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1. INTRODUCTION

A fundamental result in finite Abelian group theory is the so-called structure theorem,
which uniquely presents a finite Abelian group as the direct product of cyclic groups of
prime-power order. Analogous to this is a result in the theory of vector spaces which reduces
the question of vector isomorphism to the question of basis cardinality. These are in fact just
two of a collection of theorems which serve to analyze and pick apart algebraic structures by
certain size factors, or cardinal invariants. In this paper we consider questions of this type
along with a much subtler class of problem which arises from the introduction of topological
properties into Abelian groups and vector spaces.

A group is a set equipped with a binary associative operation which also has an identity
element and an inverse function. We typically express these conditions symbolically as
(a+b)+c=a+(b+c),a+0s =0g+a=a,and a+ (—a) = Og, where a, b, ¢ are arbitrary
group elements and Og denotes the group identity. An Abelian group is commutative in
addition to its associativity, so that the identity a + b = b + a holds identically. A group
G is a p-group if for every g € G there exists a nonnegative integer k such that p*¢g = O,
where p¥g = g+ g + ... + g the pF-fold sum . The socle of an Abelian p-group G is the
set of all ¢ € G such that p'g = 0g (this is necessarily a subgroup of G). By using the
finite field Z, we can define an intuitive vector space structure on the socle K. After all
this, we can define the p-height of a socle element g to be the largest integer k£ such that
g € p*G, where the height is denoted by oo if no such integer exists. The p-height function
is an excellent example of a vector space valuation. These valuations make up the bulk of
the paper. We examine their general definition and their elementary properties before using
them to introduce metric topological structure on the socle.

The main problem which we analyze concerns nested sequences of closed subspaces of a
valuated vector space. Specifically, the property of freeness relays the existence of a vector
space basis which is in some sense optimal with regard to the valuation structure. Thus we

have to consider both the vector space structure over the field and the valuation structure.



2. VECTOR SPACES

In this section we outline the basic linear algebra ideas we will use throughout the paper.
Let F' be a field. An Abelian group (V,+) is called a vector space over F' if there exists
a function - : F' x V — V which satisfies the following formulas for all a,f € F and all

v,w e V:

lv=w

alv+w) =av+ aw

(a+F B)(v) = av + Po

a(fv) = (af)v.

Be careful in noting the distinction between the addition in the field and the addition in
the group V', which should be clear from context. For the rest of this paper, we shall assume

that V' is a vector space over some arbitrary field F'.

3. SUBSPACES

Given a nonempty set of vectors H C V', we say that H is a subspace of V' whenever the
restrictions of the addition and scalar functions of V to H x H and F' x H respectively satisfy
the vector axioms above.

This is equivalent to the following statement: given any v,w € H and o € F, we have
av € H and v +w € H.For a proof, see [1] refer to this form as the ‘subspace test.” We

sometimes denote the statement ‘H is a subspace of V'’ with the symbols H < V.
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4. QUOTIENT SPACES

Let V' be a vector space and let U C V' be a subspace of V. Given any v € V| we define
the left coset of U containing v to be the set of all elements w of V such that v —w € U
(hereafter we simply call this set a coset). We denote this by v+ U. It is straightforward to
see that v + U = {v +u : u € U} for any v € V. This creates a partition of V' (two cosets
of U are either equal or disjoint). For if v € v + U Nv' 4+ U, then v" — v and v" — v’ are
both elements of U. Now suppose that w € v+ U. This is equivalent to w — v belonging to
U. Then w —v' = (w —v) + (v —2") + (v — ') € U, as U is closed under addition. But
then w € v/ + U, so that v + U C v/ + U. By switching v and v in this argument, we have
the inclusion v' + U C v + U. Thus the two cosets are equal whenever they intersect, and
we have that the cosets form a partition of V.

Given a subspace U, we can define vector space operations on the collection of cosets of U.
Specifically, we define for any v,v" € V and any scalar « the following (v +U) + (v' + U) =
(v+v")+U and a(v+U) = (aw) + U. We can show that the set V/U ={v+U :v € V}is
a vector space over F' with these operations.

First, we need to show that the operations are well-defined. If v + U = ¢ + U and
w+ U =w'+ U, we need to show that (v+U)+ (w+U) = (v +U) + (w' + U). We know
that v—v" € U and w—w" € U. Subspaces are closed under addition, so (v—v")+(w—w') € U.
Then rearranging we have (v+w) — (v'+w’) € U. Thus (v+w)+U = (v +w')+ U, so that
addition is well-defined. Similarly, a(v — v’) € U, as U is closed under scaling. Applying
right distributivity, we have av — av’ € U. Then (aw) + U = (aw’) + U. Thus scaling is
well-defined.

Now that we know that coset addition is well-defined, we construct an additive identity
element. Specifically, the coset 0 + U will serve as additive identity. It is simple to check
that for any v € V, we have (v +U)+(0+U)=(0+U)+ (v+U)=v+U.

None of the rest of the vector space axioms require any reference to the subspace U,

instead relying exclusively on the vector properties of V. That is, associativity of coset



addition only requires that the addition function be well-defined, after which the property
follows immediately from associativity of vector addition. Thus, we omit the proofs of the
other properties and state that V/U = {v + U : v € V'} is a vector space over F' under the

previously defined operations.

5. LINEAR TRANSFORMATIONS

Let V and W be vector spaces over the same field. A function ¢ : V' — W is called a
linear transformation if for all v,v" € V and all &« € F we have ¢(v +y v') = ¢(v) +w (V')
and ¢(a -y v) = a w ¢(v).

Note that we have written the scaling operation slightly differently so that the difference
between the two vector spaces is apparent. Essentially, a linear transformation maps V
onto a subspace of W in a highly symmetric fashion. This is encompassed by the following

theorem.

Theorem 1. Let ¢ : V. — W be a linear transformation between F-vector spaces. Then
the kernel of ¢, ker(¢) = {v € V : ¢(v) = Ow} is a subspace of V', and the image of ¢,
im(¢) = {p(v) : v € V} is a subspace of W. For any w € ¢(V), the set ¢~ (w) is in
bijective correspondence with ker(¢) and the quotient operations v + ker(¢) + w + ker(¢) =
v+ w + ker(¢) and a(vker(¢)) = (awv)ker(¢) define a vector space on the space of cosets of

ker(¢), a vector space which is naturally isomorphic to ¢(V).

Proof. We prove the first part using the subspace test. Let v,v" € ker(¢), so that ¢(v) =
Ow = ¢(v'). Then ¢(v+ ') = ¢(v) + ¢(v') as ¢ is a linear transformation. But this sum is
just Oy, as Oy is the additive identity for W.

Now suppose that a € F'. Then ¢(av) = ap(v). But ¢p(v) = Oy = O + 0w = ¢(v) + ¢(v),
so that we can write a¢(v) = a(p(v) + ¢(v) = ag(v) + ap(v) by right distribution. Then
cancellation gives a¢(v) = Oy. Thus ¢(av) = Oy and av € ker(¢).

Then the subspace test tells us that ker(¢) is a subspace of V.
4



We prove that im(¢) is a subspace using the same method. Note that 0y € V and ¢(0y) =
Ow together yield Oy € im(¢), so that the set is nonempty. If wy = ¢(v1) and wy = P(vq),
then wy + wy = ¢(vy +v9) € im(¢). If a € F, then aw; = ap(vy) = ¢(avy) € im(p). Thus
im(¢) is closed under addition and scaling and im(¢) is a subspace.

If w = ¢(v) for some v € V, then we define a function ¥ from ¢~ (w) C V to ker(¢) by
the rule ¥(v') = v/ — v. This is a mapping from ¢~ (w) to ker(¢) for if ¢p(v) = w = ¢(v'),
then ¢(v' —v) = ¢(v) — ¢(v') = 0y. We claim that this a bijection. For if ¥(v') = U(v”) for
two vectors v/, v"” € ¢! (w), then v/ — v = v” — v. Cancellation gives v' = v". If u € ker(¢),

let v =u+v. Then U(v') =u+ v —v = u, so that U is surjective.

Given two vector spaces V' and W, we sometimes want to build a new vector space which
contains each of the two as subspaces (or more precisely, which contains isomorphic copies
of each of V and W, a concept we will define later). One method to do this is by taking
pairs (v, w) where v € V and w € W and defining the operations componentwise. That is
to say, (vi,wy) + (v, we) = (v + va, w1 + w2) and a(v, w) = (aw, aw). Proving that all the
vector space axioms hold in this structure is tedious so we omit. Denote this new structure
by V @& W, the direct sum of V' and W. Note that the subspaces V' = {(v,0y) : v € V'} and
W' ={(0y,w) : w € W} ‘look’ the same as V' and W, respectively (the pairs of spaces are
isomorphic, which we shall define later).

We can extend this approach from the case with two vector spaces to the case involving
an arbitrary family of vector spaces {V;}ics, where I is an indexing set. We define [[,., Vi,
the direct product of the V;, as the set of all functions f : [ — U,;¢;V; satisfying the inclusion
f(i) e V; foralliel.

The direct product has a natural vector space structure, with vector addition and scaling

done much the same as in the direct sum. If we have f,g € [[,.; Vi, then define f + ¢

il

pointwise, so that (f + ¢)(i) = f(i) +; g(¢), where we use the subscript to emphasize that
5



the addition is taking place within the vector space V;. Similarly define (a.f)(i) = a - f(3).
The vector space axioms are satisfied.

The direct product is very simple to define but it lacks a few useful properties. These
properties are satisfied by one of its subspaces. Let @, ; Vi denote the subset of [[..; Vi
which contains only those functions which have finite support, i.e. f € @, V; if f(i) = 0;
for all but finitely many ¢ € I. Then this is a subspace which we name the direct sum of the
V.

Note that if I is finite (only finitely many V;), then the direct sum and the direct product
are the same, as there cannot be infinitely many i € I with f(i) # 0; for some f € [[, V.

Thus if there are only two spaces Vi and V5, the two definitions of ‘direct sum’ agree with

one another.

6. BASES

Given a nonempty set S of vectors in V', a linear combination in the vectors S is an
expression of the form aqv; + ... + agvg, where for all ¢ we have o; € F and v; € S.

Now we can precisely formulate the span of S. Let F denote the set of all subspaces of V'
which contain S as a subset, that is F := {H <V : S C H}. Now let span(S) = NgerH.
We claim that this is a subspace of V.

We apply the subspace test listed previously. Suppose that v, w € span(S) and «a € F.
Given any H <V with S C H we have that span(S) C H, so that v,w € H. Since H is a
subspace by hypothesis, we have v+w € H. Similarly, av € H. Since H was selected merely
as an arbitrary subspace of V' containing S, we have v + w,av € span(S). This completes
the proof.

