polynomial we must first introduce
some concepts.

Definition 2.1 (n** Root of Unity). Let n be a positive integer. A complex
number w is an n™ root of unity if W = 1.

It is a well known result that there are n distinct n*" roots of unity, which
are given by
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Note that any complex number of the form e ¥, where k € Z, will be an nth
roots of unity. From here on out when we talk about an n'" root of unity, e%k,
we will assume that 1 < k <n.

Theorem 2.2. Suppose n is a positive integer, then the n' roots of unity form
a group under multiplication.

Proof. Suppose ek and eI are any n'" root of unity. It can be shown

from the division algorithm that there exist ¢, € Z such that 1 < r < n, and
j+k=n-qg+r. It follows that
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Note that e*='" is an n'D
under multiplication.
Because this multiplication is the same multiplication defined on C, it is
associative. Note that 1" = 1, so 1 is an n*® root of unity. If w is any other
n't root of unity, then 1w = w-1 = w. Hence 1 is the identity for this set.
Suppose e%k_ is any n*™ root of unity, then e (n=k) ig an nth root of unity.
Note that e*n Fe*n (n=k) = ¢2mi — 1. Therefore every n'® root of unity has a
multiplicative inverse that is also an n'" root of unity, and so the n*® roots of
unity form a group under multiplication. O

root of unity, and so the n*" roots of unity are closed

The main reason why we are interested in the n® roots of unity as a group
is because of the following result; which allows us to derive properties of the n'®
roots of unity by looking at a more familiar group. For our purposes, we will
say that Z, = {1,2,...,n}.

Lemma 2.3. The function 1 from Z, to the n'® roots of unity given by (k) =

27mip . . .
€ n 1S a group zsomorphzsm.
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Proof. Suppose e* % is an n™ root of unity; then k € Z,, and ¢(k) = e
Hence 1 is onto. Suppose j, k € Z,, and ¢(k) = ¥(j). In this case, e n ¥ = v
which happens only if j = k. Therefore 1 is one-to-one.

Again suppose that j, k € Z,. Say that j + k = r (mod n), then it follows

that j + k =n-q+ r for some q € Z. Hence,

<

GG E) = () = T = eI = SIS = ()u(k).
Thus 1 is operation preserving, and so it is an isomorphism. O

Definition 2.4 (Primitive n'" Root of Unity). A primitive n' root of unity is
th

an n*™ root of unity whose order is n.
It is worth noting that if w is a primitive n'" root of unity; then (w) contains
n distinct elements, and so w is a generator of the group of n*" roots of unity.

h

Theorem 2.5. If n is a positive integer, then the primitive n* roots of unity

are
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Proof. By [5, Corollary 4 to Theorem 4.2], an element k of Z, has order n if
and only if ged(n, k) = 1. It follows from Lemma 2.3 that an n*™ root of unity,
e*t'* has order n if and only if ged(n, k) = 1. O

F:1<k<n,ged(k,n)=1}.

We have now developed enough background to give a formal definition, and
derive a more convenient formula for, the n*® cyclotomic polynomial.

Definition 2.6 (n'" Cyclotomic Polynomial). For any positive integer n the
n' cyclotomic polynomial, ®,(x), is given by

D, (x) =(x —wy)(x—wa)...(r—ws),
where w1, wa,. .., ws are the primitive n'™ roots of unity.

It follows from Theorem 2.5 that we can write the n*® cyclotomic polynomial
as

2ink
O (2) = [[(z— ™). (1)
1<k<n
ged(n,k)=1

Definition 2.7 (Mdbius Function). Suppose n is a positive integer with prime

factorization [T, _, p,{". The function p: N — N given by

) (=0)" if fy =1 for all k,
pn) = 0 if fr > 1 for some k.

1s called the Mébius function.



It is worth noting that p(n) = 0 if and only if n is divisible by a perfect
square. Hence, we will say that p(n) = 0 if n is not square free. It is also worth
noting that y is a multiplicative function.

The Mobius function is of concern to us because we can express the n
cyclotomic polynomials as

th

@ (@) = [J(a 1)/, ©
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A proof of this can be found in [1].

3 General Properties

Now that we have a formal definition and two formulas for the cyclotomic poly-
nomials, we will explore some of their simpler properties. Notice that some
results are easier to prove with Equation (1), while other are easier to prove
with Equation (2); demonstrating the usefulness of both formulas.

