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Abstract. In this paper, we construct algorithms designed to make the clas-
si�cation of electroencephalography (EEG) signals more accurate and e�cient.
These techniques include probabilistic analysis, singular value decomposition,
and visualization techniques involving cluster analysis. Using these methods,
we analyze EEG data from ten subjects performing �ve di�erent mental tasks.
The data is separated into windows of space and time, modi�ed through Sin-
gular Value Decomposition (SVD), and entered into a classi�er constructed in
Matlab. The tasks were classi�ed with 96.6% overall accuracy, with task 4
being the least likely task to be classi�ed mistakenly as another task. Tasks 1
and 2 were most likely to be confused for each other.
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Introduction

The human brain is an intricate machine. Each thought creates a series of
electrical interactions between neurons, spreading currents over di�erent regions
of the brain. Given the correct equipment, it is possible to measure the change
in these electrical patterns over time (via electroencephalography, or EEG), albeit
with poor spatial resolution. Previously, this information was used mostly to look
for anomalies associated with epilepsy and other disorders; in this paper, however,
we explore the use of electrical brain data and the mathematical concepts of clas-
si�cation as a means of separating distinct mental tasks. The ability to accurately
recognize di�erent thoughts, once re�ned, has many practical applications. For
example, these techniques may ultimately provide a method for quadriplegics to
perform simple tasks on a computer with mental commands [1]. Emotive Systems
has created a video game which is connected to the user via an EEG cap, allowing
real-time thoughts to translate directly into on-screen action. Currently, the game
can detect basic emotions via facial expressions, states of either calm or excitement,
and conscious intentions to spatially move an object on the screen [2].

Ultimately, in section 8.1, we analyze EEG data taken from 5 subjects performing
10 trials each of 5 mental tasks. First, though, we begin by approaching the subject
of a classi�er in broader terms. For example, one may choose to perform analysis
on the data to extract certain features, then build a simple classi�er; or, one may do
no analysis on the data and build a more complex classi�er. In order to understand
data classi�cation, we begin with the former, and the "simple classi�er" used in
this example will be the Bayesian classi�er. The Bayesian classi�er is commonly
used and works e�ectively when data can be clustered into groups according to
probabilities. When the data is more complicated, we must extract important
features with which we can better de�ne our classes. Singular Value Decomposition
(SVD) provides a quick and convenient method for extracting features and greatly
reduces the volume of data to analyze. Furthermore, SVD will return our data in the
form of a matrix which contains basis vectors that maximize the variance between
di�erent classes of data (i.e. the signals of one mental task compared to those of a
di�erent mental task), a concept called Principal Component Analysis (PCA) [3].
We use Matlab to aid in the intensive calculations involved when performing SVD
and running the classi�er algorithm on our data.

Our EEG classi�er resembles that of Anderson et al [3]. The data initially forms
50 6x2500 matrices for each subject's EEG scan of a speci�c task during a speci�c
trial (6 channels by 2500 seconds)1 . Analyzing this data unmodi�ed would result
in a spatial picture of each mental task. Unfortunately, the spatial resolution of the
EEG is poor and the mental tasks performed are complicated, causing many regions
of the brain to activate. This makes separating tasks virtually indistinguishable as
a function of space. Instead, we break apart our EEG matrices to represent space
and time. Using what they call short-time PCA, Anderson et al found that the
tasks were classi�ed between 67.5% to 87.7% correctly, with task 2 being the least
likely to be represented as a di�erent class. Tasks 3 and 1 and tasks 4 and 5 were
confused with each other fairly often [3]. Here, we imitate these results with the

1There are �ve tasks total. Task 1 is rest. Task 2 is visualization of drawing a letter. Task 3
is multiplying two three-digit numbers together. Task 4 is mentally rotating an object. Task 5 is
counting to self.
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classi�er we built, attempt to improve the classi�cation error, and then perform
statistical analysis on the classi�er's e�ectiveness.

1. Classifiers: An Overview

Figure 1: Random points which can be
separated linearly.

1.1. The General Purpose of Clas-
si�ers. A classi�er is an algorithm
whose input is a set of data objects and
whose output is an index which indi-
cates to which class each data object
belongs. A classi�er consists of a pre-
processor, which reads a stream of in-
coming data and transforms it into a
vector or matrix, and a feature extrac-
tor, which takes either the pre or post-
transduced data and removes as much
noise as possible from the signal. The
feature extractor may also de�ne for the
classi�er some strong characteristics in

the data, aiding in pattern identi�cation [4]. Several problems occur when classi-
fying data. First, the data needs to be segmented prior to transduction (envision
a machine which counts apples on a conveyor belt). Furthermore, we require that
the machine be able to distinguish one object from the next (where one apple ends
and the next begins)2. If two apples are on top of or right next to each other then
error is introduced when they are misclassi�ed or miscounted. Second, if the fea-
tures chosen are not distinct enough (choosing burgundy vs. cardinal red apples as
opposed to red vs. green) then the classi�er will be more likely to classify one as
the other. Also, having too few features can result in poor classi�cation. Having
one feature gives the classi�er one parameter for de�ning each object; using several
features o�ers multiple de�ning characteristics for each data object. Thus, as long

2This analogy is not far from our situation; we can imagine our EEG data as heavily sampled
but discrete signals which �re at a near continuous rate.

Figure 2: Given these points, we can �nd a line which classi�es the data into two
sets.
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as the majority of the features are determined correctly, the data object will not
be misclassi�ed.

There are many ways in which to classify a set of data. The methods discussed
below are linear, exact, and Bayesian classi�cation. While simple, they demonstrate
nicely the concepts and problems that arise in creating classi�ers.

1.2. Linear. Let us consider a simple problem of classi�cation. Say we are given
a graph of points (Figure 1) in R2 which seem to have some reasonable separation
between them. These points are considered our training data�each one is already
labeled with their respective class. In this example, we create two classes, where
Class 1, denoted C1, is made of points (x1, y1) . . . (xn, yn) and Class 2, denoted C2,
consists of points (xn+1, yn+1) . . . (xn+m, yn+m) (see Figure 1). The classi�er in this
example is considered linear because we �nd the line that gives a good separation
between the classes. We can express this using linear algebra by �nding a line of the
form f(xi, yi) = axi+byi+c where i = 1, 2, . . . , n for C1 and i = n+1, n+2, . . . , n+m
for C2. Class C1 contains points in the 3rd quadrant and C2 contains points in the
1st quadrant. To �nd a, b, and c for our classi�cation we write a series of equations,
setting them equal to two arbitrary points for C1 and C2 which are relatively near
the grouping of points and preferably equidistant from the origin (in the case of
Figure 1). These are our decision points. Let's choose 1 for C1 and −1 for C2. Our
system of equations becomes:

ax1 + by1 + c = 1
ax2 + by2 + c = 1

...

axn + byn + c = 1

axn+1 + byn+1 + c = −1
axn+2 + byn+2 + c = −1

...

axn+m + byn+m + c = −1.

In matrix form, these equations become:
x1 y1 1
x2 y2 1
...

xn+1 yn+1 1
xn+m yn+m 1


 a
b
c

 =


1
1
...
−1
−1

 .
We now solve this equation for the variables a, b, and c. The line axi + byi + c = 0
is our decision function and will be equidistant from −1 and 1, where -1 and 1 are
weights that are chosen ad hoc to label some points negative and some positive.
This aids in their classi�cation according to our decision line. We do not expect an
exact solution because we are solving for three variables with 30 unknowns. Rather,
we want to �nd a separation line that best �ts between our two classes. In linear
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algebra, we think of this problem in terms of the normal equations corresponding
to

ATAx = ATb.