Now we have a characterization of the span in terms of linear combinations: given
nonempty S C V, the subspace span(S) is the set of all linear combinations of elements
of S. To prove this, let L denote the set of all linear combinations of elements of S. Since
span(S) is a subspace of V' it must contain all linear combinations of elements of S. Thus

L C span(S). On the other hand, L contains S and it is straightforward to check that
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L is a subspace of V. Thus L contains all linear combinations of elements of S, so that
span(S) C L. Thus L = span(S).

It is worth noting that calculating the span of a subspace is trivial, i.e. if S <V, then
span(S) = S. Thus span(span(S)) = span(S) for all nonempty subsets S C V. Calculating
the span defines a function ® mapping the family of nonempty subsets of V' into itself which
is a prime example of a closure operator, which is merely a function on the subsets of a space
which satisfies the second equation ®(P(5)) = ®(S5).

A spanning set for V is a set S of vectors in V satisfying span(S) = V. Thus if S is a
spanning set for V', any vector in V' can be written as a linear combination of vectors in S.

Let S C V be a set of vectors in V. If for any finite subset {vi,...,v;} the equation
Zle a;v; = 0y implies o; = O for all ¢, then we say that S is linearly independent.

Now we are able to state the definition of a basis for V. A basis for V is a linearly

independent spanning set for V.

7. CONSTRUCTING BASES

Bases are useful when dealing with vector spaces, but we don’t as yet know whether or
not they always exist. Could there exist a vector space none of whose subsets were bases?

No, as the next theorem shows.

Theorem 2. Let V' be a vector space. Suppose that S is a spanning set for V and J is a
linearly independent subset of V.. Then there exists a subset S’ C S such that S'NJ =0 and
S"UJ is a basis for V.

In order to prove this theorem, we must have recourse to something called Zorn’s lemma.
Recall that a relation on a set X is a set R of ordered pairs (a,b) € X2 A partial order
relation has the following properties: (a,a) € R for all a € X, if (a,b) € R and (b,a) € R
then a = b, and if (a,b) and (b, ¢) are in R, then so is (a,c). Typically we write a <g b to
denote (a,b) € R, writing a < b when the context is clear. A chain in a partially ordered

set X is a subset C' C X such that if z,y € C, then x <y or y < z. An upper bound for a
7



set B C X is an element y € X such that b <y for all b € B. An element y € X is maximal

if y < z implies z = y.

Theorem 3. (Zorn’s lemma) Let X be a partially ordered set such that every chain in X
has an upper bound in X. Then given any element x € X, there is a mazximal elementy € X

such that x < y.

We don’t prove Zorn’s lemma but instead refer to proofs in [2] and [3]. It should be noted,
though, that Zorn’s lemma is equivalent to the axiom of choice, and by using it we accept
some of the liabilities of that axiom. We also equip ourselves with a minor technical lemma

about chains.

Lemma 1. Let X be a partially ordered set and let C be a chain in X. If C' is finite, then

C' contains a greatest element. That is, there exists ¢ € C such that ¢ < ¢ for all ¢ € C.

Proof. We prove this by induction on the size of the chain. If C' has just one element, say
C' = {c}, then c is trivially a greatest element for C. Now assume that the lemma holds
for all chains with size less than or equal to k, where £ > 1. If C' is a chain in X with
|C| = k+1, then we can write C' = {c} U D, where c is an arbitrary element of C' and ¢ ¢ D.
Then D is also a chain, as it is nonempty, and so it must have a greatest element d, by the
inductive hypothesis. If ¢ < d, then ¢ < d for all ¢ € C, and we are finished. Otherwise,
d < ¢, and by transitivity of partial orders we can conclude that ¢ < ¢ for all ¢ € C. Then

¢’ is the greatest element of C.

We now prove the basis theorem.

Proof. Remember that in the hypothesis of the theorem, J is a linearly independent subset
of V and S is a spanning set for V. If the set J is a spanning set for V', we are done. If J
is not a spanning set, there must be some s € S such that {s} U J is linearly independent.

Otherwise, all the elements of S are included in the span of J and J is a spanning set for
8



V. Thus we must have a (nonempty) collection T" of subsets of S such that for all £ € T
have the properties that £ U J is linearly independent and £ N J = (). This set T is a
partially ordered set under normal subset inclusion. Does T fit the hypotheses of Zorn’s
lemma? Suppose that C' is a chain in 7. Can we find an upper bound for C' in 77 Let
P = UgccF be the union over all elements in the chain. We claim that P is an element of
T. For if we have a linear combination Oy = o}_,axvy for some vy,...,v, € P, then there
must be elements F1,..., E, such that vy € E;. But one of these F; must include all the
others, by the technical lemma. Call this set F;. This set F; contains all the sets Ey,..., E,,
so that all the elements v, are contained in E;. But E; is linearly independent (because the
superset F; U T is linearly independent), so that we must have that a; = 0 for all k. To
prove that P N J = (), we only point out that if w € P, there must be an element of C
which contains w. But all of the sets in C' are disjoint from J. Thus, every chain in 7" has
an upper bound contained in 7', and we can apply Zorn’s lemma. Specifically, there is an
element of T" containing s which is maximal under the inclusion relation. Label this element
A. Remember that this element of T is a subset of S with A U J linearly independent. We
claim that AN J = () and AU J is a basis. The first claim follows from the fact that A is an
element of 7', and all elements of T" are disjoint from J. From A € T we can also conclude
that AU J is linearly independent. All that remains to be shown is that AU J is a basis for
V.

Suppose that some v € V is not included in the span of AU J. We claim that AU v is
an element of T" which properly includes A, contrary to the maximality of A under subset
inclusion. We know that (AUv)NJ = (ANJ)U(ANv) = ANwv by the distributive laws
of set theory. Thus if (AUwv)NJ # (), we have v € A, contradicting our hypothesis that
v ¢ span(AUJ). If (AUv) U J is linearly dependent, we must have some linear dependence
relation in the elements of AU.J and the element v (because AUJ is linearly indepedent. But
we can solve this dependence relation for v to show that v € span(AU J). Thus (AUv)UJ
is linearly independent. But this is a contradiction, so A U J is a spanning set for V. So

AU J is a basis for V.
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Theorem 4. Fvery vector space has a basis. Any linearly independent subset J of vector

space V' can be extended to a basis. That is, there exists a basis B for V' containing J.

Proof. The set () is vacuously linearly independent, and V is a spanning set for V. So let

J =0 and V =S in the above theorem.

8. DIRECT SuMS AND DIRECT PrRODUCTS

Recall the definition of a direct product: we are given a set I such that V; is a vector space

over F for all i € I. The direct product [[.., V; is the set of all functions f : I — U/ V;

iel
such that f(i) € V; for all © € I. We compute the vector operation (addition and scaling)
pointwise: (f + ¢)(7) = f(i) 4+; g(i) and (« - f)(i) = a+; f(i). We do not include the tedious
verification that this is a vector space (that the addition is commutative and associative,
the scaling distributes over addition, etc.). Recall also the direct sum of the V;, which is the
subspace of [[,, Vi consisting of all functions of finite support.

For each j € I, let 7; : V; — @;e/V; be defined by 7(z) = (v;)ier, where v; = x if i = j
and v; = 0; otherwise. The restriction of the codomain to ®;c;V; is not vital-we can think
of each 7; as a map 7; : V; — [[,.; Vi. We sometimes refer to these as the set of inclusion
mappings. We state without proof that these are linear transformations. In a dual fashion,
for each j € I we have a function 7; : [[,., Vi — V; by m;((vi)icr) = v;. These are the
projection mappings (they are also linear transformations). Note that for any j € I, the
composition m; o 7; = 1; the identity transformation on V.

The utility of the inclusion and projection mappings becomes apparent in the light of the

following theorem.

Theorem 5. Suppose that V; is a vector space for every ¢ € I. Let W be a vector space

and for each j € I let ¢; : V; — W be a linear transformation. Also, let ¢, : W — V;
10



be a linear transformation for each j € I. Then there exists unique ¢ : @;cfV; — W and

YW — [Lic; Vi such that ¢ o 7; = ¢; and mj o) =1); for all j € 1.

Proof. We define ¢(x) by ‘adding up the images’ of all the nonzero coordinates of x. More
precisely let x = Zle x; where each x; is nonzero and all the other coordinates of x are
zero. Then let ¢(z) = Zle ¢i(x;). Then ¢ o 7; = ¢; because the function 7; zeros out the
coordinates besides the j-th coordinate. If two such functions exist, say ¢ and ¢', then we

have ¢ o 7; = ¢' o 7;. But then

So ¢ =¢'.
It is easier to prove the analogous facts for ¢». We define ¢(w) € [[,; Vi by (¥ (w)); =
¢j(w). Then (m; 0 ¥)(w) = (Y(w)); = ¥;(w), so that ¢ satisfies the equation m; o ¢ = 1,

for all j € I. If there existed another solution, say 7' : W — [[..; Vi, then the two would be

il

forced to agree coordinate by coordinate and so would coincide.

9. INTERNAL DIRECT SUMS

Suppose that we are given a vector space V and a collection of subspaces of V', say
{U;}ier. Then for each ¢ € I, we have the inclusion mapping ¢; : U; — V which maps vectors
to themselves. These mappings are quickly seen to be linear transformations. This fits the
hypotheses of the direct sum theorem of the previous section. Thus, we have the adding
transformation ¢ : @;c;U; — V' as previously defined. We use the adding transformation to
define two important ideas. We say that the collection spaces {U;} is linearly independent
whenever the function ¢ is injective. We say that the spaces {U;} span V if the function
¢ is surjective (this is equivalent to saying that their union is a spanning set for V). If the

spaces are linearly independent and they span V', we say that V is the internal direct sum
11



of the spaces {U;} and write V' = @;c;U;. We now prove a simple criterion for determining

when a vector space is the direct sum of two subspaces.

Theorem 6. Suppose that V' is a vector space and U and W are two subspaces of V.. Then
V' is the internal direct sum of U and W if and only if V. =U+W ={u+w :u € Uw € W}
and UNW ={0y}.

Proof. Suppose that V. = U @& W and suppose x € U NW. Then ¢(0,z) = ¢(z,0) = =
by definition of ¢. But ¢ must be injective, so that x = 0y. If v € V, then there exists
(u,w) € U @ W (the vector direct sum) such that ¢(u,w) = v, as ¢ is surjective. But the
definition of ¢ then gives u + w = v.

Now suppose that U + W =V and UNW = {0y}. If ¢(u,w) = ¢(v/,w’), then u +
w = u 4+ w'. On rearrangement, we have v — v = w' —w € UNW = {0y}. Thus
u—u =w —w =0y, and (u,w) = (v,w'). So ¢ is injective. If v € V', there must exist
u,w € V such that u + w = v, so that ¢(u, w) = v. Thus ¢ is surjective. So V. =U & W.

0

We now prove a useful structural theorem about general vector spaces. Specifically, this

theorem allows us to divide up a vector space along a given subspace.