Theorem 3.1. If n is a positive integer, then ®,(x) is monic and its degree is
o(n), where ¢ is the Euler phi function.

Proof. Since ®,,(z) = H(x - eyh when written as a product of linear factors

1<k<n
ged(n,k)=1

every z term in @, (z) has a coefficient of 1. It follows that when these linear
factors are multiplied out, the = term with the largest exponent will have a
coefficient of 1. Furthermore, it is apparent from this formula that the degree of
®,, (z) will be the number of integers, k, such that 1 < k < n and ged(k,n) = 1.
By definition this is ¢(n). O

These next few results give us ways to relate different cyclotomic polynomi-
als.

-
Theorem 3.2. Letn be a positive integer and H pi’“ be the prime factorization
k=1

of n. If m = Hka where for all k, 1 < g < fr, then ®,(x) = &, (/™).
k=1

Proof. Suppose d | n but d 1 m, then d is not square free, and so p(d) = 0. This



means that (/¢ — 1)#(4d) = (z7/4 —1)% = 1, and therefore,

B, (r) = H(md—l)“("/d)

din

- H(xn/d _ 1)u(d)
din

— H(xn/d _ 1)u(d)
dlm

- H((fcn/m)m/d _ 1)u(d)
dlm

— H((xn/m)d _ 1)M(m/d)
dlm

= B, (x™/™),

O

Corollary 3.3. Let p be a prime and m a positive integer. If p divides m, then
Dy () = By (a).

T
Proof. Let H pi"' be the prime factorization of m, and assume without a loss

k=1
of generality that p = p;. It follows that the prime factorization of pm will be
T

p{”’l H pi’“. Therefore, by Theorem 3.2,
k=2

Qpm(z)

k—1

Corollary 3.4. Ifp is prime and k is a positive integer, then @, (x) = &, (P ).
Proof. This follows immediately from Theorem 3.2. O

Theorem 3.5. Let p be a prime and m be a positive integer. If p does not
divide m, then @pp, ()P, () = Dy (aP).

Proof. Say that d | pm and p { d. Since p is prime; this means that ged(d, p) = 1.
Hence, by Euclid’s Lemma, d | m. Now suppose d | m; then since p t m, p 1 d.
Also since m | pm, d | pm. It follows that d | pm and d 1 p if and ouly if d | m.
Now since p is prime its only divisors are 1 and p. Since p is not a divisor
of m, this means that ged(p,m) = 1. It follows that if d is a divisor of m,
then ged(’},p) = 1. Because p is a multiplicative function, this means that

w(7P) = p()plp) = —p(3)-



Suppose that p | d and d | pm. It follows that % | m, so d = pn for some
integer n where n | m. Now suppose that n | m, then pn | pm, and if we let
d = pn then p | d and d | pm. Thus d | pm and p | d if and only if n | m where

d
n=2.

p
Using this we can now write

Py ()P () = H (md - 1)M(pm/d)q)m(x)

d|pm

= H(xd — 1)npm/d) H(xd — e/ (x)
dlpm dlpm
pld pfd

= H(xpn — 1)rlpm/pm) H(xd — 1)/ D (x)
n|lm d|m

= Op(?) [[(* - 1)1 DD, ()

d|m
= @ (a")( () ()
= D, (aP).

O

Lemma 3.6. If n is odd, then w is a primitive nt" root of unity if and only if
(—w) is a primitive 2n*" root of unity.

Proof. Suppose n is odd and that w is a primitive n'" root of unity. Let G be
the group of 2n'" roots of unity, and note that set of n*" roots of unity will be a
subgroup of G. Also note that because n is odd, —1 is not an n*" root of unity.
Now w is an n*® root of unity, and thus since w has order n, (w) will be the
set of n*® roots of unity. This means that (—1) ¢ (w), but because 2n is even,
(—1) € G. Since G is closed, (—w) € G, and so (—w) has order k, where by [5,
Corollar 2 to Theorem 7.1], k | 2n. We now have that 1 = (—w)* = (=1)*wk,
which means that (—1)¥ = w*. Because (—1) ¢ (w), k cannot be odd. This
means that k = 2j for some j € Z. Now (—1)%w? = (—w)? =1, so w? =
(—=1)% = 1. Hence, w/ = 1, but we know w’ # —1, so w/ = 1. Thus by [5,
Theorem 4.1], n | j, and since 25 = k | 2n, j | n. This means that j = n, and so
(—w) has order k = 2n; meaning that (—w) is a primitive 2n*® root of unity.
Now suppose w is a primitive 2n'" root of unity, so w?” = 1 and for all
m < 2n, w™ # 1. Because w?” =1, w™ = £1. If w™ = 1 then this contradicts
that w is a primitive 2n'" root of unity. Thus w™ = —1. It follows that (—w)" =
(—=1)"w™ = 1, and so (—w) is an n™ root of unity. Now suppose there exists an
m < n such that (—w)™ = 1. It follows that 2m < n, and W?™ = (—1)?"wW?™ =
1, which contradicts that w is a primitive root of order 2m. Hence there does
not exist an integer m < n such that (—w)™ = 1, and so (—w) is a primitive
nt® root of unity. O
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Lemma 3.7. If H py" 1s the prime factorization of n, then
k=1

