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“Fractal geometry will make you see everything differently. There is a danger in reading
further. You risk the loss of your childhood vision of clouds, forests, flowers, galax-
ies, leaves, feathers, rocks, mountains, torrents of water, carpet, bricks, and much else
besides. Never again will your interpretation of these things be quite the same.”

-Michael Barnsley 2000

1 Introduction

As the title of Barnsley’s book [1] indicates, fractals are everywhere around us, although most do
not recognize them as such. From the leaves on the trees in your backyard to the coastline you walk
in the summer and even those mountains you explore while playing Skyrim; they are all fractals.
We can even use them to compress digital images, as patented by Michael Barnsley, whose book
we reference throughout the paper. Fractals will be more formally described later in the paper, but
for now, we will say that fractals are self-similar structures, meaning that they look essentially the
same no matter what scale we look at them. For example, take a look at the fern I found in Olympic
National Park, depicted in Figure 1. As we look closer at it and move down the stem, it appears
very similar to where we were looking just a moment before. Of course this isn’t a mathematical
fractal since it tapers off to a finite point, and this distinction will be become important later, but
you get the picture.

Figure 1: A fern exhibiting self-similarity
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The question then is, how would we model such a phenomenon? The answer is what brings
us to Iterated Function Systems (IFS) theory. Essentially, we can take some set of points (in the
case of the fern, one of the leaves) and take the aggregate of a set of maps that rotate, shrink, and
translate it that are applied over and over again. This is the main topic of the paper and to fully
understand the concept, we will start with an overview of affine transformations and metric spaces,
proving important facts about fixed points and contraction mappings, which form the heart of the
IFS. We will then take a break from the theory in order to demonstrate some techniques to create
fractals on the computer. Of particular interest will be the Random Iteration Algorithm and the
proof of its accuracy which is the main result of the paper. To do this, we will need to introduce
some elementary topics in Topology and Dynamical Systems Theory. We assume that the reader
is familiar with basic matrix algebra and elementary set theoretic operations such as intersections
and unions. The rest will be introduced at a basic enough level to be comprehended by someone
truly interested in the topic.

2 Metric Spaces

We begin with an overview of important topics in metric spaces because the idea of contractions
and distance will be central to IFS theory and understanding fractals. The idea of a metric space is
simple but very general which makes it ideal to work with abstract structures with simply defined
rules such as fractals.

2.1 Notation and Definitions

A metric spaces is simply a set with some notion of well-behaved distance defined on it.

Definition 1. A metric space, (X, d), is a set X together with a distance function d : X ×X → R
such that ∀x, y ∈ X

1. d(x, y) = d(y, x)

2. 0 < d(x, y) <∞ for x 6= y

3. d(x, x) = 0

4. d(x, y) ≤ d(x, z) + d(z, y)

For instance, R2 with the typical Euclidean metric d(x, y) =
√

(x1 − y1)2 + (x2 − y2)2 is a metric
space because:

1.
√

(x1 − y1)2 + (x2 − y2)2 =
√

(y1 − x1)2 + (y2 − x2)2 so d(x, y) = d(y, x).

2. d is never negative since it is the square root of the sum of squares, and is finite for all real x
and y.

3. d(x, x) = 0 by algebraic manipulation

4. d(x, y) ≤ d(x, z) + d(z, y) by the triangle inequality, noting that the sum of the legs of a right
triangle are always greater than the length of the hypotenuse.
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Figure 2: A contraction mapping on 2 points of the real line

And in fact, most spaces that we encounter in calculus and other areas of undergraduate courses
are metric spaces. These include the complex plane with the euclidean metric, Rn with any k-
norm defined on it, the sphere with great circle distance, and the list goes on. Next we will define
completeness, which is a very useful property for a metric space to have.