In Matlab, solving this system of unknowns simply returns the line of best �t
according to the least-squared distances between the data points and the decision
line. Because our system has full rank and ATA is invertible, our solution is unique.

Use this model to analyze a real data set. Given the set of points plotted in
Figure 2, we can write the following matrix equation:

1 1 1
1 2 1
2 −1 1
2 1 1
−2 1 1
−1 1 1
−2 −2 1


 a
b
c

 =



1
1
−1
−1
1
1
−1
−1


.

Using Matlab, we solve for a, b and c to �nd a = −0.2247, b = 0.6235, and
c = −0.2338. We can then draw the line of best �t from the resulting equation,
y = −0.2447x+−0.2338

0.6325 . This is the line shown in Figure 2. The points above the line
are contained in Class 1, and below in Class 2. It is easy to see that in some cases
the line may incorrectly classify some of the training data points (in this example,
however, the line separates both classes without error). See Appendix A.1 for the
code described above and the output.

Figure 3: An exact classi�cation. Note
that while this classi�cation is perfect for
the set of data input used to create it, it
will have a high error when new data is
classi�ed.

1.3. Exact. Using the same data shown
in Figure 1, we instead create a classi-
�er which separates each set of data ex-
actly, meaning each point in the train-
ing data is on the side of the line which
corresponds to its proper class. If we
do, we arrive at something like Figure
3. It is obvious that we should never use
this type of classi�cation. Of course,
the error when using the training data
is zero, which seems ideal. However,
problems arise when new data is input.
If we add points to our graph, many
near the exact classifer's decision line
that would be classi�ed as Class 2 in
Figure 2 are now classi�ed as Class 1.
Because the function to separate each
class is so exact, the probability that
new points will be misclassi�ed is high.
However, between the linear classi�er
and the exact, a subtle point can be
made: A classi�er which is either too
general or too speci�c will not be very successful. In order to minimize error for
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both the training data and novel data, some middle ground between the two must
be found.

1.4. Bayesian. If, instead, we imagine our data vectors as forming density func-
tions in high dimensional space, then we may still solve the same general problem
of dividing up our region of space into classes, but we require more complicated
pattern classi�cation techniques. If the distribution of the random data vectors
is given, then the classi�er which best minimizes classi�cation error is the Bayes
classi�er [5]. For simpli�cation, assume our data forms two-dimensional density
functions which can be assigned to one of two classes, ω1 or ω2.

We know based on the initial data (the training set) that there are a priori prob-
abilities P (ω1) and P (ω2) which represent the likelihood that the next data input,
x, is in either class. Thus, the greater the disparity between the class probabilities,
the better our guess for x will be. In other words:

If P (ω1)� P (ω2) choose ω1 and vice versa.

We denote the density probability function of x for the class ωi as p(x | ωi) and
the di�erence in the two classes' probability density functions as p(x | ω1)−p(x | ω2).
A larger separation between the density functions indicates a well de�ned feature
(green apples are not as likely to be classi�ed as red apples then pink ones).

For two classes, Bayes Formula states:

(1) P (ωi | x) =
p(x | ωi)P (ωi)

p(x)

where

(2) p(x) =
2∑
i=1

p(x | ωi)P (ωi).

Bayes formula tells us that the probability of a class ωi being chosen given some new
data, x, is equivalent to the probability density function of the class based on the
known data multiplied by the probability of that class. This is scaled by an evidence
factor, p(x), which represents the frequency with which a pattern with feature value
x will actually be measured. Its existence is unimportant except to assure that
P (ω1 | x) + P (ω2 | x) = 1 [4]. Ultimately, our goal is to minimize the probability
of error given x, or P (error | x). It follows then that when P (ω1 | x) > P (ω2 | x)
we should choose ω1 and vice versa (this is called Bayes decision). To justify this
argument, we consider the average probability of error:

P (error) =
∫ ∞
−∞

P (error, x)dx =
∫ ∞
−∞

P (error | x)p(x)dx.

This integral is simply a substitution using the principle shown in Equation 2. If
we minimize P (error | x), we minimize the integral and justify Bayes decision. We
can substitute Equation 1 into Bayes decision and eliminate the evidence factor,
p(x), to get the following decision rule:

If p(x | ω1)P (ω1) > p(x | ω2)P (ω2), choose ω1.

Two special cases provide more insight into Bayesian decision theory. If P (ω1) =
P (ω2) then x is equally likely to be in either class and our decision is based entirely
on the likelihoods p(x | ωi). If instead p(x | ω1) = p(x | ω2) , then we base our
decision entirely on the prior probabilities, P (ωi) [4].
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We explore the uses and application of the Bayesian classi�er further in the
following section, speci�cally when our probability density functions are Gaussian.

2. Bayesian Decision Theory: Univariate and Multivariate Densities

In this section, we summarize material as found in Duda [4]. Now that we
have determined that the Bayes classi�er depends on the conditional probabilities,
p(x | ωi), we look at the Gaussian density function whose feature vectors x for any
class ωi are randomly distributed and continuously valued. Before we begin, note
that the expected value of a function, f(x), can be written:

E[f(x)] ≡
∫ ∞
−∞

f(x)p(x)dx

where p(x) is the probability distribution function of x. If the values of x are
restricted to a discrete set, D, then our expected value is the sum

E[f(x)] =
∑
x∈D

f(x)P (x),

where P (x) is the probability mass3 at x.

2.1. Discriminate Functions. Remembering that for classes ωi,

P (ωi | x) =
P (ωi)p(x | ωi)

p(x)
,

we can approximate P (ωi | x) for each class where i = 1, 2 . . . n and n is the total
number of classes. If we call this classi�cation k, we want to �nd the maximum
probability (where p(x) 6= 0),

k = arg max
i

{
P (ω1)p(x | ω1)

p(x)
,
P (ω2)p(x | ω2)

p(x)
, . . . ,

P (ωn)p(x | ωn)
p(x)

}
.

Because we are simply concerned with the index corresponding to the maximum
and not the value we can multiply each element in the set by p(x) to get

k = arg max
i
{P (ω1)p(x | ω1), P (ω2)p(x | ω2), . . . , P (ωn)p(x | ωn)}.

If the value of the index corresponding to the maximum is not unique, we can ran-
domly assign x to one of the indices with a maximum value. One way to represent
pattern classi�ers is with a set of discriminant functions. If we call our set of dis-
criminant functions gi(x) for i = 1, 2, . . . , n then the feature vector x is assigned to
a class ωi with the largest discriminant if

gi(x) > gj(x) for all j 6= i.

We can now take gi(x) = P (ωi)p(x | ωi) so that the maximum discriminant function
is equal to the maximum probability. Because we are only concerned with maximum
values, taking f(gi(x)), where f(·) is a monotonically increasing function, will not
a�ect our classi�cation. One such function is ln(x). Thus we can say

f(gi(x)) = ln(p(x | ωi)P (ωi))

and furthermore,

(3) f(gi)(x) = ln(p(x | ωi)) + ln(P (ωi)).

3The probability mass function P (x) describes the probability for each value of the random
variable, x [7].
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We now have a discriminant function which can calculate values using the same
index, i, as the arg max function mentioned earlier, and return a maximum value
(though the maximum values will not necessarily be equal).