¢(n) = [ ol (ox — 1).
k=1

Proof. See [4, Theorem 5.22]. O
Theorem 3.8. If n is an odd integer greater than 1, then ®o,(z) = O, (—2x).

Proof. Let n be odd and w1, wa,. .., ws be the primitive n*" roots of unity. By
Lemma 3.6, —w;, —wa,..., —w, are the primitive 2n*™® roots of unity. Hence, by
definition, ®,,(z) = [[;_,(z — wi) and o, () = [[}_; (2 + wg).

Note that the degree of @, (z) will be s, and so by Theorem 3.1, s = ¢(n).
Because n is odd, there will be an odd prime, p, such that p | n. Therefore p—1
will be even. By Lemma 3.7 (p — 1) | ¢(n), so ¢(n), and hence s, will be even.

It follows that

S

Op(-2) = [J(-2—wk)
k=1

= T +w)

k=1

= (- [ +w)
k=1

k=1

O

While the next two results are interesting in their own right, they are of
particular importance because of their use in the proofs of later theorems.

Theorem 3.9. Let n be a positive integer, then

2" —1= Hfl)d(z).

d|n

Proof. Suppose that w is a root of ®4(z), where d | n. It follows that w is a d*
root of unity. Let g be the integer such that n = d - ¢; then

W' = (W =19=1.

It follows that w is a root of ™ — 1.



Now suppose that w is a root of ™ — 1. Tt follows that w is an n'® root of
unity. Say that the order of w is d, and note that w will be a primitive d*® root
of unity. Therefore, w is a root of ®4(z). Since the n'" root of unity form a
group of n elements, by [5, Corollary 2 to Theorem 7.1], d | n, and so w is a
root of ®4(x) for some d that divides n.

We have now shown that 2™ — 1 and Hd‘n ®,4(x) share all their roots. Note
that [ djn ®,(x) is a product of a collection of monic polynomials, and so it will
be monic. Hence, ™ — 1 and Hd‘n ®,4(x) are both monic; which means that
they must be equal. O

Theorem 3.10. Let n be a positive integer, then the coefficients of @, (x) are
integers, i.e. ®,(x) € Z[z].

Proof. See [1, Corollary 3]. O

4 Irreducibility of the Cyclotomic Polynomials
Over the Integers

We will now show that for all positive integers n, @, (x) is irreducible over Z.
Before we can prove this though we need a few results.

4.1 Lemmas and Interesting Results

Theorem 4.1. A polynomial f(x) over a field F' has a multiple zero in some
extension field of F if and only if f(x) and its derivative, f'(z), have a common
factor of positive degree in F[x].

Proof. See [5, Theorem 20.5]. O

Lemma 4.2. Let g(z) and h(zx) belong to Zlz], and let h(z) be monic. If h(x)
divides g(x) in Qlx], then h(x) divides g(x) in Zx].

Proof. We will prove this by induction on the degree of g(z). Let degg(z) =m
and deg h(z) = n, and say that a is the leading coefficient of g(x). Assume that
m = n, then g(x) = a- h(z), and since a is an integer, this means that h(x)
divides g(z) in Z[z].

Now assume that m > n and for all ¢ such that n < ¢ < m, if l(z) € Z[z]
is a polynomial of degree ¢ that is divisible by h(z) in Q[z], then h(z) divides
l(x) in Z[z]. Let k(z) = g(z) — az™ "h(z) and note that h(x) divides k(x)
in Q[z], degk(z) < m, and k(z) has integer coefficients. If k(z) = 0, then
g(x) = ax™ "h(z), so h(z) divides g(x) in Z[z]. If k(x) # 0 then since h(x)
divides k(x), degk(xz) > n. It follows from the induction hypothesis that h(x)
divides k() in Z[z], and thus h(x) divides k(z)+az™ "h(z) = g(z) in Z[z]. O

Lemma 4.3. If g(x) € Z,[x] where p is prime, then (g(x))? = g(zP).