Definition 2. A sequence {xn}∞n=1 of points in a metric space (X, d) is a Cauchy sequence if, for
any given number ε > 0, there exists an integer N > 0 such that

d(xn, xm) < ε

for all n,m > N

This is just saying that as the sequence {xn}∞n=1 progresses, the points in the sequence get as
close as we like together with respect to the given metric. Note that this does not imply that they
converge; only that the distance between the points is becoming smaller. A simple case where a
Cauchy sequence doesn’t converge is an = 1

n
on the metric space ((0, 1], Euclidean). This sequence

has a limit as n → ∞ of 0, but 0 is not in ((0, 1], Euclidean), so an does not converge to any
point in the space. However, for the spaces that we typically work in, such as (Rn, Euclidean),
every Cauchy sequence does converge. When this is the case, we call the metric space a complete
metric space. This idea of a complete metric space is a formality that we will often state without
proof because it is not pertinent to our end goal.

Next we define the contraction mapping on a metric space. A contraction mapping is exactly
what it sounds like. It is a function that takes points in a metric space and brings them closer
together. More formally,

Definition 3. A contraction mapping is a function f : X → X from a metric space to itself
such that d(f(x), f(y)) ≤ tḋ(x, y) for some 0 ≤ t ≤ 1 and all x, y ∈ X. We call t the contractivity
factor for f .

A simple example of such a mapping is the transformation x → ax + b on (R, |x − y|) where
a, x, b ∈ R and a < 1. To show this is a contraction mapping, let d(x, y) = |x− y| and let x′ and y′

be ax+ b and ay + b respectively. Then,

d(x′, y′) = |ax+ b− (ay + b)|
= |a(x− y)|
= a|x− y|

and since a < 1, this is clearly less than the original distance and so this satisfies the conditions of
a contraction. In Figure 2, we demonstrate this by imposing the map x→ .5x + .5 onto the black
which returns the white dots.

An important result for us to justify anything further in this paper is that the composition of
two contraction mappings is also a contraction mapping. This intuitively makes sense that if there
are two functions that shrink points in space together, that their composition would also contract
the points (and more so!), but we shall provide a proof.
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Proposition 1. Let f and g be contraction mappings with contraction factors s and t respectively.
Then f ◦ g is also a contraction mapping and has contraction factor s · t.

Proof. Recall the definition of contraction mapping that d(f(x), f(y)) ≤ s · d(x, y) for 0 ≤ s ≤ 1
and d(g(x), g(y)) ≤ t · d(x, y) for 0 ≤ t ≤ 1, so d(f(g(x)), f(g(y))) ≤ s · t · d(x, y).

Although the proof is straightforward, iterated function systems, which are the main interest in
this project, are dependent on this fact. Now we are in a position to talk about how these mappings
behave under repeated composition. This is described by the Contraction Mapping Theorem.

Theorem 1. Let f : X → X be a contraction mapping on a complete metric space (X, d). Then
f possesses exactly one fixed point xf ∈ X and moreover for any point x ∈ X, the sequence
{f ◦n(x) : n = 0, 1, 2, . . .} converges to xf . That is,

lim
n→∞

f ◦n(x) = xf

for all x ∈ X.

I have provided a picture (Figure 3) made in Mathematica to demonstrate this with circles in
R2. The radius is halved on each successive mapping and the sequence eventually converges to the
fixed point near the top of the largest circle. Now we shall prove the above theorem [1].

Figure 3: Repeated contraction of a circle to the fixed point at the top.

Proof. Let x ∈ X and 0 ≤ s < 1 be a contractivity factor for f . Then

d(f ◦n(x), f ◦m(x)) ≤ smin(m,n)d(x, f ◦|n−m|(x)) (1)

for all n,m = 0, 1, 2, . . .. This follows from the definition of contraction mapping. In particular, for
k = 0, 1, 2, . . ., we have

d(x, f ◦k(x)) ≤ d(x, f(x)) + d(f(x), f ◦2(x)) + · · ·+ d(f ◦k−1(x), f ◦k(x))

≤ (1 + s+ s2 + · · ·+ sk−1)d(x, f(x))

≤ (1− s)−1d(x, f(x))
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where the third inequality comes from taking the limit as k →∞ and utilizing the identity for the
geometric series. So substituting into equation (1), we get

d(f ◦n(x), f ◦m(x)) ≤ smin(m,n)(1− s)−1d(x, f(x))

which shows that {f ◦n(x)}∞n=0 is a Cauchy sequence. And since X is a complete metric space, the
sequence converges to some limit xf .