2.2. The Univariate Case. If we assume that the unknown distribution p(x) is
a univariate distribution such that

(4) p(x) =
1

σ
√

2π
e−

1
2 ( x−µσ )2

then the expected value of x is

µ ≡ E(x) =
∫ ∞
−∞

xp(x)dx

with variance

σ2 ≡ E [(x− µ)2] =
∫ ∞
−∞

(x− µ)2p(x)dx.

[4] According to the Central Limit Theorem, data that has undergone many small,
random e�ects is approximately normally distributed [6]. Since many patterns in
the natural world are ideal models which have undergone many small, random
perturbations, the Gaussian typically replicates the actual probability distribution
of these patterns nicely [4].

We can use graphing to help us visualize this two-dimensional problem with two
classes. Using Equation 4, we get

p(x | ω1) =
1√

2πσ1

e
−(

(x−µ1)2

2σ2
1

)
(5)

p(x | ω2) =
2√

2πσ2

e
−(

(x−µ2)2

2σ2
2

)
(6)

where Equation 5 represents Class 1 and Equation 6 represents Class 2. Our dis-
criminant function becomes:

(7) gi(x) =
(x− µi)2

2σ2
i

− log(σi) for i = 1, 2.

Figure 4: A histogram of data
points in classes 1 (blue) and 2
(red).

Assume that for some set of training data, µ1 =
1, µ2 = 7, σ1 = 1 and σ2 = 3. Using the Gauss-
ian distribution above, we use Matlab's random
number generator and these values of µ and σ to
create 500 random numbers for each class (our
"training data"). Because the Gaussian distri-
bution is based on probabilities with the µ and σ
parameters de�ning a speci�c distribution, Mat-
lab can simply generate random numbers based
o� of the Gaussian probabilities. Next we create
a 1000x1 matrix of our data, matrix X, and in-
sert our matrix into g1 and g2, which represent
the discriminant Gaussian functions pertaining
to their respective µi and σi. We then create
a new matrix, G, with the training data where
G = [g1 g2]. G is a 1000x2 matrix with the val-
ues of x for g1 in one column and the values of x for g2 in the second. The code
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in Appendix A.2 shows this classifying process, along with a command (on the last
line) that compares the values in column one and column two, picks the largest of
the two, and then assigns that x to that class (where column one is class one and
column two is class two). This data is stored in the new matrix �class�.

To compare the above method to one where the class is chosen based on the min-
imum distance from µi to x we use the code given in Appendix A.2, which performs
the same operations as above but with columns which contain the absolute value of
µi − x. The minimum distance is calculated for each point and the corresponding
class (Y1 or Y2 in the code) is stored in a new matrix called Z.

For a graph demonstrating the results using both classi�cation methods, see
Figure 5. Essentially, we have used the training data to create a classi�er which
hopefully is not too speci�c (classifying the training data with no error) but has
minimal classi�cation error. In Figure 5, if all of the points in each class can
be separated without any misclassi�cation, we expect to see a line from 0 to
500 on the x-axis at y = 1 and a second line from 501 to 1000 at y = 2. In
this example, we see errors of 6% and 8% for our maximum probability classi-
�cation and minimum distance classi�cation, respectively. Intuitively, we might
assume that there are instances when the minimum distance method performs
better. For instance, if the data shown in Figure 4 were completely separated,

Figure 5: Blue lines and circles represent
all xi chosen for class 1. Pink lines and
circles represent all xi chosen for class 2.

then we might assume a new point
would be well classi�ed if we placed it
in the class whose mean value is clos-
est. However, we must remember that
mean distance classi�cation determines
a data point's class based on half the

distance between the means, or (x−µi)
2 .

Thus, if the variances are not equal be-
tween the classes, the median between
the classes' means will favor one class
over the other. In fact, this means that
the minimum distance classi�cation can
only be as good as but never better
than the maximum probability classi-
�cation, and it is only equal when the
variances of each class are equal. If our
σis are equal, Equation 7 becomes:

gi(x) =
(x− µi)2

2(1)2
− log(1)

=
(x− µi)2

2
.

The minimum of this function will also be the minimum of (x−µi)
2 . We don't

normally expect or observe equal variances between classes. If, in a given scenario,
we do �nd them to be equal then the minimum distance classi�cation is simpler to
perform and will not increase our error.
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2.3. The Multivariate Case. If we assume that the unknown distribution p(x)
is a multivariate d-dimensional distribution such that

p(x) =
1

(2π)
d
2 | Σ |− 1

2
e−

1
2 (x−µ)TΣ−1(x−µ),

then we substitute p(x | ωi)4 into Equation 3 to get

gi(x) = −1
2

(x− µi)TΣ−1
i (x− µi)−

d

2
ln(2π)− 1

2
ln | Σi | + ln(P (ωi)).

When plotted in 2-dimensions, these graphs resemble Figure 6. In Figure 6, the
regions where the two functions collide is where error will be introduced during
classi�cation as this is where it is most likely points in one class will be classi�ed
as belonging to the other class.

3. Singular Value Decomposition

Figure 6: 2-dimensional Gaussian
functions representing two sepa-
rate classes.

Because of the volume and complexity of
EEG data, several modi�cations are required.
Initially, our data is stored as a 5x5x10 cell
which must be separated into windows of time
(for each task, trial, and subject). We discuss
our method for doing this in Section 5.2. Split-
ting our data cell results in 50 6x2500 matri-
ces5. To analyze a particular matrix, we begin
by �rst performing Singular Value Decomposi-
tion (SVD). The SVD (Singular Value Decom-
position) is the primary tool we will use for the
analysis, so in this section we will develop the
decomposition and look at its properties. We
begin with a discussion of The Spectral Theo-
rem and singular values and then discuss how
to construct matrices under SVD. Finally, we
show that the SVD provides the best basis for a given data set.

3.1. The Spectral Theorem and Singular Values. Recall that a matrix, A, is
symmetric if A = AT .

Theorem 1. (The Spectral Theorem for Symmetric Matrices [8]) An n × n sym-
metric matrix A has the following properties:

a. A has n real eigenvalues, counting multiplicities.
b. The dimension of the eigenspace for each eigenvalue λ equals the multiplic-

ity of λ as a root of the characteristic equation.
c. The eigenspaces are mutually orthogonal, in the sense that eigenvectors

corresponding to di�erent eigenvalues are orthogonal.
d. A is orthogonally diagonalizable.

4In this d-dimensional Gaussian Σ is a covariance matrix with size d-by-d with an inverse Σ−1

and determinant | Σ |. Further, x is d-component column vector, µ is a d-component vector of
means, and (x− µ)T is the transpose of x− µ.

5Each 6x2500 array represents six electrodes, each taking 2500 samples in time- Therefore, one
matrix represents one EEG recording episode for a single mental task and with one subject.
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Given an arbitrary m × n matrix A, a symmetric matrix B can be constructed
from it by taking:

Bn×n = ATA or Bm×m = AAT .

Now matrix B has a complete set of eigenvalues. Taking ATA, we can compute the
set of eigenvalues Λ = {λ1, λ2, . . . , λn} of Bn×n and subsequently an orthonormal
basis in Rn, {v1,v2, . . . ,vn}. Furthermore, we can show that the following is true:

Lemma 1. : Let A be an m× n matrix, and let B = ATA. Then the eigenvalues
of B are all non-negative.

Proof. For 1 ≤ i ≤ n, where vi is an eigenvector of ATA and λi is its associated
eigenvalue:

‖ Avi ‖ = (Avi)TAvi = vi
TATAvi

= vi
T (λivi)

= λivi
Tvi

= λi

�

Knowing that the values of λi are all nonnegative, we de�ne the singular values
of A as the square roots of the eigenvalues of ATA, denoted σi for 1 ≤ i ≤ k, where
k is the minimum of n and m.