Proof. Consider the function v : Z,[x] — Zy[z] given by ¥(f(z)) = (f(x))P.

Suppose f(z), h(z) € Zy[z]. Note that (f(z)h(z)) = (f(x)h(z))? = (f(x))?(h(z))P.
Now, by [4, Theorem 3.17], if p is prime and 0 < j < p, then p divides (f) Be-
cause Zjy[z] has characteristic p, it follows from the binomial theorem that

P(f(2) +h(z) = (f(z)+h(z))?
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= »(f(2) + ¢ (h(2)).

Therefore 1 is operation preserving, and hence a homomorphism.

Suppose a € Zp[z] and a is a constant polynomial. If a # 0, then ged(a,p) =
1, and so by Fermat’s Little Theorem, a? = a (mod p). Also 07 = 0, and
therefore if @ is a constant polynomial in Z,[z], then ¢(a) = a? = a.

If g(z) € Zp[z], then we may write g(z) = Z;‘L:O ajz’. Tt follows that

(g(x))P = P(g(z))

4.2 The Proof

Theorem 4.4. The cyclotomic polynomials @, (x) are irreducible over Z.

Proof. Let f(x) € Z[z] be a monic irreducible factor of ®,(x). We will show
that every zero of ®,(x) is a zero of f(x).

Since ®,,(x) divides 2™ — 1 in Z[z], there exists a polynomial g(z) € Z[z]
such that 2” — 1 = f(z)g(z). Let w be a primitive n'* root of unity that is
a zero of f(x). Let p be a prime that does not divide n; then ged(p,n) = 1,
and so by [1, Lemma 3], w? is also a primitive n‘® root of unity. It follows



that 0 = (wP)" — 1 = f(wP)g(w?), and so wP is a zero of either f(x) or g(z).
Suppose f(wP) # 0, then g(wP) = 0, so w is a zero of g(aP). Because f(x)
is monic, irreducible, and has w as a zero, by definition f(z) is the minimal
polynomial for w over Q. Therefore, by [5, Theorem 21.3], f(x) divides g(zP)
in Q[z], and so because f(z) is monic, by Lemma 4.2, f(z) divides g(zP) in
Z[z). Say that g(2?) = f(z)h(z) where h(x) € Z[z]. Let g(z), f(z), and h(z)
be the polynomials in Z,[z] formed by reducing the coefficients of g(z), f(x),
and h(x) modulo p respectively; then g(z?) = f(x)h(z). Now by Lemma 4.3,
(G(x))P = g(zP) = f(z)h(z). Since by [5, Corollary to Theorem 18.3], Z,[x]
is a unique factorization domain, f(z) and g(z) share a common irreducible
factor, call it k(x). Thus for some mq(z), m2(z) € Zp[z], f(z) = k(z)m;(z) and
g(x) = k(z)mea(z). It follows that in Z,[x],

2" = 1= f(2)g(z) = (k(x))*m1(z)ma(z).

Hence 2" — 1 has a multiple zero in some extension field of Z,, and so by
Theorem 4.1, 2™ — 1 and its derivative, nx™ !, must have a common factor of
positive degree. Note that every factor of nz™ ! will be of the form cz?, where
¢|nand 0 < g <n—1. Also note that any element of this form with positive
degree cannot divide 2" — 1, which means that 2™ — 1 and nz™ ! cannot share
a common factor. Thus we have reached a contradiction, and so f(w?) = 0.
Therefore, if w is any primitive n'* root of unity that is a zero of f(z) and p is
any prime that does not divide n, then wP is a zero of f(x).

Still assuming that w is a primitive n'" root of unity that is also a zero of
f(z), let ¢ be any other primitive n'" root of unity. Because w generates the
group of n'! roots of unity, there exists an integer k such that w* = ¢. Now
by [1, Lemma 3], ged(k,n) = 1. It follows that k = pips...p, where for all i,
p; is a prime that does not divide n. Therefore w, wP?, (wP?)P2, (wWPrP2)Ps
(wPrPzPr=1)Pr = )k are all zeros of f(z) that are primitive n*® roots of unity,
in particular ¢ is a zero of f(x). Hence every primitive n'® root of unity is a
zero of f(z), and so f(x) and ®,(x) share all their zeros. Since by Theorem
3.1, ®,(x) is monic, this means that ®,(x) = f(z), and so ®,,(z) is irreducible
over the integers. O

Corollary 4.5. The cyclotomic polynomials ®,,(z) are irreducible over Q.