Theorem 7. Let V' be a vector space and let U C 'V be a subspace of V. Then there exists
a subspace W of V' such that V' is the internal direct sum of W and U, i.e. V. =U d W.

Proof. By the basis theorem, we can pick a basis B for U. This is a linearly independent
subset of V' by definition, so we can extend this to a basis B’ for V. Let W = span(B — B').
Then B’ — B is a basis for W. Every element of V' can be written uniquely as a linear
combination of elements of B. If we divide this linear combination into a sum of two vectors,
one a linear combination in B and the other a linear combination in B’ — B. Thus every

element of V' has a unique representation as a sum of an element of U and an element of W.

U
12



10. SOME SET THEORY

Now that we have laid out the basic definitions for the linear algebra in the paper, we turn
to the set theoretic aspects. Let X and Y be two sets. A function ¢ : X — Y is said to be
injective (or an injection) if ¢(x) = ¢(2’) implies © = a’. To say that ¢ : X — Y is injective
is equivalent to asserting the existence of a left inverse for ¢, which is a function K : ¥ — X
which satisfies k 0 ¢ = 1y (the identity function on X).

A function ¢ : X — Y is said to be surjective (or an surjection) if given any y € Y, there
exists an z € X satisfying the equation ¢ (z) = y. This is equivalent to the existence of a
right inverse for 1, which is a function € : Y — X satisfying ¢ oe = 1y.

A function 7 : X — Y which is both injective and surjective is called bijective (or a
bijection). These functions necessarily possess both left and right inverses and in fact these
inverses coincide.

There are a few elementary properties of injections, surjections, and bijections which we
will use. Most importantly, if f : X — Y and g : Y — Z are injections (alternately,
surjections or bijections), then the composite function gf : X — Z is necessarily injective
(surjective, bijective).

What does it mean to say that the set {1,2,3} and the set {2, 3,4} have the same size?
Or, in more elementary terms, the set {G,C, S} and the set {grape, cherry, strawberry}.

In the first case, we have an easy bijection f from the first to the second set given by
f(xz) =z + 1. In the second case we match the fruits to the first letters of their names.

Two sets X and Y have the same cardinality if there exists a bijection ¢ : X — Y.

This is quickly seen to be an equivalence relation—it partitions the universe of sets into
classes by cardinality. Often it is difficult to construct directly a bijection 7 : X — Y. In
this case we exploit a related but weaker notion. Let X and Y be sets. If there exists an
injection ¢ : X — Y then we say that Y is at least as large as X. This is made into a useful

idea by the following theorem.
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Theorem 8. (Cantor-Schroeder-Bernstein theorem). Given sets X,Y and injections ¢ :

X =Y and ¢5 : Y — X, there exists a bijection 7: X — Y.

For a proof, see [2]. This is truly powerful, because it allows us to reduce the construction
of a bijection to the construction of two injections, which are often easier to describe.

If X and Y are sets with ¢ : X — Y a bijection, then we write | X| = |Y'| and say that the
two sets share the same cardinality. We define operations on cardinalities, | X||Y]| = |X x Y|
and | X|+ Y] =|(X x{0})U(Y x {1})|, where A x B is the Cartesian product of A and B.

A fundamental theorem of set theory says that if X U Y is infinite, then |X||Y| =
mazx{|X|,|Y|} = |X]|+ |Y| (the long proof is contained in [2]). An inductive argument tells
us that if Xi,..., X} are sets with infinite union, then IT*_,|X;| = maz?_,|X;| = oF_,|X;|.
This allows us to quickly calculate the cardinality of finite products and unions of sets, pro-
vided we know which set has the greatest cardinality. For example, the Cartesian product of
R with itself, R x R has cardinality |R|, as R is infinite. Note that this rule fails dramatically
if the union of the sets is finite. For example, if A = {1,2,3}, then |[A x A] =9 > 3 = |A].

The ‘smallest’ infinite cardinality is |[N|. To prove this, we must show that given any infinite
set X there is an injection mapping N into X. We construct this injection inductively. Let
¢(1) be any arbitrary element of X (there must exist such an element or X is empty). Now
suppose that ¢(1),...,¢(n) have all been selected such that no two coincide. There must
exist an element ¢(n + 1) in X — {¢(1),...,¢(n)}, or else X is a finite set. Thus we have
defined ¢ over the entire set N as an injection. So any infinite set is at least as large as the

positive integers.

11. SET THEORY AND LINEAR ALGEBRA

Let ¢ : V. — W be an injective linear transformation. Then for any linearly independent
set S C V, we have that the image set ¢(.9) is linearly independent in .
For if ayp(vy) + ... + app(vg) = Oy for v; € V and «; € F, then we can use the linear

properties of ¢ to write ¢(aiv; +. ..+ apvg) = Ow. Since ¢(0y) = Ow = d(av1 +. .. +Qgvg),
14



and ¢ is injective, we must have Zle a;v; = Oy, But S is linearly independent, so that
a; = Op for all i. Thus ¢(5) is linearly independent.

We describe a similar interaction between surjections and spanning sets. Let ¥ : V — W
be a surjective linear transformation, and suppose that S C V' is a spanning set for V. Then
the image set ¢(1') is a spanning set for W. For if we take an arbitrary element w € W, we
can always find some v € V' which satisfies ¥(v) = w, as 1 is a surjection. Since S spans V/,
we can find a linear combination in S equaling V', that is Zle G;v; = v, where §; € F and
v; € S. Then w = ¢(v) = (X5, Bivi) = S | Bid(v;). Thus we can take any element of
W and write it as a linear combination in ¢(V'). This proves that ¢(V) is a spanning set for
w.

Combining these two results, we can see that if 7: V' — W is a bijective linear transfor-

mation, and B C V' is a basis for V, then 7(B) is a basis for W.

12. ALL FINITE SUBSETS

Theorem 9. Suppose that S is an infinite collection of sets, each of which is finite. Then
IS| = | Uaes A|. (An immediate consequence of this is that for any infinite set X, if Xy is
the collection of all finite subsets of X, then | Xy| = |X]).

Proof. Define X = UgesA. Then X is infinite, for if X is finite, then the power set P(J)

has finite order 2!

. Thus there are only finitely many subsets of X, and thus only finitely
many elements of S, contradicting the hypothesis that S is infinite. Thus we can apply our
facts from set theory to write |X x X| = |X?| = |X|. Then induction and the equation
[(X* x X)| = |X*1 (trivial to verify) give us that |X"| = | X| for any positive integer n.

Let Y = U,enX". For every positive integer k, let ¢, : X* — X be a bijection. This
allows us to define a bijection from Y to N x X by sending the element (z1,...,z,,) to
(m, dm(x1, ..., 2p)). Thus |Y| =|Nx X| = |X| as X is infinite and N is the smallest infinite
set.

Now we can show that |S| < |X|. Using the axiom of choice (for the second time), for each

A € S we take the finitely many elements of A and list them in any order we like, forming
15



a vector v of size |A|. Now map A to v, an element of Y. Our mapping must be injective,
for if the lists for two sets coincide, they must share all elements and therefore be the same
set. Thus we have an injection mapping |S| into Y, so that |S| < |X]|.

Since S is infinite, we have the equation |S| = |S x N|. Apply the axiom of choice once
more to select for each set A € S an enumeration {z1,...,2,,}. Let ¥ : S x N — X be given
by ¢(S,1) = x;, if S has at least ¢ elements, and zy, if S doesn’t have i elements. Then every
element of X is in the image of ¢). This follows from the definition of X: we just pick A
containing = € X and then some integer j must have ¢(A, j) = z.

This surjection gives us the relation |X| < |S x N| = |S|. Then the previous relation

|S| < |X| and the Cantor theorem give us |S| = | X|.

13. INVARIANCE OF BASIS SIZE

Theorem 10. Suppose that V is a vector space over F and S and T are two bases for V.

Then |S| = |T)|; that is, there exists a bijection ¢ : S — T.

Proof. For a given x € S, let f(x) be any finite subset of T such that z is contained in
the span of f(z) (this requires the axiom of choice). We can always manage to find such
a finite subset because T' is a spanning set for V. Define f(S) = {f(z) : z € S}. Let
C={f"4Y):Y € f(S)}. We claim that this is a partition of S into finite sets.

First, we show that the sets f~!(Y) are finite. If some 2’ € S has f(z') =Y with f~1(Y)
infinite, then the subspace generated by Y contains infinitely many linearly independent
vectors (the elements of f~1(Y")). But Y consists of only finitely many vectors in 7', and so
it cannot have infinitely many linearly independent vectors in its span, by elementary linear
algebra. Thus all the sets f~1(Y) are finite.

Now we show that the sets f~1(Y) form a partition of S. This is trivial: if z € f~1(Y) N
YY), then f(z) =Y and f(z) =Y’. Also, z € f~}(f(x)).

So we have shown that the sets f~1(Y) form a partition of S into finite sets. This gives

us S = Uy—¢)wesf (V). The function f induces a bijection from the collection C to the
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set f(S) given by f~(f(x)) — f(x). Since f(S) is just a collection of finite subsets of T
we have |f(S)| < |T|. The previous proposition tells us that |[S| = |C| = |f(S)| < |T.
Then we can merely switch S for 7" in the preceding discussion and get |T'| < |S|. The

Cantor theorem then applies: because |S| < |T'| and |T'| < |S|, we have |S| = |T|.

Now a particularly nice formula regarding the direct sum of two vector spaces is possible.

If we denote the dimension of a vector space V' by dim(V'), then we have the following:
dim(Vy © V3) = (dim(V1)) + (dim(V3)).

We prove this by first letting B be a basis for V; and C be a basis for V5. Then the set
{(,0) : b € B} U{(0,¢) : ¢ € C} has cardinality |B| + |C| by definition. It is also a
spanning set for V @ W, because if v; = Zle o;b; and vy = Zle Bic; (adding zeros to make
the number of indices equal if necessary), then (vi,vs) = S&, (b, 0) + S5 5:(0,¢;).
Linear independence is trivial to see: if Zle 7i(b;, 0) + Zle 9;(0,¢;) = (0,0), then the linear
independence conditions on B and C' give v; = ¢; = 0. Thus S is a basis for V} & V5 and
dim(Vi & Vi) = (dim(V2)) + (dim(V2).

14. THE WELL-ORDERED SET T

Let T :={0,1,2,...} U{oo} be ordered with the integer order, with the additional rule
that if k£ is an integer, then k < co. Then every nonempty subset of T" has a least element.
For if a nonempty subset A of T contains no integers, it must have only co as an element.
Then oo is the least element. Otherwise A N {0,1,...} # 0. The claim then follows from
the well-ordering property of the integers: every nonempty set of integers which is bounded

from below has a least element. This is proven in [2].
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15. VALUATIONS

Let V be a vector space over a field F. A function v : V' — T is called a valuation if it

satisfies the following conditions for all & € F' — {0r}, z,y € V:

v(e +y) = min{v(r),v(y)}

v(ax) =v(r)
v(0y) = 0.