2.2 Transformations on Metric Spaces

The point of this section is to gain an intuition of what affine transformations on metric spaces look
like. This will include discussion on both general affine transformations and similitudes. This will
set the foundation for creating certain types of fractals.

An affine transformation in Rn is a transformation of the form f(x̂) = Ax̂+ b̂ where A is an
n× n matrix and both x̂ and b̂ are n× 1 vectors. The matrix A simply scales, rotates, and shears
x̂ while b̂ translates it. In R2, This can always be written in the form(

r1 cos θ −r2 sin θ
r1 sin θ r2 cos θ

)(
x1
x2

)
+

(
e
f

)
Where r1 and r2 are the scaling factors and θ is the angle of rotation. An example of a shearing
transformation is provided in Figure 5. Note that in this figure, r1 and r2, the scaling in the x and
y directions, are different, and so the angles in the image are not preserved.

Figure 4: Original Picture

Figure 5: An affine transformation that is a
shear (not angle preserving)

There is a special case of an affine transformation in which we will be especially interested called
a similitude.
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Figure 6: The results of imposing the similitude on the vector.

Definition 4. A similitude [1] is a linear transformation s : R2 → R2 of the form

s

(
x1
x2

)
=

(
r cos θ −r sin θ
r sin θ r cos θ

)(
x1
x2

)
+

(
e
f

)
This takes a vector, rotates it θ degrees, scales it by r, and finally translates it. The reason this is

so nice to work with is that the pre-image and image of the transformation are geometrically similar
in the sense that all angles are preserved. This contrasts to the more general affine transformation
that can shear the vectors and change the angles by scaling different amounts in the x1 and x2
directions. As an example of a similitude, in Figure 6, we take the vector < 1, 2 > and wish to
rotate it 90◦ and double its length, so we substitute these values into the above formula to get(

2 cos π
2
−2 sin π

2

2 sin π
2

2 cos π
2

)(
1
2

)
+

(
0
0

)
=

(
0 −2
2 0

)(
1
2

)
=

(
−4
2

)
To tie this back to the idea of contraction mappings on metric spaces, we note that a similitude

ax+ b is a contraction mapping if det(A) < 1. This makes intuitive sense because the determinant
of a matrix describes the scale factor by which length (or area, volume, etc.) is multiplied in the
transformation. This is a key concept because an iterated function system will be defined in terms
of similitudes on a complete metric space. Now we will move on to a few introductory topics in
Topology and then arrive at the main topic of the paper.

2.3 Topological Musings

This section will cover very basic topics in Topology such as openness, closure, and compactness.
We will then discuss an intersection between metric spaces and these topics called the Hausdorff
metric which describes distances between sets. This will be the main notion of distance used for
the rest of the paper.

First, we explain what an open set is.

Definition 5. A subset S of a metric space (X, d) is open if for each x ∈ S there is an ε > 0 such
that B(x, ε) = {y ∈ X : d(x, y) ≤ ε} ⊂ S.

This is intuitively saying that a set is open if it doesn’t contain its boundary. That is, given any
point x ∈ S, there is always a small neighborhood around x such that the entire neighborhood is in
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S. Note that if S contained its boundary, then if we put a point on it, there would always be some
part of the ball around that point that is not in S. Next, we move on to the idea of a limit point.
Given a sequence {xn}∞n=1 in a subset S of a metric space (X, d), the limit point of that sequence
is the point x ∈ S\{x} such that limn→∞ xn = x.

Definition 6. A subset S of a metric space (X, d) is closed if S contains all of its limit points.