Note that that there are m eigenvalues of AAT , {λ1, λ2, . . . , λm} and that the
nonzero eigenvalues of AAT are the same in number and value as the eigenvalues
of ATA. Also, if there are r non-zero singular values of A and {v1, v2, . . . , vr} are
the associated eigenvectors of A, then {Av1, Av2, . . . , Avr} is an orthogonal basis
for Col(A) and rank A = r [?].

3.2. Performing SVD On a Matrix. Now we have the necessary tools to per-
form the SVD. Given the matrix A with the properties described above (A is m×n
with r singular values), we can write

A = UΣV T

where Σ is the n×m diagonal matrix of the singular values of A, V is the m×m
eigenvector matrix for ATA, and U is the n×n eigenvector matrix for AAT . Finding
Σ is simple�the eigenvalues of ATA are ordered down the diagonal of Σ from greatest
to least value. Zeroes �ll in the columns and rows until Σ is the same size as A
(n ×m). To �nd V , we �nd the unit eigenvectors of ATA and arrange them such
that the corresponding eigenvalues are ordered from greatest to least value. If
λ = 0, we include that eigenvector in our matrix. The same procedure is used
to �nd U , but with the matrix AAT . Alternatively, to �nd the eigenvectors of U
we may calculate Av1 through Avr (where Avi = ui) and make those into unit
vectors. Any columns of U which are not �lled by these vectors are found by taking
orthogonal unit vectors to ui. In other words, we take uTj x = 0 for 1 ≤ j ≤ r
and �nd a basis for the solution set with the resulting equations. We call the unit
eigenvectors of V the right singular vectors and the unit eigenvectors of U the left
singular vectors [8].

Here, we work through an example of SVD:
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Suppose

A =

 1 0
1 1
0 1

 .
First, we �nd ATA:

ATA =

 1 0
1 1
0 1

[ 1 1 0
0 1 1

]
=
[

2 1
1 2

]
.

The eigenvalues of this matrix are 3 and 1. Thus, σ1 =
√

3 and σ2 =
√

1 = 1.
The corresponding eigenvectors are:

v1 =
[

1
1

]
and

v2 =
[
−1
1

]
.

The unit eigenvectors form the columns of V:

V =
1√
2

[v1 v2] =

[
1√
2
− 1√

2
1√
2

1√
2

]
.

To construct U , �rst �nd Av1, denoted (u1), and Av2, denoted (u2):

u1 =

 1
2
1


and

u2 =

 −1
0
1

 .
Taking uT1 x = 0 and uT2 x = 0 gives us the relations x1 = x3 and x2 = −x3 and
thus the vector

w∗ =

 1
−1
1

 .
Now we can �nd U = {g1 g2 w}, where g1, g2 and w are the unit eigen-

vectors for u1, u2 and w∗ respectively:

U =


1√
6
− 1√

2
1√
3

2√
6

0 − 1√
3

1√
6

1√
2

1√
3

 .
Since our eigenvalues are

√
3 and 1,
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Σ =

 √3 0
0 1
0 0


and our singular value decomposition is:

A = UΣV T =


1√
6
− 1√

2
1√
3

2√
6

0 − 1√
3

1√
6

1√
2

1√
3


 √3 0

0 1
0 0

[ 1√
2

1√
2

− 1√
2

1√
2

]
.

In this problem, we are mapping from x ε Rn to Ax ε Rm, or in other words
from Row(A) to Col(AT ). If there are r non-zero singular values of A, the dimen-
sion of both these spaces is r where {v1,v2, . . . ,vr} form a basis for Row(A) and
{u1,u2, . . . ,ur} form a basis for Col(AT ). The spaces Null(A) and Null(AT ) may
not be equal since the dimension of Null(A) is n−k and the dimension of Null(AT )
is m − k. However, this is irrelevant because we disregard the null space and are
only concerned with the reduced singular value decomposition.

3.3. The Karhunen-Loéve Expansion. The Karhunen-Loéve (KL) Expansion
con�rms that the SVD provides the best basis of feature vectors6. Given a set of p
data points, {x(1) . . .x(p)}, where each x(i) ε Rn, we denote the collection of data
as a p× n matrix X such that:

X = [x(1) . . .x(p)]T .

Expanding the coordinates of X in terms of a basis in Rn called Φ, where Φ is any
collection of vectors [φ1, φ2, . . . , φk] that form a basis in Rn, we can write any point
i in X as follows:

x(i) =
n∑
k=1

α
(i)
k φk.

If we require our basis to be orthonormal, we can compute the coordinates of x(i),

denoted as α
(i)
k above, using the inner product:

α
(i)
k = xTφk = 〈x, φk〉.

Note that in this expansion 〈A,B〉 is simply a notation for ATB (the inner prod-
uct).
In matrix form we can write the coordinates of this basis as:

(x(i))Φ = ΦTx

so that

x(i) = ΦΦTx(i).

For a square matrix, ΦΦT = I because of the condition of orthonormality of the
column vectors of Φi. For a rectangular matrix ΦΦT is a projector into the column

6This section follows Hundley's work regarding the best basis [10]
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space of Φ and we introduce an error if x is not contained in the span of the vectors
φi. The error is the second term of the following equation:

(8) x =
k∑
j=1

αjφj +
n∑

j=k+1

αjφj

Thus, our error contains n− k basis vectors and is de�ned as:

xerr =
n∑

j=k+1

αjφj .

In order to determine the best basis, we must make the following assump-
tions [10]:

1. The data has been mean subtracted (where the mean is in Rn) because the
best basis will have its origin at the centroid of the data.

2. The data does not �ll Rn; it lies on some linear subspace contained in Rn.
3. The best basis should be orthonormal.

If the columns of X have been mean subtracted, we de�ne the covariance of X, C,
to be

(9) C =
1
p
XTX =

1
p

p∑
i=1

x(i)(x(i))T .

Finally, we de�ne the k-term error as the mean-squared error of the data expansion:

Error =
1
p

p∑
j=1

‖ x(j)
err ‖

2
.

Thus, our data can be compressed to k dimensions. We show in the rest of this sec-
tion that in order to minimize the mean-squared error on the expansion {φi}kj=k+1

we must minimize
n∑

j=k+1

〈φj , Cφj〉.

Note that the φi form an orthonormal set, and that this is true for k = 1 since it is
true for all k. Therefore,

1
p

n∑
j=1

‖ x(j) ‖2 =
n∑
j=1

〈φj , Cφj〉

=
1∑
j=1

〈φj , Cφj〉+
n∑
j=2

〈φj , Cφj〉(10)

where
n∑
j=2

〈φj , Cφj〉

is our error as per Equation 8. This error is the term we seek to minimize. Since
our basis is orthonormal, we can instead �nd [10]

max
φ6=0

φTCφ

φTφ
.
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We can maximize this alternate term because Equation 10 has two terms, and
minimizing the second term is equivalent to maximizing the �rst term. Since the
�rst term is a sum over one number, it is simply a function and is easier to maximize
when written as its inner product, φTCφ. We divide the inner product by φTφ
where φ 6= 0 to ensure that our maximum does not increase to in�nity. To show
that this is indeed the term we need to maximize, �rst note that if φm and φn are
orthonormal,

‖ αmφm + αnφn ‖2 = (αmφm + αnφn)T (αmφm + αnφn)

= (αmφTm + αnφ
T
n )(αmφm + αnφn)

= α2
mφ

T
mφm + αmαnφ

T
mφn + αmαnφ

T
nφm + α2

nφ
T
nφn

= α2
m + α2

n

and thus

(11) ‖ xerr ‖2 =
n∑

j=k+1

(αj)2.