An ordered pair (V,v) where V is a vector space and v : V' — T is a valuation is referred
to as a valuated vector space. Sometimes we will refer to V' as a valuated vector space, unless
the context is unclear.

Now we prove the subadditivity of valuations: if v(x) < v(y), then v(z+y) = v(x). Again
we note that v(—y) = v(y) and v(z +y) > v(z). Then we have v(z) = v(—y +z +y) >
min{v(y), v(x+y)} > v(x). Then we must have equality in all cases: min{v(y),v(x+y)} =

v(x) and so v(z) = v(z +y). We will frequently call this the additive rule for valuations.

16. HOMOGENEOUS VALUATIONS

Given a valuated vector space (V,v), we define the value spectrum of V' to be the set
v(V*) ={v(v) : v # 0y} CT. If the value spectrum of V' consists of a single element, then
we say that V' is homogeneous. If the value spectrum is finite, we say that the space is finite
spectral.

Constructing these spaces is almost the same as defining them: for a given &k € T and a
vector space V| we can endow V with a homogeneous valuation by defining v : V- — T by
v(x) = k for x nonzero and v(0y) = co. We omit the straightforward proof that this defines

a valuation.
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17. SUBSPACES

Let £ € T. Then we define V(k) = {v € V : v(v) > k} C V. Since we are assuming
v(0y) = oo, we have oo € V(k) for all £ € T. We prove that V (k) is a subspace of V
for all k € T. Suppose that z,y € V(k), so that min{v(z),v(y)} > k. Then v(z +y) >
min{v(x),v(y)} > k. Sox+y € V(k). If a« € F and = € V(k), we distinguish two cases. If
a = Op, then az = Oy, and v(az) = co > k. So ax € V(k). If a # Op, then v(azx) = v(z)
by definition of a vector space valuation. So az € V (k).

Thus V (k) is a subspace of V for any k € T'.

18. DIRECT SuMS AND DIRECT PRODUCTS

Let {(V;,v;)}ier be a collection of valuated vector spaces. We can construct their vector

space direct sum and product, @,.; Vi and []..; Vi as described above. We can also define

iel iel
a valuation structure on each of these structures by the rule v, (z) = min({v;(x;) }ics). This
quantity always exists because 1" is well-ordered, so we know that vy defines a function from
[Lie/Vito T,

We prove that vy is a valuation on [],., Vi. We can then restrict v to get a valuation
on Pje; Vi

If o is a nonzero scalar and x = (2;);; is an element of [[,., Vi, then v;(ax;) = vi(x;) for
any 4, as the functions v; are all valuations. Thus vj(aw) = vj(x) for any nonzero scalar a
and vector x = (x;)er-

Now suppose that y = (y;)ics is another, not necessarily distinct, element of [ ], Vi. Again
we have by the definition of valuation that v;(x;+v;) > min({v;(z;),vi(y;)}) for alli € I. But
this second quantity, K = min({v;(z;), vi(y:)}), is at least equal to J = min({v(z),v(y)}
Thus if we take the minimum over all the indices 7, vj(x + y), it must also be greater than

or equal to J. But this is just the conditin vj(z +y) > min({v(x),v(y)}). Thus vy is a

valuation.
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19. T-HOMOMORPHISMS

Let (V1,14) and (Va, v5) be two valuated vector spaces. A linear transformation ¢ : Vi — V4
is called a T-homomorphism if it satisfies v5(¢p(x)) > vi(x) for all z € V;. We see that T-
homomorphisms are closed under composition, i.e. if ¢; : Vi — V5 and ¢ : Vo — V3 are two

T-homomorphisms (where V; is valuated under v;), then

v3((¢2 0 ¢1)()) = v3(da(¢1(2))) = va(dr(x)) > 11(x).

Of course, linear transformations are closed under composition (see [1]). Linear trans-
formations are also closed under linear combinations, i.e. if {f; : V. — W}, is a finite
set of linear transformations and {a;}!, is a set of scalars, then > " | af; is also a linear
transformation. Do T-homomorphisms enjoy this same property? Yes.

Proving that T-homomorphisms are closed under linear combinations is equivalent to
proving that the collection A of T-homomorphisms between V; and V5 forms a subspace of
the space of linear transformations between V; and V5. So we must prove that A is nonempty
and closed under both scaling and addition.

First, note that the zero transformation v; — 0y, is a T-homomorphism. The linearity of
this function is trivial and the valuation property follows from the condition that v5(0y,) =
00. So A is nonempty. Now we prove that A is closed under addition of functions. If
¢: Vi — Vo and ¢ : Vi — V5 are both T-homomorphisms, then so is their sum ¢ + ¢. For

we have the inequality

v (9(x) + () 2 min{wy, (§(2)), vv, (Y (@)} = v (2).

Scaling by zero scalar is equivalent to showing that the zero transformation is a T-homomorphism,
which we have already shown to be true. If & € F — {0p}, then we have vy, ((a¢)(x)) =
vy, (¢(x)) > vy, (x). Thus we have proven that T-homomorphisms are closed under linear

transformations.
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20. EMBEDDINGS AND ISOMETRY

We distinguish a special class of T-homomorphisms. In group theory, an embedding is an
injective group homomorphism. The name refers to the fact that an embedding ¢ : G — H
‘sticks’ G into H without losing any structure. An embedding between valuated vector
spaces (V,v1) and (W, 1) is an injective linear transformation ¢ : V' — W which preserves
valuations, i.e. v5(¢(v)) = vy(v) for all vectors v € V. An isometry (the analogue of an
isomorphism) is a surjective embedding. If there exists an isometry 7: V' — W then we say
that V and W are isometric or have the same isometry class (because isometries determine
an equivalence relation).

We can exhibit a case of isometry and embedding. Suppose that V' is a valuated vector
space under v : V' — T and U is a proper subspace of V. Then v|y is a valuation on U, and
the inclusion map ¢ : U — V is trivially an embedding.

More interestingly, suppose that V; and V, are both homogeneous vector spaces. Then we

have the following theorem:

Theorem 11. Homogeneous spaces Vi and Vs are isometric if and only if they have the

same dimension (are isomorphic) and value spectrum.

Proof. We prove the forward direction first. Since an isometry ¢ is necessarily a vector space
isomorphism, we only need to show that isometric homogeneous spaces have the same value
spectra. But if we take a nonzero vector z € V;, we have that the value spectrum of V; is
equal to {v1(z)}. But an isometry preserves valuation and carries nonzero vectors to nonzero
vectors, so the value spectra agree. Thus the dimensions and value spectra agree.

Now suppose that the dimensions agree and both value spectra equal {3}. Then we have
a vector space isomorphism ¢ : Vi — V5. We claim that this must also be an isometry.
Again, note that the function ¢ maps nonzero vectors to nonzero vectors, and Oy, to Oy,. If
x # Oy, then vy(p(x)) = f = vi(z). Similarly, v2(¢(0y,)) = v2(0y,) = 0o = v1(0y; ). Thus ¢

is an isometry.
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21. VALUATED QUOTIENT SPACES

Let (V,v) be a valuated vector space and let U be a subspace. Then we can form the
quotient space V/U as described earlier. Then we can define a valuation ¢/ : V/U — T
on V/U as follows: for any v € V, let u(v +U) = sup({v(v + u) : v € U}). Here sup
denotes the least upper bound of a set, the minimal element of T" greater than or equal to
all elements of that set. We might first ask if this is defined for arbitary v € V. But we can
remark that for any v € V, the set {v(v+wu) :u € U} C T must satisfy one and only one
of three possible cases. If oo € {v(v+u) : u € U}, then co = sup({v(v+u) :u € U}). If
oo ¢ {v(v+u):u € U}, but the set {v(v+u): u € U} contains arbitrarily large integers
(equivalently, contains infinitely many elements), then co = sup({v(v+u) : uw € U}), because
no integer will suffice as an upper bound, yet co must as any integer is less than co. In the
last case, {v(v+u) : u € U} consists of a finite set of integers. But an elementary inductive
argument shows that every finite set of integers has a maximum, which is necessarily the
sup of the set. So the function p: V/U — T is well-defined. Is it necessarily a valuation?

First we let a be a nonzero scalar and let v € V. Does L := u(v + U) equal L' :=
w(a(v + U))? Yes, which we prove by first showing that L’ is an upper bound for the
set {v(v+wu) :u € U}, so that L < L'. We then reverse the argument, so that L'leqL,
from which L = L’ follows. Let w € v + U. Then v(w) = v(aw), as « is nonzero. So
v(w) < L', as L' is an upper bound for the set {v((av) + u) : v € U}. Thus L' is an
upper bound for {v(v+u) : u € U}, and so L < L'. We can reverse this argument, noting
that v + U = a™'((aw) + U) (where a™! is of course nonzero), to see that L' < L. Thus
pla(v+U)) = p(v+U).

Now suppose that v and v' are vectors in V. Do we have the inequality pu(v + v + U) >
min{u(v +U), u(v' + U)}? Without loss of generality, let K = min{u(v+U),u(v'+U)} =
pu(v+U).

Again we distinguish three cases. First, suppose both cosets v + U and v' + U contain

elements of maximum valuation (that is, elements v+wu and v'+u' such that v(v+u") < v(v+
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u) and v(v'+u") < v(v'4+u’) for all w”, v € U). Then p(v+v'+U) > v(v+v'+(u+u')) > K,
asu+u €U.

Second, suppose that only one of the two cosets attains its supremum. Then we must have
that the value range of this coset is an infinite set of integers, the only case where a coset
can fail to meet its supremum. Note that in this case, the p-value of the coset is co. If this
coset is the smaller of the two, then they both must have infinite valuation. Then given any
integer K, we can find elements v 4+ u; and v" + uy of the two cosets such that v(v+ ;) and

v(v' + ug) are both greater than or equal to K. Then
p((v+0")Y+U) > vvo+u +0 4 ug) > min{v(v+uy), v +ug)} > K.

So u((v+v")+U) > K for any integer K, and we conclude u((v+1v')+U) = oco. If the coset
which fail to meet its valuation is the larger of the two, then we can repeat the argument,
substituting in a maximizer for the value range of the other coset in place of v+ u; or v/ +us.

Lastly, suppose that both cosets fail to meet their supremum. Then as above we can find
elements of each coset with valuation greater than any fixed integer K. Their sum also has
valuation greater than K, and is an element of the coset sum. Thus the inequality follows,

and we have the p defines a valuation on V/U.