Proof. By [5, Theorem 17.2], if a polynomial with integer coefficients is reducible
over Q then it is reducible over Z. The result follows from the contrapositive of
this. O

5 Cyclotomic Polynomials and Primes

5.1 Unsolved Questions and Conjectures

A well known unanswered question about cyclotomic polynomials is if n is a fixed
positive integer, then is ®,(m) prime for an infinite number of integer inputs

10



m? It is worth noting that this question is a special case of the Bunyakovsky
Conjecture, an unproved result which states as follows:

Bunyakovsky Conjecture. Suppose f is a polynomial of one variable with
positive degree and integer coefficients. If

1. the leading coefficient of f is positive;
2. f is irreducible over the integers;

3. as n runs over the positive integers, the numbers f(n) are relatively prime
(i.e. the only integer that divides f(n) for alln € Nis 1)

then the polynomial f(x) is prime for infinitely many positive integers m.

We have already seen that every cyclotomic polynomials satisfies the first
two conditions; it is left to the reader to verify that they also satisfy the third. It
follows that if the Bunyakovsky Conjecture is true then for all positive integers
n, ®,(m) is prime for an infinite number of integer inputs m.

5.2 Relations Between Cyclotomic Polynomials and Primes

We will now explore some of the relationships between cyclotomic polynomials
and prime numbers. The main focus of this subsection is results that may be
useful in proving whether or not ®,, assumes an infinite number of prime values
over the integers.

Theorem 5.1. If p is a prime and k is any positive integer, then ®,x(1) = p.

Proof. For any prime p,

@y(a) = [ =10

dlp
_ P —1
Tor—1

p—1
= E Ik.
k=0

p—1

Therefore ®,(1) = Z 1% = p, and so by Corollary 3.4, ®,(1) = 3,17 ") =
k=0

®,(1) =p. O

Lemma 5.2. Let p be a prime. Suppose that the polynomial z" — 1 has a
root of multiplicity greater than 1 modulo p, so there exists an integer b and a
polynomial f(x) € Z]x] such that

" —1=(x—b)2f(z) (mod p).

Then p divides n.

11



Proof. See [1, Lemma 6]. O

Theorem 5.3. Suppose n is a positive integer, d is a proper divisor of n, and
b is any integer. If p is a common prime divisor of ®,(b) and ®4(b), then p
divides n.

Proof. By Theorem 3.9,

" —1= H@t(x),
tin
so 2™ — 1 is divisible by @, (x)®4(x). Since @, (b) and ®4(b) are both divisible
by p, ®,(b) =0 = ®4(b) (mod p), so b is a root of both @, (x) and P4(z) in
Zp|z]. Because Z), is a field, by [5, Corollay 2 to Theorem 16.2], z — b is a factor
of both @,,(z) and ®4(z) in Zy[z], and so (z — b)? is a factor of 2™ — 1 in Z,[z].
It follows from Lemma 5.2 that p divides n. O

Theorem 5.4. Let n be a positive integer and let b be any integer. If p is a
prime that divides ®,,(b), then either p dividesn or p =1 (mod n).

Proof. Let p be a prime divisor of ®,,(b). By Theorem 3.9, ®,,(b) | b™ — 1, and
so p | b™ — 1. Therefore, since ged(b™ —1,b) =1, p 1 b. It follows that b (mod p)
is an element of U, (the group of units modulo p). Let k be the order of b in U,,.
Since p | b™ — 1, b™ =1 (mod p), which by [5, Theorem 4.1] means that k | n.
If k& = n, then since U, has p — 1 elements, by [5, Corollary 2 to Theorem
7.1], n | p— 1. In this case p— 1 =0 (mod n), and so p =1 (mod n).
If k < n, then since

0=b"—1=]]®ab) (modp),
dlk

there exists a divisor d of k such that p | ®4(b). Since k | n, this means that d
is a proper divisor of n. It follows from Theorem 5.3 that p | n. O

Lemma 5.5. If b is an integer and m and n are positive integers, then
ged(d™ — 1,b" — 1) = [peed(mn) 1),
Proof. See [1, Lemma 7). O
Theorem 5.6. Let n and m be positive integers. Suppose that
ged (P, (), D, (b)) > 1
for some integer b; then - = p* for some prime p and integer k.