To contrast open and closed sets, we can see that (0, 1) is an open set since for any point
x ∈ (0, 1), no matter how close you get to 0 or 1, there is always a small neighborhood around x
such that that neighborhood is completely contained in (0, 1). This is because there does not exist
a least real number greater than 0 or greatest real number less than 1. On the other hand, [0, 1]
is closed since any infinite sequence in [0, 1] must have its limit in [0, 1]. Now that we have these
basic notions, we can move on to the most important concept we will draw from topology which is
that of compact sets.

Definition 7. A subset S of a metric space (X, d) is compact if every infinite sequence {xn}∞n=1

in S contains a subsequence having a limit in S.

At this point, it will useful to reference the Weierstrass-Bolzano Theorem.

Theorem 2 (Weierstrass-Bolzano). A subset of Rn is compact if and only if it is closed and bounded.

Because it only holds in Rn, this isn’t necessarily going to be useful for us down the road, but it
offers a far more intuitive description of compactness [4]. Next we talk about how to measure the
distance between sets of points.

The Hausdorff metric allows us to define a more general notion of distance on metric spaces. As
was stated, it lets us measure the distance between sets rather than the distance between individual
points and is the key to allowing us to understand the nature of fractals. First, we discuss “the
space where fractals live,” which we will qualify after the formal introduction of the iterated function
system [1].

Definition 8. Let (X, d) be a complete metric space. Then H(X) denotes the space whose points
are the compact subsets of X, excluding the empty set.

Now that we have defined a new space, it will be useful to define a notion of distance from a
point x ∈ X to one of these compact subsets B ∈ H(X). This distance d(x,B) will be min{d(x, y) :
y ∈ B}. The fact that this distance is well-defined comes from the fact that the points in H(X) are
compact.

Example 2.1. To give examples of these two ideas, consider finding the distance from the point
(1, 1) to the disk of radius .5 centered at (.5, 0) in (R2,Euclidean). by definition, this distance is
min{d((1, 1), y) : y ∈ D} where D is the disk. The point y will be on the boundary of the disk
where the line going from the center of the disk to the point (1, 1) intersect. To find this point, note
that angle θ between the x-axis and our line is arctan(2). Thus, parameterizing the circle, we get
that y = (.5 + .5 sin(arctan(2)), cos(arctan(2))) = (.5 + .1

√
5, .2
√

5). Now the distance between this
and (1, 1) is trivially found to be approximately .526. The problem can be visualized in Figure 7.

Along with the ability to compute distances between points and sets, it will also be useful to
define the distance between a set and another set. Given that (X, d) is a complete metric space
and A,B ∈ H(X). We define d(A,B) = max{d(x,B) : x ∈ A}. So we are finding a point x ∈ A
whose distance to the closest point in B is the farthest possible using the metric defined on the
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Figure 7: The distance from the disk to the point

underlying metric space. Note that this definition of distance between two sets is not symmetric.
That is, d(A,B) does not necessarily equal d(B,A). To see this, consider the distances between the
closed intervals A = [0, 2] and B = [3, 4] on the real line using the standard metric. The distance
from A to B is 3 − 0 = 3 whereas d(B,A) = 4 − 2 = 2. This means that set distance defined this
way is not a proper metric on H(X). If we are clever however, we can make it one using these same
ideas. This is called the Hausdorff metric.

Definition 9. Let (X, d) be a complete metric space. Then the Hausdorff distance between points
A,B ∈ H(X) is defined as

h(A,B) = max{d(A,B), d(B,A)}
We will first prove this is a metric on H(X).

Proof. First, h(A,A) = 0 since d(A,A) = 0 as follows from the definition of set distance. For
symmetry, we have that

h(A,B) = max{d(A,B), d(B,A)}
= max{d(B,A), d(A,B)}
= h(B,A)

To show that 0 < h(A,B) <∞, we note that every A and B is closed and bounded since they
are compact and since the function d is a metric defined on X, the distance between them is positive
and finite. The triangle inequality is obtained by first showing that d(A,B) ≤ d(A,C) +d(C,B).[1]
For any a ∈ A, b ∈ B, and c ∈ C,

d(a,B) = min{d(a, b)}
≤ min{d(a, c) + d(c, b)}
= d(a, c) + min{d(c, b)}

d(a,B) ≤ min{d(a, c)}+ max{min{d(c, b)}}
= min{d(a, C) + d(C,B)}

d(A,B) ≤ d(A,C) + d(C,B)