22. THE VALUATION PSEUDOMETRIC

Let (V,v) be a valuated metric space. Define d mapping V' x V' into the nonnegative reals
by the rule d(z,y) = 27"@%) (where we define 2= = 0). Typically we write d(z,y) instead
of d((x,y)) for brevity’s sake. Then this defines a pseudometric, which has the following
properties for all x,y,z € V:

d(z,x) =

d(z,y) = d(y, x)

d(z,y) +d(y,z) > d(x, z).
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The names of the properties are identity, symmetry, and triangle inequality. By hypothesis
v(0y) = oo, so that we have d(z,r) = 27772 = 27v(0v) = 2= — ( for any z € V.
Since —1 # Op, we have v(z —y) = v(—1(z —y)) = v(y — ) for all z,y € V . Then
we have d(z,y) = 27V@Y = 2770~ = d(y,x). Let k = min{v(zr — y),v(y — 2)} and
let K = maz{v(zx —y),v(y —2)}. Then v(z — 2) = v((xr —y) + (y — 2)) > k, so that
d(w,z) <27 <27k 1 27K = d(z,y) + d(y, 2).

The pseudometric determined by a valuation distinguishes a collection of subsets of V'
called a topology on V. A subset U C V is in this collection (or is called open) if and only if
for every = € U there exists some 7 > 0 so that d(x,y) < r implies y € U. The open ball of
radius r > 0 centered at x € V, denoted B,(x), is the set of all y € V satisfying d(x,y) < r.
Thus we can say that a subset of V' is open if and only if it is a union of open balls. Note
that () and V' are both trivially open, the latter satisfying V' = U,ey Bi(v). Importantly,
open balls themselves are open sets. Also, arbitrary unions and finite intersections of open
sets are themselves open sets. We do not prove these facts but instead refer to [3].

Extremely important to consider are the closed sets determined by a topology. These
are the complements of the open sets, {V — U : Uopen}. By the DeMorgan Laws for set
complements and the previously stated results on the unions and finite intersections of open
sets, we can say that arbitrary intersections and finite unions of closed sets are themselves
closed. In order to show that a subset NV of V' is closed, it suffices to show that the complement

V — N is an open subset of V.

23. HAUSDORFF VALUATIONS

The valuation pseudometric is defined for any valuated vector space (V,v). However, the
pseudometric lacks an important property which we define now. A functiond: V xV — R
with nonnegative range has the property of positive definition if d(x,y) = 0 implies x = y
for all z,y € V.

A pseudometric which has positive definition is called a metric or a distance function. This

is important because the topology determined by a metric is Hausdorff: given any distinct
24



z,y € V there exist open sets U, and U, such that z € U, and y € Uy, and U, N U, = 0
(sometimes this is referred to as a Ty space). This is fairly easy to prove: suppose that
v # y, so that d(z,y) = r > 0. Then the open balls of radius 7 centered at x and y
respectively satisfy the requirements for a Hausdorff space. For if z € B,/u(x) N By4(y),
then d(z,y) < d(x,z) +d(z,y) <r/4d+r/4 <r=d(x,y), a contradiction.

What are the Hausdorff valuation pseudometrics, or valuation metrics? This question
obviously involves the set V(o0) = {x € V : v(z) = co}. By hypothesis, 0y € V(o0). What
happens when nonzero y € V(oc0)? Then for any z € V, we have d(x + y,2) = 277®) = 0.
Thus we cannot obtain a valuation metric if V(co) is nontrivial. Is the converse true: if
V' (o00) is trivial, can we obtain a valuation metric?

The answer is yes, because of the way we defined d. The pseudometric d vanishes (satisfies
d(x,y) = 0) if and only v(x—y) = oo, because 27% > 0 for all integers k. Since V (00) = {0y},
we have x —y = Oy, so that x = y. Thus the valuation metrics are those exactly those whose
vector spaces satisfy V(oco) = {0y }.

We designate those valuated metric spaces (V,v) satisfying V(oo) = {0y} as Hausdorff

valuated vector spaces.

24. TOPOLOGICAL PROPERTIES

Here is an example of the connection between the valuation structure and the topological
structure which arises from the valuation metric. Specifically, we show that if the valuation
is more or less ‘trivial,” then the topology is similarly trivial.

Suppose that (V,v) is a homogeneous Hausdorff valuated vector space with v(V*) =k <
0o. Then the topology determined by the valuation metric is uninteresting—it gives us no
interesting structure at all. For if we take any x € V, we can form the open ball B of
radius 27% about x. This is an open set in the metric topology by definition. But this open
ball contains only x, for any other y € V has d(z,y) = 277®™% = 27% 5o that y ¢ B.
Thus the singleton x is open for every x € V. Then given any subset W C U, the union

Uwew{w} = W is open, as unions of open sets are open. Thus every subset of V' is open
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in this topology, and the valuation topology on V' is in this case just the set of all subsets
of V' (the power set of V). This topology is called the discrete topology, and it gives us no

interesting structure or information.

25. A SPLITTING LEMMA

Recall that if V' is a vector space and U is a subspace of V', then there exists a subspace
W such that V.= W @ U (although this W is by no means unique). The following lemma

shows that the valuation structure is preserved over internal direct sums.

Lemma 2. Suppose that V is a T-valuated vector space and § € T. If V is the internal
direct sum W @V ((3), then this decomposition preserves T-valuations. That is, the mapping

(w,v) — w+ v from the valuated direct sum to the space V preserves valuations.

Proof. For all nonzero w € W C V| we have that v(w) < 3, or else the sum is not internal
direct. Thus if v = w 4+ v', where w € W and v' € V(f3), we have v(v) = v(w) = vg(w,v’).

Thus the decomposition preserves T-valuations.

26. FREENESS

We prove the following simple lemma:

Lemma 3. Let V' be a homogeneous vector space with basis {b; }ic; and value spectrum {3}.

Then V 1is isometric to EB,-€1<bi> under the mapping ¢ which carries o;,b;, + ... + oy, by, to

ik

the function which equals o b;; for i; in the linear combination and Oy everywhere else.

Proof. We omit the proof that ¢ is a vector space isomorphism, as it is only tedious. It
essentially repeats the proof that aib; + asby — (1b1, asby) is a linear transformation. This
follows from {by, bs} being a basis. Since both spaces are homogeneous with value spectrum

{#}, we have that they are isometric.
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A valuated vector space V is called free if it is isometric to the valuated direct sum of

homogeneous spaces. That is, V =~ @,_; V;, where each V; is homogeneous. This allows us

iel
to generalize the proof that two homogeneous vector spaces are isometric if and only if they
are isomorphic with identical value spectra.

First we prove a closure-type lemma.

Lemma 4. Let {V;}ies be a collection of free valuated vector spaces. Then the valuated direct

sum @,c; Vi is also free.

Proof. Each V; can be written as P, ; W; for a set {W;};e;, of homogeneous vector spaces.
We label the corresponding isometries as ¢; : V; — € ieq, Wi foreveryi € I. Let x € @, Vi.
We want to write = as a function 2’ from K = U,e;J; to Uier Ujey; W such that z(a) € W,
for all « € K. Thus if a € J;, we define 2'(a) = ¢;(xz(a)). This fulfills the requirements
for the direct sum definition. The mapping x — 2’ is linear and isometric, but we omit the

proof. 0

Theorem 12. A valuated vector space is free if and only if it is isometric to a T-valuated

direct sum @gerVs, where each Vi is homogeneous with value spectrum {3}.

Proof. This is simple in the ’if” direction, for each homogeneous space is of course free and
so is their direct sum by the previous proposition. The opposite direction, we assume that
V' = @ierV; (where each V; is one-dimensional) and we create Cs = {i € I : v;(V*) = (3}
and then form the direct sum V3 = @®iec, Vi- Then Vj is homogeneous and V' is isometric to
DperVp-

O

For each homogeneous vector space in the above theorem Vj, we have some basis Bg. Then
let B = UgerBg. This is a basis for the direct sum, so its preimage under the isomorphism
¢ is a basis for V. We call such a basis a free basis and note that if v = a1b; + ...+ aby for
b; € B, then v(v) = min({v(b;)}}_,. If we can construct such a basis, then we have in effect

created an isometry using the universal property of direct sums from @ B<b> to V. Thus
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proving that a space is free is the same as proving that it has a free basis (i.e. a basis which
has the above additive property on valuations).

We prove the following lemma which we apply later.

Lemma 5. Suppose that V' is a vector space with finite value spectrum. Then V is free.

Proof. We induct on the size of the value spectrum |v(V*)|. If the size is 1, then the space
is homogeneous, and isometric to @;e 1<bi>, where {b;}ic; is a basis for V. Assume that
for k < N, a valuated vector space with k£ elements in its value spectrum is free. Now
assume that V' has N +1 elements in its value spectrum, and let 5 be the maximum of these,
B = max(v(V*)). Then we can make the internal direct sum decomposition V.= Wz sV (),
which preserves valuations. The space V() is homogeneous with value spectrum {5}, and
the space W has a strictly smaller value spectrum, as all of the elements of 1¥/5 have valuation
less than [ by the internal direct sum criterion. Thus Wj is free by induction, and V' is a

direct sum of free spaces, as the homogeneous space V() is free.

27. VECTOR SPACE ASIDE

Suppose that V; for ¢ € {1,2,3} are vector spaces, and let V. = V; @& V, & V3. Let
Uy = {(z,y,2) € V:x =0y} and Uy = {(z,y,2) € V : © = 0y,y = Oy,}. Then
U, C Uy are subspaces of V' and U, /U, is isomorphic to V,. Uy is the kernel of the projection
transformation m; : V' — V; and Us is the image of the inclusion transformation 753 : V3 — V.
Of course, images and kernels are always subspaces and the inclusion is trivial.

Why is U; /U, isomorphic to Vo7 Let B be a basis for V, and let B’ = {(0,,0)+Us : b € B}.
These are distinct, because (0,b,0) + Uy = (0,4',0) + Uy implies b — b' = 0y, Then B’ is a
basis for Uy /Us, because it is trivially spanning and linearly independent. So the classification

theorem applies.
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28. INDUCED ISOMETRIES

We have already defined isometry. The following lemma shows that if ¢ is an isometry

from V' to W, then ¢ maps a subspace V(«) onto the corresponding subspace W ().

Lemma 6. If 5 € T and (3 # oo, then the set V() = {v € V : v(v) > B} is a subspace
of V.. Also, if ¢ :' V. — W s an isometry of T-valuated vector spaces, then the restrictions

Slvp : V(B) = W(B) and ¢|vg+y : V(B') — W(BT) are both isometries.

Suppose that ¢ : V. — W is an isometry of T-valuated vector spaces. Suppose that
v € V(B). Then va(p(v)) = vi(v) > B. Thus ¢ maps isometrically V(5) onto W(g3).
Since the image of V(1) is contained in W (5%) and the preimage of W (™) is necessarily
contained in V(51), we can see that ¢ maps V(87) onto W(/51). Thus the restrictions are

1sometries.