Proof. Suppose the p is a common prime divisor of ®,,(b) and ®,(b). Let
m = p®M and n = p’N where a,3 > 0 are integers and M, N are positive
integers not divisible by p. Note that since p | ®,,,(b) and @, (b) | b™ — 1, p1b.

12



We will now show that p | ®p(b). If & = 0, then ®,,(b) = Py (b), so
p | ®ar (D). If & > 1 then by Corollary 3.3 and Theorem 3.5,

0

20
= Dpa1,0(b)

= (I)pM(bpn_l)
s (bP7)

= 7<I>M(bpa_l) (mod p).

Multiplying both sides of this congruence by @M(bpafl) gives us ®,,(0P") = 0
(mod p). Now since p 1 b, ged(p,b) = 1, so b (mod p) € U,. By Lemma 5.5,
p—1]p*—1,s0p*—1=c(p—1) for some integer c. Since U, has p — 1
elements, by [5, Corollary 5 to Theorem 7.1],

=" = (P H)b=1°%=b (mod p).
It follows that
0=®u (b)) = ®p(b) (mod p),

so p | ®pr(b). Similarly p | @y (b).
If we show that M = N, we will have that

n _pﬁN_ B—a

m e P

which proves the theorem. Suppose that M > N. Let t = ged(M, N) and note
that t < M. Now since ®5/(b) | b — 1 and ®x(b) | b — 1, and because p
divides both ®,,(b) and ®x(b), p is a common divisor of both b —1 and 6% —1.
Therefore p | ged(b™ — 1,6 —1). By Lemma 5.5, ged(b™ — 1,6 —1) = |bt — 1|,
so p | bt — 1. Hence

0=0b"—1=[]®a(b) (modp),
dlt

so there exists a divisor d of ¢ such that p | ®4(b). Since ¢t | M and t < M, d is
a proper divisor of M, and because p | ®ps(b), by Theorem 5.3, p | M, which
is a contradiction since we assumed that p{ M. Thus M < N. A similar proof
gives us N < M, which means that M = N. O

6 Wedderburn’s Theorem

In this section we will look at an interesting application of the cyclotomic poly-
nomials, but first some background. A division ring is a ring with unity in
which every nonzero element a has a multiplicative inverse, i.e. an element x
such that az = xza = 1 (we will use 1 to denote the multiplicative identity of
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a ring). If R is a ring then we use R* to denote the nonzero elements of R;
note that if R is a division ring then R* is a group under multiplication. For an
element g of a group G, I(g) denotes the centralizer of g, which is the set of all
element of G that commute with g.

" —1

" —1

Lemma 6.1. If 0 <r <n and r divides n, then ®,(z) divides in Z[z].

Proof. By Theorem 3.9, for all positive integers m, ™ — 1 = Hd|m Dy(x).
Therefore

e —1  Ilgn Pa(®)
ar =1 [14) ®a(z)
= [ 2a).
d|n
dir
n_1
Because r < n, n divides n but not r, and so @, (z) divides xr 1 O
Zr —

Lemma 6.2. Let G be a group and suppose a is an element of G, then a is in
a conjugacy class with one element if and only if a is in the center of G.

Proof. Suppose a is in a conjugacy class with only itself; then for all g in G,
¢ 'ag = a, so ag = ga. By definition a commutes with every element of G, so
a is in the center of G.

Now suppose a is in the center of G, then I(a) = G, and so by [6, Lemma
13.7], the conjugacy class containing a has

Gl _ Gl

(L) G|
=1

element. O

Lemma 6.3. Ifb> 1 and n and r are positive integers such that b" — 1 divides
b"™ — 1, then r divides n.

Proof. If b" — 1 divides ™ — 1 then ged(b” — 1,0" — 1) = b" — 1. By Lemma 5.5,
ged(b” —1,0™ — 1) = b8 — 1. Thus r = ged(r,n), and so 7 divides n. O

Now we have all the information we need to prove the main result of this
section.

Theorem 6.4 (Wedderburn’s Theorem). A finite division ring is a field.