So

h(A,B) = max{d(A,B), d(B,A)}
≤ max{d(B,C), d(C,B)}+ max{d(A,C), d(C,A)}
= h(B,C) + h(A,C)
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This is helpful to know since now we can say that “the space where fractals live” is indeed a
metric space which will make analysis of dynamics on fractals much simpler. Now we will show
that fractals do indeed reside in H(X).

3 Iterated Function Systems

Now we have built up enough theory in order to discuss how fractals are actually produced. They
arise from iterated function systems which will be the focus of this section. We will first give some
definitions and examples and then present two algorithms for making fractals before moving the
main result which is the Collage Theorem. This will provide us with a number of ways of visualizing
fractals.

3.1 Definitions

Definition 10. An iterated function system (IFS) consists of a complete metric space (X, d)
together with a finite set of contraction mappings wn : X → X with respective contractivity factors
sn, for n = 1, 2, . . . ,m. We will denote this system as {X;wn, n = 1, 2, . . . ,m} and its contractivity
factor s = max{sn : n = 1, 2, . . . ,m}.

We will give an example shortly, but first, the following fixed-point theorem is the key to finding
a deterministic (non-random) algorithm for producing fractals.

Theorem 3. Let {X;wn, n = 1, 2, . . . , N} be an IFS with contractivity factor s. Then the trans-
formation W : H(X)→ H(X) defined by

W (B) =
n⋃
i=1

wi(B)

for all B ∈ H(X), is a contraction mapping on the complete metric space (H(X), h(d)) with con-
tractivity factor s. That is,

h(W (B),W (C)) ≤ s · h(B,C)

for all B,C ∈ H(X). Its unique fixed point, A ∈ H(X), obeys

A = W (A)

and is given by A = limn→∞W
◦n(B) for any B ∈ H(X).

This theorem states that the union of all the contraction mappings of an IFS is also a contraction
mapping, and then characterizes its fixed point or attractor as the infinite composition of the union
of all of the contraction maps in the IFS. This also provides a subtle justification for H(X) being
the space where fractals live. Since the attractor of an IFS is in H(X), and the attractor of an IFS
is a fractal, we have that fractals are compact subsets of the metric space in which they reside, and
so H(X) is truly the space where fractals live.

Example 3.1. Consider the IFS {R;w1, w2} in X = (R,Euclidean) where w1(x) = 1
3
x and w2(x) =

1
3
x+ 2

3
. It should be clear that the contractivity factor of the whole IFS is 1

3
by using the definition

given above and noticing that the contractivity factors of both w1 and w2 are each 1
3
. Now if we
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B0
B1
B2

Figure 8: The first few iterates of the Cantor set as defined by an IFS.

let B0 = [0, 1] ∈ H(X) and let Bn = W ◦n(B0), we can see in Figure 8 what happens at B0, B1, and
B2. Explicitly,

B0 = [0, 1]

B1 =

[
0,

1

3

]
∪
[

2

3
, 1

]
B2 =

[
0,

1

9

]
∪
[

2

9
,
1

3

]
∪
[

2

3
,
7

9

]
∪
[

8

9
, 1

]
...

Which we compute directly from Theorem 1. To find the attractor (fixed point) of this IFS, we
recall that the attractor is defined as A = limn→∞W

◦n(B). So in our case, A is the classical Cantor
set. This makes sense on a certain level because all the points in H(X) are (compact) sets. Note
also that the Cantor set as we have drawn it is a fractal in the sense that no matter where you
look in the picture, you will always see a larger block, followed by 2 blocks with their middle third
removed and so on.

Now we state an idea that will be integral in characterizing fractals later. This is the idea of
essentially being able to get from one point in a set to another, or connectedness.