29. ULM SPACES

Let V' be a valuated vector space, and let 5 € T. As above, we have the subspace V' (53).
For < oo, we can construct the valuated quotient space Ug = V(5)/V(87). Recall that
the valuation on this space is given by vy (s v s+ (x +V (8%)) = sup({v(z+y) : y € V(6T)}).

We denote the §-th Ulm space V(5)/V(87) as Us. We show that Ug is homogeneous. To
prove homogeneity, we take 2 € V(3) — V(") and calculate vy, (x + V(57)). If y € V(51),
then v(x) < v(y) and so vy (x+y) = min({v(z),v(y)}) = B. Then the entire coset z+V ()
has valuation 3, and so vy, (z 4+ V(8%)) = . Then Uz is homogeneous with value spectrum
{6}. If B < oo, then we define the fth Ulm invariant Ug(V) = dim(V(5)/V(87)), and
if = oo, we define Ug(V) := dim(V(o0)). The Ulm invariants are used to describe free
valuated vector spaces very precisely.

Suppose that V' is a free T-valuated vector space and as above we have V' = @gerVj3, where
each Vj is homogeneous with value spectrum {3}. For any [ € T, define W3- = @54V
and Ws+ = @s55Vs. Then V. = Wy @ Vg @ Wae. If UP and U} are defined as above,

then Uy = V(B) and U3 = V(67), so that Ug is isometric to U, /Uy = V3. We prove that
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the Sth Ulm space of V' is isometric to Uz/UZ. But if V =~ W, then V(o) ~ W(a) and
V(a™) = W(a™). Then the quotients are isometric, and we are done.
We can prove the following theorem, which provides a nice generalization of the classifi-

cation of vector spaces by dimension:

Theorem 13. Suppose that V and W are free T'-valuated vector spaces. ThenV and W are
isometric if and only if Ug(V') = Ug(W) for all B € T.

Proof. Suppose that V and W are free T-valuated vector spaces. Following the earlier propo-
sition we have V' = @©pgcrV3 and W = @gerW3s, with appropritate homogeneity conditions
(ie vy (V5) = {B} and so on). If the spaces are isometric under ¢ : V. — W, we have
the isometries induced on their subspaces which forces identical Ulm invariants. If the Ulm
invariants are equal, then we have isometry for the summands, V3 ~ Wj, because the di-
mension and value spectra agree for two homogeneous spaces. This compels isometry by the

universal property of T-homomorphisms. U

30. BASIC SUBSPACES

Now we construct a sequence of homogeneous subspaces of V. By the linear algebra work,
for each 8 € T'— {oo} we have a subspace Bg such that V(f3) is the internal direct sum
Bz ®V(B7T). By the previous lemma, this sum preserves T-valuations. Thus Bg is isometric
to V(B)/V(67) for all 5 < 0o, because the spaces are vector space-isomorphic and share the
same value spectra. Note that while there may be many possible subspaces which ‘work’ for
Bg, they are all unique up to isometry.

We can use the inclusion homomorphisms Bg — V to construct the unique adding ho-
momorphism ¢ : @ﬁeT Bg — V. By the homogeneity of the spaces Bg and the rule that
if v(z1) < v(xe) < ... < v(xy) then v(xy + ... + x,) = v(x1), we can conclude that the
transformation ¢ is injective.

Thus we have an injective linear transformation ¢ : €., Bs — V/, which we can consider

quite naturally as inclusion ((a,b) — a + b).
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If 3 € T and we look at the decomposition V = Wz V (), we can assume that the direct
sum (P;_, Bs is contained in Wj. We are allowed this because we can inductively form the
subspaces Bs so that they all belong to Ws. If 8 € T*, let v3 : V. — Bg be the projection
for the decomposition V' = W3 @ Bg @ V(57), given by w + b + v — b, mapping onto the
space Bg. Let By, = V(00), and using V' = W, @ By, let 75 : V' — By be the projection
onto B, mapping w + b — b.

Then we can can apply the universal property of direct products to create a mapping
vV —=T] ser Bp. This takes v to a vector whose coordinates are the images of v under the

projection mappings g for 5 € T.
Lemma 7. The mapping v is an embedding.

Proof. First we prove that v is injective. Since ) is a linear transformation, all we have to
do is prove that the kernel is trivial, i.e. ker(¢) = {0y }.

Suppose that v € ker(y). Then we can write v = w + b, where w € W, and b € By, =
V(00). Since 9 (v) has co-th coordinate equal to zero, we have v = w. Thus v = Oy or v has
finite valuation. Suppose that v has finite valuation k. Then ~;(v) = 0, because v € ker ().
But we have a decomposition v = w + v' + b, where w € Wy, v' € By, and b € V(3"). Thus
v = Oy. But then w = 0y, for otherwise we would have a smaller valuation for v, by the
additive rule. But of coure then we have b = 0y, or else the valuation of v is larger than k.

So 1 is injective. Now we prove that ¢ preserves valuations.

The case where v = 0y is trivial, as ¢ is linear. Suppose that v is nonzero, and let j be
minimal such that ¢)(v); is nonzero. In the first case, assume that j is finite. Then suppose
that ¢(v); = y. We have v = w+y+b in the decomposition W; & B; &V (jT). We must have
w = Oy or the additive rule applies and we get a contradiction. But then the valuation of
¥ (v) is merely v(y) = j. If j is infinite, then we refer to the decomposition v = w + b, where
w € Wy and b € By,. The additive rule forces w = Oy, so that v = b. Then v(y)(v)) = v(b).

Thus ¢ is an isometry.
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We call B = @ﬂeT Bg a basic subspace for V. Clearly, B is a free valuated vector space.
The crucial property of B is that when we consider it as a subspace of a free, Hausdorff
valuated vector space V', it must be dense in the topology determined by the metric. That
is, given any v € V and € > 0, there exists b € B such that d(b,v) < e. We record this as a

lemma.

Lemma 8. Suppose that V is a Hausdorff valuated vector space and B C V is a basic

subspace for V. Then B is dense in 'V

Proof. By the above, we have V' C HﬁeT Bg. Since B is a subspace of V, we know that
0y € B. For any nonzero z € V and € > 0, we take an integer K > 0 such that 275 < e.
Then we ‘zero out’ the first K terms of the product notation z = (xy,29,...,2k,...) by
subtracting the element ' = (x1,29,...,2k,0,0,0,...). Then the difference = — z’ has
valuation at least K + 1, and the distance d(z,z’) < 2~ (K+1) ~ 9=K — ¢ Thus B is dense in

V.

31. NiICE HOMOMORPHISMS

We distinguish a special class of T-homomorphisms. A nice T-homomorphism f mapping
from V to W satisfies the equation f(V(3)) = W(3) for all 3 € T. Note that by the
definition of T-homomorphism, we already have f(V(5)) C W(3). This allows us to define
nice homomorphism as one satisfying the inclusion W (5) C f(V(5)). Every element w of W
must have a preimage v such that vy (v) = vy (w), by definition of T-homomorphism. Also,
all nice T-homomorphisms are surjective. We make a quick observation in the form of the

following lemma.

Lemma 9. Let N be a subspace of V. Then the natural homomorphism ¢ : V — V/N given

by ¢p(v) = v+ N is nice if and only if every coset of N has an element of mazimum value.
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Proof. Suppose that ¢ is nice. Let x + N be a given coset of N in V. Then there exists
n € N such that vy (z +n) = vy)n(x + N), as ¢ is nice. But vy n(z + N) > vy (x + n') for
all n” € N. Thus z + n is an element of maximum valuation.

Now suppose that every coset of N has an element of maximum value. Also, suppose that
vyn(z+N) > 3. Pick an element x4n of x4+ N of maximum value. Then 8 < vy /n(¢(x)) =
vyn(x+ N) =vy(z+n). Thus 2 + N € ¢(V(5)). So ¢ is a nice T-homomorphism.

O

If a subspace N induces a nice natural homomorphism V' — V/N, then we say that N
itself is nice. We follow this observation with a quick topological characterization of nice

subspaces, applicable only to Hausdorff spaces.

Lemma 10. Suppose that V' is a Hausdorff valuated vector space. Then a subspace N CV

s nice if and only if it is closed in the topology determined by the metric.

Proof. Suppose that N is nice. We prove that NV is a closed subspace of V. For suppose that
x € V. — N. Then the coset x + N has an element x +n of maximum value, say 3 ([ is finite
as V(oo) = {0y} and = ¢ N). Let e = 2-(5+D_ Then the open ball about z of radius e must
not intersect N. For if d(x,n) < € for some n € N, we must have 277" < e < 275, But
then v(z —n) > —[, contradicting maximality of /3.

Now suppose that N is not nice. We prove that N is not closed. For if NV is not nice,
there must exist some coset x + N of N with no element of highest value. Thus we would
have a sequence x + ny,x + ng,... such that v(x + ng) > k. Now let € > 0. By calculus,
we know that there exists some integer K > 0 such that 275 < e. But then d(z, —ng) < e.
Thus —ny € B(x), and every open ball about x contains an element of N. But then V — N
is not open, for there is no open ball about x strictly contained within V' — N. So N is not
closed.

Thus the equivalence follows.
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Now we can prove a useful splitting result that allows us to break up a valuated vector

space according to the behavior of a nice T-homomorphism.

Theorem 14. Suppose that f : V — W is a nice surjective T-homomorphism with kernel

N and W free. Then N & W' is isometric to V' for some W' < V.

Proof. Since W is free, we have some set of summands {w; };c;. For each w;, let a; = v(wy).
Then the nice f must have some z; € V(o) satisfying f(x;) = w;. But vy (z;) < vy (w;) =
so that vy (x;) = v (w;).

Let W' = span{x; };c;. If we form the direct sum N & W', we want an isometry to or from
V. Let v € V. Then f(v) = ®}_;spwy, the sum taken over the finite support of f(v), by the
freeness of W.

Then let

n n

P(v) = (Z SkTk, VU — Z spry) € W e N.

k=1 k=1
If p(w) = Oy spTh, v — >y Spx),) satisfies ¢p(w) = ¢(v), then the sums of the two

coordinates are in each case equal and so w = v. Thus, ¢ is injective.

If a e W be N, then ¢(a+b) = (a,b). So ¢ is surjective.

Previous results show that ¢ is linear, in particular the fact that f is linear itself.

Let f(v) = Zle a;y;. We have that vg(p(v)) = min({v(v — Zle a;x;, V(Zle x;)). But
v(v) < vw(f(v)) as f is a T-homomorphism. The right hand side of this inequality is just
v(3 awi) = min({vw () }o,). Then v(z) < v(32F, a;a;) and we have v(v) = vg(p(v))
by the additive rule.

Thus ¢ is an isometry.

We apply this theorem and results from the previous section towards a version of Kulikov’s

theorem, which we prove now.
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Theorem 15. (Kulikov’s Theorem). Let V' be a T-valuated vector space. Then V is free if
and only if there exists a chain of subspaces Uy C Uy C ... ... whose union is V and whose

value spectra are all finite.