Furthermore, if we take the jth term from our sum we have:

αj = φj
Tx

and

α2
j = (φTj x) · (φTj x)

= (φTj x) · (xTφj)
= φTj (xxT )φj

= 〈φj ,xxTφj〉.(12)

We rewrite the average error over p points with k basis vectors using Equations
9, 11, and 12:

1
p

p∑
i=1

‖ x(i)
err ‖

2
=

1
p

p∑
i=1

 n∑
j=k+1

‖ α(i)
j φj ‖

2


=

1
p

p∑
i=1

 n∑
j=k+1

(α(i)
j )2


=

1
p

p∑
i=1

 n∑
j=k+1

〈φj ,x(i)(x(i))Tφj〉


=

n∑
j=k+1

(
1
p

p∑
i=1

〈φj ,x(i)(x(i))Tφj〉

)

=
n∑

j=k+1

〈φj ,
[

1
p

p∑
i=1

x(i)(x(i)T

]
φj〉

=
n∑

j=k+1

〈φj , Cφj〉.
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This is indeed the term we minimized earlier in this discussion.
We now show that we have the best basis using eigenvalues. If the eigenvalues

and eigenvectors, respectively, of the covariance matrix C are {λi}ni=1 and {vi}ni=1,
where

λ1 ≥ λ2 ≥ . . . ≥ λn
then we rewrite C as

C = λ1v1vT1 + λ2v2vT2 + . . .+ λnvnvTn

where V TV = V V T = I.
Writing our vector, φ, as

φ = a1v1 + a2v2 + . . .+ anvn = V a

we see that

φTφ =
n∑
i=1

(aivi)T (aivi) =
n∑
i=1

a2
iv

T
i vi =

n∑
i=1

a2
i

and thus

φTφ = a2
1 + a2

2 + . . .+ a2
n.

Furthermore,

φTCφ =
n∑
i=1

φTλiφ =
n∑
i=1

λiφ
Tφ =

n∑
i=1

λia
2
i

and thus

φTCφ = λ1a
2
1 + λ2a

2
2 + . . .+ λna

2
n.

It follows that
φTCφ

φTφ
=
λ1a

2
1 + λ2a

2
2 + . . .+ λna

2
n

a2
1 + a2

2 + . . .+ a2
n

≤ λ1.

Rewriting

λ1a
2
1 + λ2a

2
2 + . . .+ λna

2
n ≤ λ1(a2

1 + a2
2 + . . .+ a2

n)

as

λ1 + λ2 + . . .+ λn ≤ nλ1

gives us a true inequality only when φ = v1, implying that v1 is the best one-
dimensional basis vector. The same argument applies for �nding the next best
basis vector, which satis�es:

max
φ⊥v1

φTCφ

φTφ
.

The fact that the second eigenvector of C is the next best vector is a consequence
of Theorem 1, which says that our eigenvectors are orthogonal. To summarize the
Karhunen-Loeve expansion:

Theorem 2. (The Best Basis Theorem [10]) Suppose that:

• X is a p× n matrix of p points in Rn
• Xm is the p× n matrix of mean-subtracted data.
• C is the covariance of X; C = 1

pX
T
mXm.

Then the best (in terms of the mean-squared error de�ned earlier) orthonormal
k-dimensional basis is given by the leading k eigenvectors of C, for any k.
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It should be noted that the KL expansion is simply a method for calculating the
SVD; this justi�es our use of SVD to extract feature vectors. We demonstrate this
by noting that the SVD of the matrix X is

X = UΣV T

where Σ is k × k and k is the rank of X. The covariance of X can be written as
follows:

C =
1
p
XTX =

1
p
V ΣUTUΣV T = V

(
1
p

Σ2

)
V T .

Thus, the best basis vectors for the rowspace of X are the right singular vectors of
X, which agrees with our results from Theorem 2. Noting that

C =
1
p
XTX =

1
p
UΣV TV ΣUT = U

(
1
p

Σ2

)
UT ,

we also conclude that the best basis vectors for the rowspace of X are the left
singular vectors of X. We know that the left singular vectors and right singular
vectors are equivalent from our proofs regarding SVD. In other words, we know the
best basis vectors of the rowspace give us the best basis vectors of the columnspace
through the following relationships:

Xvi = σiui; XTui = σivi; λi =
σ2
i

p
or λi =

σ2
i

n
.

It is likely that our EEG data will not have zero eigenvalues because there is
noise in all dimensions of our data. Without zero-valued eigenvalues, it is not
straightforward to determine the appropriate rank. If there is a large gap in the
values of the eigenvalues, then the rank should be chosen as i where λi is the
eigenvalue just prior to the large drop in value. Otherwise, consider a di�erent
approach:

After considering the normalized eigenvalues

λi =
λ̃i∑n
j=1 λ̃

where λ̃ are the unscaled eigenvalues, we describe each λi as a percentage of the
total variance captured by the ith eigenspace and dimension as a function of the
total variance that we want to encapsulate in a k-dimensional space. Given this, the
KL dimension is the number of eigenvectors required to capture a given percentage
of this total variance,

KLDd = k,

where k is the smallest integer such that

λ1 + λ2 + . . .+ λk ≥ d.
The value of d is chosen ad hoc, depending on the percentage of total variance we
wish to capture [10].
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4. Using the Best Basis

Figure 7: A plot of the values of
lambda.

While it is possible to create a classi-
�er using unmodi�ed EEG data, the al-
gorithm becomes complicated very quickly
and is di�cult and slow to compute.
By manipulating our data in various ways we
allow for a simpler classi�er which runs more
e�ciently but does not contribute signi�cantly
to an increase in classi�cation error. In the sec-
tions above, we described the SVD as a means
for accomplishing this simpli�cation. However,
it is not easy to visualize what each step of the
SVD does to the EEG data. Below, we manip-
ulate the pixels of photographs to demonstrate
the SVD process.

4.1. Visualizing the SVD with Eigenfaces.

Using the SVD, a best basis can be created with photographs of faces as a sample
data set. This eigenface example will clarify and visualize the classi�cation pro-
cess. Given 30 pictures with matrices equivalent to the pixel size, 262 x 294, we
concatenate each image and combine them to get one matrix of size 77028 x 30,
which represents the arithmetic mean of all the images. This matrix will be the
picture we recreate using SVD.

Figure 8: The mean-subtracted
average eigenface (Doug Hund-
ley, Whitman College).

First, we �nd an image of the mean-
subtracted faces (Figure 8) based on the pic-
ture's pixels. Then, the SVD is performed on
this mean-subtracted matrix (corresponding to
the mean image). A plot of the values of λi
is shown in Figure 7. Figure 9 shows recon-
structions of the original data using the �rst
four eigenvectors. Now we can see that the �rst
eigenvector holds most of the general features,
and the subsequent eigenvectors represent more
and more detailed features7. To create an image
that is close to the original, we must determine
how many λs to use. It appears that, from Fig-
ure 7, choosing between λ10 and λ20 will recover
most of our data. We choose the �rst �fteen
eigenvectors and reconstruct the original data
on the �rst two eigenfaces after performing SVD operations. The resulting images
are shown in Figure 11. The errors for each face after choosing λ15 as our terminal
eigenvalue are also shown in Figure 11.