Proof. Let D be a finite division ring and let

K ={a€D:ax=uzaforall z € D}
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be the center of D. Note that K is closed under subtraction and multiplication
(meaning it will be a ring), every nonzero element in K will also have its inverse
in K, and K is commutative, making it a finite field. Thus because every finite
field has prime power order, |K| = ¢ where ¢ = p™ for some prime p and non-
negative integer m. Also note that D is a vector space over K, say of dimension
n, so |D| = ¢". Assume that n > 1. Now for all @ € D*, I(a) U{0} is a division
ring, and K C I(a)U {0}. Therefore I(a) U {0} is a vector space over K, so for
some integer r, |I(a) U {0} = ¢", and thus |I(a)| = ¢" — 1. Note that for all
a€D* a-1=a=1-a,s01¢€ I(a). Thus [I(a) U{0}| > 2, s0 ¢" > 2. Tt follows
that > 0, since if 7 = 0 then ¢" =1 # 2. Also, by [5, Theorem 3.6], I(a) is a
subgroup of D*, so by Lagrange’s Theorem ¢" — 1 divides ¢" — 1, and therefore
by Lemma 6.3, r divides n.

Let C1,Cs,...,Cs be the conjugacy classes of D*; then the class equation is

S
D* = 31051,
j=1

Note that the center of D* will be the same as the center of D without the
element 0, and thus the center of D* has ¢ — 1 elements. By Lemma 6.2 there
are exactly ¢ — 1 conjugacy classes of D* with one element; assume without
a loss of generality that these classes are C,Ca,...,Cq—1. The class equation
then becomes

S
ID*[=(¢—1)+)_ICil.
Jj=q
For all j such that ¢ < j < s, let a; be an element of C;, then there exists an
integer r; such that 0 < r; < n, r; divides n, and |I(a;)| = ¢"# — 1. Therefore
n

by [6, Lemma 13.7], for all j > ¢, |C;| = (]Ti—
q J

R and so the class equation

becomes

n : qn_l
—1=(q—-1 E
q (g )+j:q qi—1’

or, in another form

q =1

n - qn_l
(" =1 =) =q-1
Jj=q

-1
By Lemma 6.1, for all j such that ¢ < j < s, ®,,(q) divides qr-il’ and thus
q7 —

s qn—l
q =1

because @,,(q) divides ¢" — 1, ®,,(q) divides (¢" — 1) — =q¢—1. On
Jj=q
the other hand recall that

D, (x) = H(a: —e

1<k<n
ged(n,k)=1

2ink

"),
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and so (using the reverse triangle inequality),

2imk
@n(g)) = J[la—e |

1<k<n
ged(n,k)=1

2im
> [T llal = le™ ¥

1<k<n
ged(n,k)=1

= [Ie-v

1<k<n
ged(n,k)=1

> qg—1

when n > 2. When n = 2, ®,(q) = ¢ + 1, which is greater than ¢ — 1. Thus
®,,(¢) cannot divide ¢ — 1, and so we have a contradiction, meaning that it is
impossible that n > 1. Therefore D is a vector space over K of degree 1, which
means that D = K, and hence D is commutative. Since D is a commutative
ring with unity where every element is a unit, by definition it is a field. O

7 Constructible Regular N-Gons

Another application of cyclotomic polynomials that we will explore is when a
regular n-gon (in R?) is constructible with a straightedge and compass (from
here on out we will assume that n-gon means regular n-gon). Before we do this
though we need to solidify exactly what we mean by constructible. Suppose
that A is a subset of R?2. We say that a line is constructible from A if it passes
through two distinct points that are either constructible from or in A. We say
that a circle is constructible from A if its center is a point that is constructible
from or in A and some other point that is constructible from or in A lies on the
circle. A point in R? is constructible from A if it is a point shared by two distinct
lines, two distinct circles, or a line and a circle constructible from A. An n-gon
is constructible from a set A if all the points at its vertices are constructible
from A.

We say that an object (line, circle, point, or n-gon) is constructible if it is
constructible from the set A = {(0,0), (1,0)}. It is worth noting that it can be
shown that every point in Q? is constructible.

From here on out we will identify the point (a,b) € R? with the complex
number a + bi. Finally, recall that a Fermat prime is any prime number of the
form 22" + 1, where j is a nonnegative integer.

Theorem 7.1. The set of constructible complex numbers form a subfield of C.

Proof. See [8, Section 7.7; Theorem 3]. O

Theorem 7.2. Suppose w is a complex number with minimal polynomial f(x)
over Q. If F is the splitting field for f(x) over Q, then w is constructible if and
only if [F : Q] = 2!, where | is a nonnegative integer.
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Proof. See [7, Theorem 9.1]. O

Theorem 7.3. Suppose n is a positive integer. Let F' be the spitting field for
D, (x) over Q, then [F : Q] = ¢(n).