Proof. Suppose that V = @e(x;) is free. For each k € T, let c(k) = {i € I : v(z;) < k},
the set of all summands of V' with valuation less than or equal to k. We

Then let Uy, = @iee(k)<xi> UV (o0) for each k € T. Each U, must be a subspace of V. We
prove this by observing that scaling elements of either of the two sets in the union does not
require us to leave the set, and each of the two sets in the union is closed under addition.
The only possible problem arises when we add an element from the subspace @zec(k)<$i>
to an element from the subspace V' (00). But the nonzero elements of the first subspace all
have finite value, and the elements of the second subspace all have infinite value, so that if
x is from the first subspace and y is from the second subspace, then v(x + y) = v(z). The
finite support condition on direct sums insures that any element v of V' is contained in some
Us. That is, for any v = (v;)ier, let J = {i € T : v; # 0}. Since there are only finitely
many elements in J by definition of the direct sum, J must have a greatest element s or no
elements. In the first case, we have v € U,. In the second case, v = 0y € U, for all k as

Uy is a subspace for all kK € T. All of these spaces are of finite value spectrum, specifically

v(U) C{1,... kY.

Now suppose that we have a chain Uy C Uy C ... with each U, having finite value
spectrum.
We can construct quotients U, /Uy,Us/Us, . ... Since each U has finite value spectrum,

and the quotient valuation of a coset is defined by the maximum value of any element within
the coset, each coset has an element of maximum value and Uy is a nice subspace of Uy,.
Then the natural T-homomorphism ¢y, : Upy1 — Ugy1/Uy given by ¢(x) = x + Uy is nice by

a previous proposition.
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Since the quotient group has value spectrum equal to a subset of the value spectrum of the
space from which it was constructed, all of these such quotients have finite value spectrum.
But then they are free by lemma 3.

The nice natural homomorphisms ¢;,; map the U,y onto Uy, 1/Ux. But the factors are
free, and so we have some Wy satisfying U1 = ker(¢pi1) ® Wy. But the kernel of the
natural homomorphism ¢y 1 : Upry — U1 /Ug is Ug. So we have some W, satisfying
Uky1 = Uy ® Wy. Define Wy = V;. Each of the W}, has value spectrum a subset of v(Uy,1),
which is finite. Thus, all the W}, are finite.

Then inductively we have a sequence Wy, W1, W, ... of subspaces of V' satisfying U, =
®j<xW;. Let V' = @2 Wy, regarding this as an inclusion within V. Now no vector shows
up more than once in this sum, because the ‘partial sums’ contain any U, and are internal
direct. For the same reason, each vector v € V' is contained once.

Since V' is the direct sum of free subspaces, it is itself free.

Corollary 1. Let V be a free valuated vector space and suppose that W is a subspace of V.
Then W is free.

Proof. Kulikov’s theorem tells us that we have a chain of finite-spectral subspaces U; C U, . ..
covering V', that is US® U, = V. Then W =W NV =W N (U2, U,) =U2,(WnNU,), by
the distributive laws of set theory (see [3]). But W N U, is a subspace of a finite-spectral
space and therefore finite spectral for all n € N. So Kulikov’s theorem applies and W is free.

O

Notice how powerful Kulikov’s theorem is. To prove that a valuated vector space V is
free from the definition, we must construct a direct sum of homogeneous spaces D and an
isometry ¢ : V. — D. If we apply Kulikov’s theorem, all that is required is a chain of

finite-spectral subspaces covering V.
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32. PRIMARY ABELIAN GROUPS

Let G be an Abelian group with operation written + and identity element O (the subscript
distinguishes from 0 € Z and 0 € T'). Let g € G. If there exists k € N such that the k-fold
sum g+g+...+g = k-g = Og, then there exists a least positive integer j satsifying j-g = Oqg
by the well-ordering property of N. In this case, we say that the order of g is j. Otherwise,
no such k exists and we say that ¢ has infinite order. We write |g| for the order of g € G.

Now suppose that p is a prime, and every g € G satisfies |g| = p* for some k € {0} UN.
Then we say that G is p-primary.

Now we consider an idea which is in some sense dual to the idea of the order of an element
in G. Let x € G and let n € Z. If there exists y € G such that n -y = x, then we write n|z
and say that n divides x.

We have some results on this definition which mirror properties of integers. For example,
if m,n € Z satisfy the divisibility relation (in Z) m|n, and if n|g for a given g € G, then
m|g as well. For if n = mt for some ¢t € Z and g = nh for some h € G, then g = n-h =
(mt)-h=m-(t-h), so that m|g.

If G is p-primary, then for any g € G we are interested in this question: what is the largest
power of p dividing g, if such exists? Whenever such an integer exists, we call it the p-height
of g, written ht(g). If infinitely many powers of p divide g, the result in the last paragraph
tells us that all powers of p divide ¢g. In this case, we say that g has infinite height and write
ht(g) = c©.

Note that this defines a function ht : G — T, where T' is the same well-ordered set that
we have been using in the previous journals.

The function ht : G — T has many of the trappings of a vector space T-valuation, even if

G itself is potentially not a vector space over any immediately recognizable field.
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33. THE SOCLE

Continuing the last section, G is an abelian p-primary group. Then we can define the socle
of G as the set G[p] = {g € G : pg = 0g}. Since the function ¢ : G — G given by ¢(g) = pg
is a homomorphism for abelian G, this set, its kernel, is a subgroup of G.

If F,, = Z,, is the finite field of order p, then we can consider G[p| as a vector space over F.
Denote the residue class in F), containing n by . The addition is already defined within the
group, and we define the scaling by the function o : F,, x G[p| — G|[p] given by o(m, g) = ng.

We don’t check the vector space axioms here, as they follow easily from elementary prop-
erties of Abelian groups, but we do check whether or not the scaling function is well-defined.
Let T = 7 and let ¢ = h. Then x = y + sp for some s € 7Z, because they share a residue
class modulo p. Then Tg = xg = (y + sp)g = yg + s(pg) = yg = yh = yh, where the third
equality comes from g € S and the fifth from addition being well-defined on G. Note that
the socle is the largest subgroup of G where nx = nx defines a scaling operation on the
residue classes modulo p. This follows from the equation p4+ 1 = 1 in the residue system
modulo p, and so (p + 1)g = (1)g for all elements ¢ in any vector space with Z, as scalars.
But then subtraction gives pg = 0g. So there is no larger subgroup of G over which n-fold
addition defines a scaling operation from the residue classes modulo p.

Since we have the function ht(g) defined on all of G, we can restrict the domain to obtain
ht|cp) : Glp] — T. Our claim is that ht|g, is a valuation on the F,-vector space Gp|.

It is true that ht(Og) = oo, because if k € N, then p*0g = 0g. Thus there can be no
greatest positive integer j satisfying some equation of the form p’y = 0g. So (ht|s)(0g) = oc.

Let z,y € Glp] and let k = min{ht(z), ht(y)}. Assume that k is finite. Then we write
x = pF2’ and y = p*y’ by the definition of infinite height and the result on divisibility in the
section on height. Then by commutativity, z+y = p*a’+pFy’ = p*(2'+v/), so that p*|(z+v).
If k is infinite, then for any [ € N, we can write 2 = p'a” and y = ply”’, so that p!|(z + y).
Then any p' divides = + y. Thus in each of the two cases, ht(x + y) > min{ht(x), ht(y)}.
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Now we suppose that we have nonzero o € F),, with a~! € F, its multiplicative inverse
modulo p. Let k& € N. Suppose there exists h € G satisfying p*h = g. Scaling both sides by
a, we obtain a(g) = a(p*h) = pF(ah). Then p*|ag, so that ht(ag) > ht(g). Applying the
same argument with the scalar a~! and the vector a(g) gives the inequality ht(g) > ht(ag),

so that the two valuations are in fact equal.

34. ANALYZING G|[p]

We prove a theorem which links the twin ideas of freeness in valuated vector spaces and
freeness in group theory. (A group is free if and only if it is group-theoretically isomorphic

to a direct sum of cyclic groups).

Theorem 16. Let G be a p-primary, abelian group. Then G is isomorphic to a direct sum

of cyclic groups if and only if G[p] is a free, Hausdorff, T-valuated vector space.

Proof. Suppose that G ~ @;c;C; where each C; is a cyclic group and the isomorphism is
¢ : G — Die;C;. Since G is p-primary, no element of G may have infinite order and all
the C; are finite cyclic. The orders of elements are preserved under group isomorphism by
elementary abstract algebra, so the orders of the elements of the C; must all be powers of p.
Thus the orders of the groups C; must all be prime-power, by Cauchy’s theorem. Thus we
can write G & P2k, .

For any of these direct summands H; = Z», we know H;[p] is a cyclic subgroup of H; and
hence an image of a cyclic subgroup G; of G. Then H;[p| is homogeneous and therefore free.

Our next claim is this: G[p] = @;erH;[p]. Restrict ¢ to G[p]. Then ¢|¢y, is a vector space
isomorphism with ¢(G|[p]).

We want to show that ¢|qp is surjective. If we write the unique sum with nonzero terms
hi+ hy + ...+ hy for h € ©;crH;[p], then we have some g € G satisfying ¢(g) = Zle h;.
Then ¢(pg) = po(g) = p(Zle h;) = Og. But this implies pg = 04 and pg = O¢ because ¢ is

injective.
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Is ¢|qpp an isometry? Trivially, because ¢(p"g) = p"¢(g), holds for all nonnegative integers
r and group elements g. So ht(¢(g)) = ht(g) for any g € G[p]. This is the definition of an
isometry, given vector space isomorphism ¢.

So we have a vector isomorphism of G[p|] with @;crH;[p]. Yet each of these summands
H;[p] is free, hence G|p] is free.

We record some remarks on the converse. Suppose G is abelian and p-primary and that
G|p] is a free, Hausdorff, T-valuated vector space. We aim to show that G is isomorphic to
a direct sum of cyclic groups.

Because G[p] is free, we have an internal direct sum representation G[p|] = ®;¢ I<g,~>, where
each g; € G[p|. This set {g;} is a free basis for G[p|, so that v(>_" | a;g;) = min({v(g;)}1-).

We can write g; = p"9) h, for some h; € G. Informally, we want to represent every element
of G as a unique linear combination of elements in the sets (h;). Let H = {h;}.

Let g € G.

Suppose that |g| = p*. Then p(p*~tg) = Og, implying that p*~'g € G[p] and so we have a
representation p’~lg = g:l a;g; = Zgzl a;p"9) ;.

We can divide all the terms in the sum by p*~! because the g; form a free basis for G[p].
This means that the lower bound on the height on the left of the equation is also a lower
bound for the height of each g;, so that p*~'|g; for each i € [5]. If we divide all of the terms
in the sum by p’~!, we get the new sum s; = ZLI a;p"9)=(=Dp. 4 linear combination in
the set H.