Some interesting features arise from analyzing this data. First, the value of λ1

is 0.1051, meaning the �rst column of the SVD matrix contains roughly 10.5% of
the mean-subtracted face's data. The �rst 15 eigenvalues captures about 70% of

7If we generate the values for the �rst 10 lambdas we con�rm the validity of this statement.
They are λ1 = 0.1051, λ2 = 0.0741, λ3 = 0.0638, λ4 = 0.0606, λ5 = 0.0532, λ6 = 0.0457, λ7 =
0.0415, λ8 = 0.0374, λ9 = 0.0353, and λ10 = 0.0337.
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Figure 9: The �rst four eigenvectors of our mean-subtracted face (Doug Hundley,
Whitman College).

the image's data. This is impressive considering we use only half of the columns of
the SVD matrix to reconstruct the mean eigenface. Second, Figure 10 shows the
coordinates (λ1, λ2) for the male mean eigenface SVD-reduced matrix and for the
female mean eigenface SVD-reduced matrix. In this data set (but not necessarily
in other sets containing images of faces) there is a distinct separation between the
male faces and the females faces. It is impossible to make a conjecture about the
meaning of this separation in coordinates, but it is interesting nonetheless. Finally,
by viewing the images representing error in Figure 11 it is apparent which regions
of the face vary widely among di�erent people (note the eyes, lips and hairline
especially). Because the SVD is only taking the best basis of vectors, the �ner
details are lost (though, ideally, not so many that it is noticeable).

5. Electroencephalography, Transduction, and Data Manipulation

5.1. The EEG. In the experiments described in this paper, electrodes are placed
in standard positions as shown in Figure 12. Four frequencies of brain activity
occur in humans: α rhythm from 8 to 13 hz and amplitude of 10 to 50 mV, β
activity at 14 to 60 hz with amplitudes of less than 10 mV, θ waves at 4 to 7 hz and
δ waves at less than 4 hz. An EEG is a reading of all of these waves; the sum of the
four waves indicates whether neurons are �ring in synch or irregularly, as shown

Figure 10: Coordinates (λ1, λ2) for the male (blue) and female (red) faces.
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in Figure 15. Finally, due to the spatial resolution of the EEG and its limitations,
deep brain tissue activity is not recorded.

5.2. Organizing EEG Information in Matlab. Within the EEG data �le pro-
duced from our experiments, there exists distinct subsets of data about the �ve
subjects, �ve tasks, ten trials, and seven channels of the EEG machine which stream
data to the computer.

Figure 11: Results from SVD operations
on the mean-valued face. A. The �rst
eigenface reconstructed. B. Error be-
tween the �rst original eigenface and its
reconstructed version. C. The second
eigenface reconstructed. D. Error be-
tween the second original eigenface and
its reconstructed version (Doug Hundley,
Whitman College).

The reading for each task is taken over
a 2500 ms period, resulting in a 7 x
2500 matrix (7 channels, 2500 ms). We
have obtained recordings from �ve dif-
ferent subjects performing �ve di�erent
mental tasks, each in ten separate tri-
als. Thus, the data is arranged in a
5x5x10 cell (5 subjects, 5 tasks, 10 tri-
als) which allows the data to be easily
manipulated by subject, task and trial.
For example, an image can be produced
using simple Matlab code referencing
any particular EEG reading. Figures
13 and 14 are images generated for task
5, trial 5, subjects 1 and 2, respectively.
The �ve tasks are:

1 Rest: Subject is not performing
any task.

2 Letter : Subject visualizes a
letter being drawn.

3 Math: Subject multiplies two
three-digit numbers together
mentally.

4 Rotation: Subject rotates an
object in his/her head.

5 Counting: Subject counts to self.

Once a classi�er has been built for a speci�c subject, task, and trial, new sets of
data can be entered to test the classi�er. We should note that while it is possible
to use multiple subjects or trials to build the classi�er, using too much information
initially can create boundaries for the classi�er which are too speci�c to the training
data, leading to a higher error when new data is presented. Another possibility is
to run the SVD on the data �rst, hopefully eliminating some noise and improving
classi�cation error. Both methods will be explored.
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Figure 12: Positions of six electrodes on subject corresponding to six channels.

6. Using The Classifier Function in Matlab

Using Matlab, we name individual matrices which correspond to a speci�c sub-
ject, task and trial. Thus, 250 possible matrices can be designated. This is par-
ticularly useful when using Matlab's classify feature. The classify feature takes in
three arguments : sample, training, and group. Each of these arguments indicates a
speci�c matrix. The �sample� matrix, when we initially build our classi�er, will be
the same as the �training� matrix. These two matrices represent a speci�c subject
and trial, where the rows represent data points corresponding to milliseconds from
a designated time window (30 ms) and channel, and the columns represent the data

Figure 13: Subject 1, Task 5, Trial 1.
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Figure 14: Subject 2, Task 5, Trial 1

Figure 15: Bear, Mark F., Barry W. Connors and Michael A Paradiso. Neuroscience
. 3rd ed. Lippincott, Williams & Wilkins: Baltimore, 2007.

points for all 5 tasks for a particular subject, concatenated. We lag the six channels
by 3, generating 75 sample matrices for each subject of size 24×125, which returns
a matrix in R3000. If SVD is performed on this �training� matrix, each window
becomes 24× 24 and our data points lie in R576.

The �group� matrix is a 1x2500 matrix which corresponds to the task number in
each column of the training matrix. In other words, it looks like:

[111 . . . 222 . . . 333 . . . 444 . . . 555 . . .]
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where each number is repeated 75 times.

7. Visualizing the Results

After processing the EEG data in Matlab, the volume and complexity of the data
points and their existence in high-dimensional space makes visualization di�cult.
In order to better understand and view our results, we take advantage of k-means
clustering and Sammon mapping.

7.1. K-means Clustering. To reduce the volume of data points, we utilize k-
means clustering. K-means clustering uses an algorithm which requires initializing
the number of patterns, n, the number of clusters, k, and a way of calculating µi
for i = 1 . . . k [4]. Ultimately, we seek to reduce the number of data points. For
example, given the data points [1.1, 1.3, 0.8, 2.2, 1.7, 2.1, 3.4, 3.1, 2.9] we observe
three obvious clusters at the points [1, 2, 3]. Thus, we can replace the nine data
points in the original set with the three points in the cluster set. We call the points
in the cluster set cluster centers. They are the µi that are found via the algorithm.
This algorithm for �nding the cluster centers for a set of data proceeds as outlined
in Duda [4]:

1 Begin by initializing n, k, µi for i = 1, 2 . . . k
2 Sort data by proximity to the µi to determine which data points correspond
to which cluster

3 Compute the center of mass for each cluster; the new µi correspond to their
cluster's center of mass

4 Repeat steps 2 and 3 until there is no change in µi
5 Return the �nal µi for i = 1 . . . k

The simplicity of this algorithm will provide us with an e�cient way to reduce the
number of data points. We should note that there are several ways to go about
step 1. One way is to randomly choose the µi. This can be problematic, however,
because there is a possibility that empty clusters will form. To avoid this, the best
initialization of the µi is to randomly choose k existing data points, where k is the
number of clusters. Let's look at a simple example. Using the Matlab code in Ap-
pendix A.3, we can input the data points [1.1, 1.3, 0.8, 2.2, 1.7, 2.1, 3.4, 3.1, 2.9]
and determine how many iterations it takes before the change in the µi is less than
.001 (we consider that to be our "0"). The cluster centers are [3.0333 1.0000
2.1267], which we had already expected simply by observing the 9 data points
earlier.