2mi

Proof. Let w = e™n
contains w, so Q(w) C F. Let £ be any zero of @, (x), then ¢ is a primitive n
root of unity. Hence, by Theorem 2.5, ¢ = w* for some k such that 1 < k <n
and ged(k, n) = 1. It follows that £ € Q(w). Therefore all the zeros of ®,,(x) are
contained in Q(w), and so ®,(x) splits in Q(w). Because by definition ®,,(x)
cannot split in any proper subfield of F', this means that Q(w) = F'. By Theorem
3.1, deg ®,,(x) = ¢(n), and so by [5, Theorem 20.3], {1,w,w?,...,w?™"1} is a
basis for Q(w) over Q. By definition this means that [F' : Q] = [Q(w) : Q] =
o(n). O

Lemma 7.4. If 2" + 1 is prime for some positive integer n, then n = 2% for
some nonnegative integer k (i.e. 2™ + 1 is a Fermat prime).

, and note that w is a zero of ®,(z). It follows that F'
th

Proof. We will prove this by the contrapositive. Suppose that n # 2% for any
integer k. It follows that n must have an odd factor » > 1, and so n =t - r for
some t € N. One can see by routine verification that

r—1
@2+ 1) (-1t = om0

Jj=0

Since 0 < t < n we have that 2 < 28 +1 < 2" + 1. Therefore 2™ + 1 has a
nontrivial factor, making it composite. U

Theorem 7.5. Suppose n is a positive integer, then ¢(n) is a power of 2 if
and only if n has the form 28pips ... p,., where k > 0 and the p;’s are distinct
Fermat primes.

Proof. By [4, Theorem 5.21], ¢ is a multiplicative function. Thus if H;Zl pj.cj is
the prime factorization of n, then ¢(n) = ]_[;:1 (ZS(p‘ij). Hence ¢(n) is a power
of 2 if and only if for all primes p and positive integers f such that p/ || n, ¢(p/)
is a power of 2.

Suppose k > 1, then by Lemma 3.7, ¢(2) = 2¥=1, which is clearly a power
of 2.

Now Suppose p is an odd prime and ¢(p/) = 2™ for some f,m € N. Again
by Lemma 3.7, ¢(p/) = p/~1(p — 1). This means that if f > 1, then p | ¢(p/),
which would contradict that ¢(pf) is a power of 2. Hence f = 1, and so

p—1=2¢(p) =o(p)) =2"

Therefore p = 2™ + 1, which by Lemma 7.4 means that p is a Fermat prime. If
we suppose that p is a Fermat prime, then p = 2% 4+ 1 for some j € N. In this
case, ¢(p) = 2%’, which is a power of 2. Thus if f € N and p is an odd prime,
then ¢(p/) is a power of 2 if and only if f = 1 and p is a Fermat prime.
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Therefore, ¢(n) is a power of 2 if and only if for all primes p and f € N such
that pf || n, either p = 2, or p is a Fermat prime and f = 1. O

Theorem 7.6. It is possible to construct the regular n-gon with a straightedge
and compass if and only if n has the form 2Fpips...p,, where k > 0 and the
p;’s are distinct Fermat primes.

Proof. Note that if an n-gon is constructible, then the point in the center of the
n-gon is constructible. Hence we may assume that the n-gon we are trying to
construct is centered at the origin. Also note that if we are able to construct
an n-gon then we can construct an n-gon where every point has distance 1 from
the origin. Thus we may assume that the vertices of the n-gon we are trying to
construct are located on the unit circle. It follows that we may assume that the
vertices of the n-gon will be located at the n'® roots of unity.

Now if an n-gon is constructible, then the point e*+" must be constructible.
Furthermore, if e s constructible, then since every n'" root of unity is a
power of e%, by Theorem 7.1 every n'® root of unity will be constructible.
Hence, an n-gon is constructible if and only if the point e*n" is constructible.

Notice that e*" is a zero of ®,(z), and thus because @, (z) is irreducible
over Q and monic, it is the minimal polynomial for et over Q. It follows from
Theorems 7.2 and 7.3 that e is constructible if and only if ¢(n) = 2!, where
is a nonnegative integer. By Theorem 7.5, this happens if and only if n has the
form 2Fp1psy ... p,, where k > 0 and the p;’s are distinct Fermat primes. O
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