If g = s1, then we are done (as far as exhibiting g in the span of H).

If not, we still know that p*~!(g — s1) = Og, so that we have p*~2(g — s1) € G|[p].

If p*~2(g—s1) € G[p], then it equals some linear combination of the free basis for G[p]. But
again, we can divide by the leading power of p (in this case, p°~2) to find a linear combination
in H, call it sy, satisfying p*=2(g — s; — s2) = Og.

Then p®=3(g — 81 — s9) € G[p|. If g — 51 — 53 = Og, then we are finished finished as g is a

sum in H. Otherwise, we continue the process, adding more and more s, and reducing the
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exponent of p each time. Eventually we either get ¢ — s — s9 — ... — sp = Og for some k or
finally exhaust the exponent on p.

If P (g — 81 — 89 — ... — s;) = Og, though, we immediately have g = s; + 52 + ...+ s;.
So we eventually create some sum in H equal to g.

So we have a representation of g € G in the form g = Zle a;h;. Is this unique?

If g also equals Zle B;h;, where we expand the indexing to accomodate both supports.
Then S5 (o — B;)hi = O € G[p]. Say that we modify the sum to range exclusively over
the 7 satisfying o; — 3; # 0. If the maximum order of the h; for the 7 in question is p’, then
multiplying by p'~! we see the all terms with smaller order vanish. But then we have a linear
combination in the {g;};cs in the form of the terms which do not vanish (at least one does
not vanish-the term with maximal order).

But then the coefficient on all these is 0, by uniqueness of representation by the free basis
for G[p|. Thus we can winnow down the coefficients «; — 3; ‘from the top down’ and show

them to be identically zero.

So the representation is unique. Thus G is isomorphic to the direct sum @®;¢ I<hi>.

35. REFINABLE CHAIN CONDITION

Suppose that V' is a Hausdorff T-valuated vector space. We say that V' satisfies the
refinable chain condition if for every ascending sequence of subspaces U; C U, C . .. satisfying
U, U, there exists a sequence of closed subspaces C; C Cy C ... with C,, C U, and U22,.

We sometimes abbreviate this by RCC.

Theorem 17. Suppose that V' is a free Hausdorff T-valuated vector space. Then V salisfies
RCC.

Proof. If V is free then it contains a free basis W. For any § € T', let W3 consist of those

elements of T whose orders are not greater than 3. Let C; = span(W; N U;). Is C; closed?
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Let v = aqwy + ... + a,w,, as the w; form a (free) basis for V. We want to show that
the coset v + C; has an element of maximum value, but this is equivalent to showing that if
v ¢ C;, then vy, (v + C;) is bounded by an integer. Let & = max({v(w;)})i,, an integer
as V is Hausdorff and therefore none of the nonzero vectors w; have infinite valuation. We
claim that vy,c,(v + C;) < k44 € N. For any element of C; can only have valuation up
to 7, so that the definition of a free basis and the additive rule for valuations give us the
inequality.

To see that the C; cover V, we only need to show that the C; cover W, and then the
subspace condition on C; gives V' = span(W) C UX,C;. If w € W, then w € U; for some
J € N. If we let ¢ equal maz{v(w),j}, a finite number, then w € C..

So the C; cover V. O

36. STRONG RCC

We give a condition which is equivalent to the RCC. We state and prove this as a theorem.

Theorem 18. (Strong RCC) Suppose that whenever V is covered by a sequence of dense
subspaces Uy C Uy C ..., there exists closed subspace C; C U; with U,C; = V. Then V
satisfies RCC.

Proof. Suppose that the sets U; C Uy C ... cover V and the weakened RCC holds for V.

Recall that a basic subspace of a space V is a free space which is dense in V', which also
has the same Ulm invariants as V.

Let By be a basic subspace of U; and let B’ be a basic subspace of Us,.

We aim to show that Bj is isometric to a subspace of B’, so that we can eventually split
B’ isometrically into By & Bs.

Let a € T. Define ¢ : Uy(a) — (Uz(a)/Us(a™)) by ¢(u) = u + Uz(a™). This induces an

embedding of the ath Ulm space of U; into the ath Ulm space of Us.
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This means that if we take a basis E, for the ath Ulm space, Z,, of Uy, we can select
a subset E! C E, with |E’| equal to the ath Ulm invariant of U;. Then By(«)/Bi(a™) ~
span(E'").

This gives us a decomposition B'(«)/B'(a™) =~ span(E!) @ span(E, — E')). These can be
combined over all the oo € T' to give a T-isometric decomposition B’ ~ B; & B,. Since B’ is
basic, and the two share all Ulm invariants, the direct sum is a basic subspace for Us.

Repeating this procedure we get a nested sequence of basic subspaces: By C By & By C
Bi®By®Bs C.... Let B=®>2,B,. Claim: B is dense in V. But this follows immediately
from V = U2, U,. If v € V, then v € U; for some positive integer j, and so we have a
sequence in By @ ... ® B; converging to v.

Thus the dense sets W,, := U,, + B form a cover for V. The weakened RCC implies that
there exist closed and nested C,, C W,, covering V. Let C/ = U, N C,,. The fact that the
sets U, and C,, are nested sequences gives U (U, N C,,) = (Us,U,) N (U2, C) = V.

We need to show that the C), are closed. Let v;, be a sequence in C) converging to v € V.
Since this sequence is in C),, a closed subspace of V, the limit v necessarily belongs to C,,.
BuwwC,CU,®Bpi1D....

Let v = u + Z{Zl ba;, where b,, € B,, (for a; > n) are all nonzero. The elements of the
sequence {vy}72, are all contained in U,,. So the distance from any element of the sequence

to v is always at least 2-™"(¥(b=;)) and we obtain a contradiction to to v, — v.

So all the sets O, are closed and we have the desired covering. O

37. FREENESS AND DIMENSION

We now attempt to prove a special case of a statement whose truth is unknown, which is

a converse to theorem 17.
Statement 1. If V satisfies RCC then V is free.

First we must outline a principle of set theory which can neither be proven nor disproven.

Recall that given a set A we denote its cardinal by |A| and we denote the existence of an
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injection f : A — B by |A| < |B|. The existence of a bijection from A to B is denoted by
Al = |B.

Statement 2. (The Continuum Hypothesis) Let A be set with Xy = |N| < |A| < [2V]. Then
|A] = |N| or |A| = |2Y|. (Equivalently, ¥, = 2% ).

For an examination of the continuum hypothesis and some of the other set theory termi-
nology in this section, particularly the aleph (X) notation, see [2]. Now we can state the

partial converse to theorem 17 that we wish to prove.

Theorem 19. Suppose that V is a valuated vector space over Z, (where p is some prime),
and suppose that V has a countable basic subspace. Then if V' satisfies RCC and we assume

the continuum hypothesis, V is free.

Proof. If V has a countable basic subspace, then every other subspace has a countable basic
subspace by an argument similar to the previous section (embedding Ulm spaces). However
such a V only has N; countable subsets. If N is closed in V', then any of one of its basic
subspaces B generate N as the closure B. However, such a countable set has unique closure,
and so there can be only as many closed subspaces of V' as there are countable subsets of
V' (this is actually a very rough bound in the finite case!). There are X; countable subsets
of V. Since any finite subset of a basis generates a closed subspace of V| and there are Ny
finite subsets of V', we have that there are exactly ¥; closed subspaces of V.

Also, there are N; uncountable closed subspaces. This is because we can remove any of
the N; basis elements for V and get a basis with the same size, which spans a subspace
isomorphic to V.

We are going to select a sequence of elements from each uncountable closed subspace in
such a way that the sequences are ‘independent’ in two senses: they are linearly independent
subsets of their respective spaces, and any sequence is distinct from the span of the others.

Apply the well-ordering theorem to the uncountable closed subspaces. We label elements

with the minimal uncountable ordinal wy as Ay, As, .... Let Ay be the smallest element under
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the ordering. Pick a linearly independent countable sequence from Cj. Let Y denote the
subset of w; containing all those ¢ such that for all £ < ¢, there exists a set of sequences Ty
whose union Ug<;Zj is linearly independent.

We show that Y is inductive. If z € wy, then the section S, = {j € w1 : A; < A} of wy by
x is countable because w; is countable. If we take the union U,.¢,, T, the result is countable.
Thus we can take a linearly independent sequence of elements from A, which is independent
from the previous union by calculating |(U,Z,)| = R¢ < 8. Since the previous elements are
linearly independent, the intersection I = (U,Z,) N A, is linearly independent. We expand
this to a basis for A, and take a sequence from the complement of the union. Thus z € Y.
Thus we have a collection C' = {Z; : i € w;} of countably infinite sequences whose union is
linearly independent.

Let their union be B’. This is linearly independent so we expand it to a basis B = B’U B”
for B” disjoint from B’.

Now we define for any positive integer j the set B; = {xy; : k < 7,7 € w1 }. The union of
the B; is B’, so the sets U; = span(B; U B") form a nested subspace cover for V. However,
any uncountable subspace is necessarily excluded from these sets U;, because the uncountable
set A; includes the sequence x;1,%;2,... and B; only contains finitely many of these. The
sequences were selected to be linearly independent, so the span of these cannot contain these
missing elements of the ith sequence. Also the span of B” cannot contain these elements by
construction of the basis. So no uncountable subspace can be contained in any of these sets
Bj. But every nested chain of closed subspaces, if it is to cover uncountable V', must contain
an uncountable closed subspace. Why? Countable unions of countable sets are countable.

Thus the RCC is violated, contradicting to our hypothesis that V' satisfies RCC. U

38. CONCLUSION

In this paper, we defined most of the basic notions of linear algebra and set theory,
along with some elementary ideas from topology. After obtaining a handful of crucial early

results in these areas, we moved on to investigate the class of valuated vector spaces. After
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developing their elementary theory, we defined the critical notion of free valuated vector
spaces. We classified free valuated vector spaces up to isomorphism using a Kulikov-type
theorem. After that, we investigated more of the topological properties of valuated vector
spaces. Specifically, we defined the refinable chain condition (RCC), and we were able to
prove a weak form of it dependent on the continuum hypothesis. After that, we applied the
theory of valuated vector spaces to the study of the socles of Abelian p-groups, and we were
able to find analogues between free Abelian groups and free valuated vector spaces. Finally,
we proved a realization theorem which allowed us to present a free valuated vector space as

the socle of an Abelian p-group.

REFERENCES

[1] D. Lay, Linear Algebra and its Applications (Addison Wesley, New York,NY, 2003).
[2] D. Goldrei, Classic Set Theory for Guided Independent Study (CRC Press, New York, NY, 1996).
[3] J. Munkres, Topology (Prentice Hall, New York,NY, 2000).

46