For our EEG data, there are initially 297 points in R576 for each task. By
performing k-means clustering 10 times, we reduce the number of points to 50
total. Our data is initially sitting in a high-dimensional space where there are many
redundancies. After k-means, we have a manageable number of data points which
resemble the original data but with fewer points. This allows us to perform Sammon
mapping of the data, as discussed in the following section, without overwhelming
the computer.

7.2. Sammon Mapping. Suppose that performing k-means clustering results in
n data objects, each in m-dimensional (high-dimensional) space. We aim to use
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Sammon mapping to �nd, instead, n points in 3-dimensional space8 so that the
distance between points is kept as close as possible to the original inter-point dis-
tances. That is, if {x1, ..., xn} are n vectors in Rm,we de�ne the distance between
xi andxj as dij = ‖xi − xj‖. If we let {y1, y2, ..., yn} be the 3-dimensional repre-
sentations (respectively) of the xi, then we de�ne δij = ‖yi − yj‖. The goal of the
Sammon map is to �nd the coordinates {y1, ..., yn} in R2 so that dij = δij .

Of course, we do not expect that we will be able to get equality; therefore, we
want to �nd {y1, ..., yn} so that the following �stress function� E is minimized:

E =
1∑n−1

i=1

∑n
j=i+1 δij

n−1∑
i=1

n∑
j=i+1

(δij − dij)2

δij
.

This error function calculates the di�erence in con�gurations between the n points
in m-dimensional space and between the n points in 3-dimensional space (badness-
of-�t), returning a value in [0, 1] where 0 indicates lossless mapping [9]. We notice
that E is a real valued, non-negative function that depends on 3n variables (n data
points, yk, in R3). We can numerically �nd the minimum by using gradient descent
(move in the direction opposite the gradient). From k-means clustering, we know we
have n = 50 data points, leaving us to solve 150 variables. If we had not performed
Sammon mapping, we would have had to solve 3n = 3(297 · 5) = 4455 variables
(which would overwhelm the computer). After Sammon mapping our data now lies
in R3 instead of R576.

8. Testing the Classifier

Figure 16: Tasks four and �ve for subject
one.

Before running statistics on the clas-
si�cation of our EEG training data, we
must �rst ensure that the classi�er is
working properly. Some questions to
answer include whether or not the pre-
processing is e�ective, if enough noise
has been removed to distinguish be-
tween tasks, and how well the proces-
sor is splitting the data. One way to do
this is through k-means clustering. In
Figure 16, we compare tasks four and
�ve for subject one, trial four. The
open circles demonstrate the k-means
cluster centers, with the stars designat-
ing the overall class mean for each task.
Finally, the lines designate the moving
average of 50 data points in the sub-

ject's brain mapping over a ten second period. Sammon mapping projects the
results into 2-dimensional space. Thus, Figure 16 demonstrates that our data is
indeed being classi�ed into distinct tasks with little to no overlap. However, an
live-streaming version of the classi�cation procedure may result in some di�culty,
since the classes do not look as nice if we take only a portion of the curves. Thus,

8Sammon mapping can be used to �nd n points in d-dimensional space with d < m, but for
visualization we choose d = 3.
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this image con�rms that we should take into account the long-term time depen-
dence of the signal. Another potential problem to address is the possibility that
initializing k-means clustering di�erently will produce di�erent results. To con�rm
that this does not happen, we use Sammon mapping. Figure 19 displays the results
of k-means clustering performed 10 times on each task (subject one, trial four) in
R3 and projected into two-dimensional space via Sammon mapping. We can see
that while the results di�er slightly when the initial cluster centers are randomly
assigned, there is still a clear distinction between classes. In Figure 17, we compare
two di�erent subjects (subjects 1 and 3) performing task four. This determines
whether or not the classi�er must be trained for each subject. Indeed, the �gure
shows distinct separation between the two subjects, con�rming a need to retrain
the classi�er each time a new subject is introduced. We have now con�rmed that it
is possible to classify our EEG data using the process described in this paper with
reasonable accuracy.

Figure 17: Subjects 1 and 3 performing
task four, where k-means clustering was
performed multiple times and mapped via
Sammon mapping.

8.1. Using Training Data to Deter-
mine the E�ectiveness of the Clas-

si�er. When choosing vectors of data
to classify, we can either use real-time
linear selection or randomly permute
the vectors �rst. Because the �rst op-
tion did not produce desirable classi�-
cation rates, we randomly permute the
vectors instead. The classi�cation pro-
cess is coded in Matlab to work as fol-
lows: First, we pre-process our EEG
data. This not only performs the SVD,
but introduces a lag and a shift. Fig-
ure 18 demonstrates that a larger lag
produces better classi�cation rates, so
we chose a lag of 15 for our �nal test9.
Secondly, we choose how much data to
use as training data and how much data
to use to test the classi�er. Ultimately,
we use 80% to train and 20% to classify,

but Table 1 shows us that it is somewhat arbitrary how we split the data until we
use very little data ( 10%) to train the classi�er (CR=classi�cation rate).

.
Finally, we run Matlab's classi�er function on the data, using a quadratic bound-

ary (as opposed to linear, which had poor classi�cation rates). If the classi�cation
is run 10 times and the rates are averaged, we �nd that the �ve tasks are classi�ed
with the rates show in Table 2.

9To prove that this correlation between higher lag and better classi�cation rate was not by
chance, we ran the test across all tasks for subject 3.
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Table 1: Classi�cation Rates (CR) for various ratios of training data vs. classi�ca-
tion data.

% Training 95 60 30 10
% Task 1 CR 93.31 91.63 85.62 52.86
% Task 2 CR 90.54 89.24 84.27 58.03
% Task 3 CR 99.02 98.61 98.68 95.41
% Task 4 CR 99.65 99.71 99.53 93.90
% Task 5 CR 99.45 99.67 99.58 99.12

Table 2: Classi�cation rates averaged over 10 runs using 80% of the data for train-
ing.

Trial 1 2 3 4 5
% Correct 0.9336 0.8980 0.9802 0.9969 0.9950

.

Figure 18: As the lag increases, the classi�cation rate improves. Figure D demon-
strates that the correlation is not by chance by running the test on all tasks for
subject 3.

Finally, the following confusion matrix demonstrates how often a task, i (column
i = task i), is confused with another task, j (row j = task j):

Task(%) 1 2 3 4 5
1 96.5 4.5 2.2 1.8 0.0
2 1.7 94.5 3.0 1.8 2.0
3 1.7 0.9 94.8 0 0
4 0.0 0.0 0 96.4 1.3
5 0.0 0.0 0 0 96.7

.
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Figure 19: Results of k-means clustering performed 10 times on each task in trial
four, subject one. Task 1=red dots. Task 2=green circles. Task 3=blue squares.
Task 4=purple stars. Task 5=black triangles.

Conclusion

In a recently published paper, Sheena Luu and Tom Chau [12] explore the use
of Near-infrared spectroscopy (NIRS) as an alternative to the EEG cap for the
same purpose of applying functional applications to a subject's thoughts. Their
experiment was of a simple design�subjects were asked which of two drinks they
preferred�but the results were promising: their classi�cation process was able to
determine a subject's preference accurately 80% of the time. NIRS is non-invasive
and requires less set-up than the EEG, and it can read signals quickly, accurately,
and e�ectively. Essentially, NIRS measures changes in the color of the brain as
oxygen is delivered via hemoglobin to di�erent regions. As a region becomes active,
blood �ow to the area increases, resulting in increased hemoglobin[13] (the iron in
hemoglobin a�ects the color) . The portability and simplicity of this system (and
better spatial resolution) may o�er a better tool for this line of research in future
experiments.

Regardless of the tool used to measure brain signaling, building a classi�er is
a complex process. In order to avoid implementing a complicated classi�er, recall
that we split our data into windows of time and performed SVD, taking only the
best basis of information and eliminating noise. This greatly simpli�ed the work to
be done in Matlab. To visualize our results, we employed k-means clustering and
Sammon mapping. Through those two methods, it is clear that our pre-processing
techniques are e�ective enough to allow for reasonable classi�cation rates, that each
task is recognized as separate from the others, and that randomly assigning initial
cluster centers does not e�ect the outcome of the classi�cation. The visualization
of our data also con�rmed the need to initialize the classi�er on each new subject.
Statistical analysis also showed that our classi�er is also e�ective. Overall, using
80% of our data as training data resulted in a classi�cation rate of 96.06% for the
remaining 20%, averaged over all of the tasks. The tables in Section 8.2 con�rm
that our classi�cation rates are not only satisfactory, but exceptional.

Our classi�er is now ready for new data. In the future, we hope to explore the
classi�er's accuracy on new subjects and use newly collected EEG information to
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�ne-tune the classi�er. There will be one problem that we will have to overcome,
which is the discrepancy between streaming live EEG data and randomly permuting
the processed EEG vectors. Obviously, we cannot permute the vectors until the
data has been collected, making real-time processing impossible. If we want to
classify in real time, creating a solution to this problem will be necessary before
further progress can be made. Because our data is non-stationary (the statistics for
the data change over time), this is not an easy task. It requires creating algorithms
which can track the changing subspaces.
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Appendix A. MATLAB CODE

A.1. 1. Code from Section 1.2. The following code solves the matrix equation
in Section 1.2:

% In the array X, the first row are the x-coordinates, the second row are

% the y-coordinates of the data

X=[1 1 2 2 -1 -2 -1 -2

1 2 -1 1 2 1 -1 -2]

%The vector T gives the desired target values (Class 1=1, Class 2=-1)

T=[1 1 -1 -1 1 1 -1 -1]

%Solve Ax=b means:

[m,n]=size(X) %Matrix A will be n x 3:

A=[X' ones(n,1)]

x=A\T' %x contains three numbers- a, b and c.

a=x(1); b=x(2); c=x(3);

xx=linspace(-3,3,150); %Domain values to plot the line.

if b~=0

y=(-c-a*xx)/b;

end

The following output is generated:

X =

1 1 2 2 -1 -2 -1 -2

1 2 -1 1 2 1 -1 -2

T =

1 1 -1 -1 1 1 -1 -1

m =

2

n =

8

A =

1 1 1

1 2 1

2 -1 1

2 1 1

-1 2 1
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-2 1 1

-1 -1 1

-2 -2 1

x =

-0.2247

0.6235

-0.2338

where x = [a b c]T .

A.2. 2. Code from Section 2.2. After de�ning data in two classes, Class1Sample
and Class2Sample, as well as the matrices corresponding to µi and σi, the following
code generates a matrices which indicates to which class each x|x ∈ Class1Sample,Class2Sample
has been assigned.

X=[Class1Sample; Class2Sample]; %1000 x 1

G1=-(X-mu(1)).^2/(2*(sigma(1)^2))-log(sigma(1));

G2=-(X-mu(2)).^2/(2*(sigma(2)^2))-log(sigma(2));

G=[G1 G2]; %1000 x 2

[tmp class]=max(G,[],2);

The following code calculates the minimum distance between all x and µi where
i = 1, 2:
Y1=abs(X-mu(1));

Y2=abs(X-mu(2));

[tmp Z]=min([Y1,Y2],[],2);

If we want to view the results and percent error of these two classi�cations we use
the following code:

figure(2)

plot(class,'b*'); hold on;

plot(Z,'ro'); hold off

Targets=[ones(500,1); 2*ones(500,1)];

Percent1=round(100*(sum(abs(Targets-class)))/1000)

Percent2=round(100*(sum(abs(Targets-Z)))/1000)

A.3. Code from Section 7.1. Below is the code to implement k-means clustering.

%Example: k-means clustering

%Original data, dimension x number of points

x=[1,1.01,0.99,2.3,2.1,1.98,3.1,3.01,2.99];

n=length(x);

k=3;

%c=randn(1,3); %Initialize the cluster centers

tt=randperm(n);

c=[x(tt(1)), x(tt(2)), x(tt(3))];

oldc=100*ones(1,3); %Some big numbers
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Distances=mean(sum((c-oldc).^2,1))

while Distances>0.001

%Sort the j^th data point. We'll use an index vector

for jj=1:n

for kk=1:3

dd(kk)=norm(x(:,jj)-c(:,kk));

end

if dd(1)==min(dd)

Temp(jj)=1;

elseif dd(2)==min(dd)

Temp(jj)=2;

else

Temp(jj)=3;

end

end

oldc=c;

idx1=find(Temp==1);

c(:,1)=sum(x(:,idx1))/length(idx1);

idx2=find(Temp==2);

c(:,2)=sum(x(:,idx2))/length(idx2);

idx3=find(Temp==3);

c(:,3)=sum(x(:,idx3))/length(idx3);

Distances=mean(sum((c-oldc).^2,1))

end

Appendix B. ALTERNATE PROOF TO THE KL THEOREM

We can prove through an alternate method that we have the best basis.
Given any orthonormal basis, {ψi}pi=1 we know that:

1
p

p∑
i=1

‖ xi ‖=
D∑
j=1

ψTj Cψj +
p∑

j=D+1

ψTj Cψj

where C is the covariance matrix. We also know that this sum is constant. Because
of this, minimizing the second term of the sum is equivalent to maximizing the �rst
term of the sum. Using the eigenvector basis we can say:

D∑
j=1

φTj Cφj = λ1 + . . .+ λD,

and we can evaluate the second term as

1
p

p∑
i=1

‖ xierr ‖2=
p∑

j=D+1

φTj Cφj = λD+1 + . . .+ λp.

Furthermore, we can show that the �rst D eigenvectors of C form the best basis
over all D-term expansions, as we stated earlier.
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Let {ψi}pi=1 be some other D-dimensional basis. Each ψi can be written in terms
of its coordinates with respect to the eigenvectors of C,

ψi =
D∑
k=1

(ψTi φk)φk = Φαi

so that αik = φTi φk. It follows that:

ψTi Cψi = αTi Λαi
Let us now consider the mean squared projection of the data onto this D-dimensional
basis:

D∑
j=1

ψTj Cψj =
D∑
j=1

αTj Λαj =
D∑
j=1

λ1α
2
j1 + . . .+ λpα

2
jp

so that
D∑
j=1

ψTj Cψj = λ1

D∑
j=1

α2
j1 + λ2

D∑
j=1

α2
j2 + . . .+ λp

D∑
j=1

α2
jp.

Now, consider the coe�cients

{α1i, . . . , αDi} = {ψT1 φi, . . . , ψTDφi}
as the coe�cients from the projection of φi onto the subspace spanned by the ψ's:

Projψ(φi) = α1iψ1 + . . .+ αDiψD.

We can show that
D∑
j=1

α2
ji =‖ Projψ(φi) ‖2≤ 1

is true if and only if φi is in the span of the columns of ψ. The maximum of

λ1

D∑
j=1

α2
j1 + λ2

D∑
j=1

α2
j2 + . . .+ λp

D∑
j=1

α2
jp

is found by replacing the coe�cients of the �rst D terms with 1 and the remaining
with zero. This corresponds to the error found by using the eigenvector basis.