Definition 11. A metric space (X, d) is connected if the only two subsets of X that are simul-
taneously open and closed are X and ∅. A subset S ⊂ X is connected if the metric space (S, d) is
connected. S is disconnected if it is not connected. Further, S is totally disconnected provided
that the only non-empty connected subsets of S are subsets consisting of single points [1]

For our purposes, it will be most useful to rephrase this as,

Definition 12. A set is connected if it cannot be partitioned into the union of two non-empty open
subsets [3]

So for example, any real interval is connected, but any union of disjoint intervals is not. We will
see this applied to IFS soon, but for now, we simply provide the definition.

3.2 Making Fractals

In this section, we will talk about how to generate fractals, which are the attractors of iterated
function systems, using first a deterministic algorithm and then a heuristic one. For making fractals
in R2, we can simply use any number of affine contraction maps wi of the form(

a b
c d

)(
x
y

)
+

(
e
f

)
It will be helpful to view these mappings in a table like the following:
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Figure 9: The first six iterates of the IFS for the Sierpinski Gasket (kosbie.net)

w a b c d e f
1 .5 0 0 .5 0 0
2 .5 0 0 .5 1 0
3 .5 0 0 .5 .5 1

This table corresponds to the IFS for creating a Sierpinski triangle (Figure 9). By altering these
numbers, one can easily create a vast array of interesting fractals by following the Mathematica
algorithm outlined in the appendix. The nice thing about writing the deterministic one in Mathe-
matica is that it reads almost exactly how Theorem 1 stated these attractors are formed. We can
see what is happening in the picture with the Sierpinski triangles by outlining the algorithm:

1. Start with a black triangle

2. Take the union of 3 transformations: scale towards the origin (w1), scale and translate right
(w2), scale and translate up diagonally to the right w3

3. Repeat on each of the unioned sets

Note another possibility for us that was not employed in this example would be to rotate the
image for each iteration. This would simply amount to adding non-zero values to the b and c
columns. Additionally, we could add more rows to have more contraction maps and more columns
to push the IFS into higher dimensions. So this table notation is very useful for generalizing IFS.

A slightly more interesting example of an algorithm that we can use to generate attractors of
IFS is a heuristic (random) algorithm. For this, we add additional column to the IFS table. This
column will represent the probability that we apply a particular transformation from the IFS. So
for the fern fractals in Figures 10 and 11, we have the following table which can be further explored
in the appendix.
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w a b c d e f p
1 0 0 0 .16 0 0 .01
2 .2 -.26 .23 .22 0 1.6 .08
3 -.15 .28 .26 .24 0 .44 .15
4 .85 .04 -.04 .85 0 1.6 .76

Figure 10: A fern fractal randomly generated
with 1000 points plotted

Figure 11: The same with 10000 points plot-
ted

The probabilities can be chosen arbitrarily, but you will get variable performance depending on
what you choose. The author gives a general rule of thumb for choosing the probabilities:

pi ≈
| detAi|∑N
i=1 | detAi|

Where Ai is the matrix corresponding to the contraction mapping wi. This is similar to weighting
the probabilities based on the magnitude of the contraction factor for wi. It is important to note
however that as long as the probabilities add to 1, the algorithm will still converge to the attractor.
This is the main result of the paper and will proven later.

Now we present the most useful theorem in the production of fractals, the Collage Theorem.
The Collage Theorem allows us to approximate a given set of points with an IFS. It is ultimately
allowing us a way to measure the distance between the attractor of an IFS and the set we’re trying
to approximate.

Theorem 4 (Barnsley). Let (X, d) be a complete metric space. Let L ∈ H(X) be given and let
ε ≥ 0. Choose and IFS {X;w0, w1, . . . , wn} with contractivity factor s so that

h(L,
n⋃
i=0

wi(L)) ≤ ε

where h(d) is the Hausdorff metric. Then

h(L,A) ≤ ε/(1− s)

Where A is the attractor of the IFS. Equivalently,

h(L,A) ≤ (1− s)−1h(L,
n⋃
i=0

wi(L)) ∀L ∈ H(X)
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This theorem is a bit notationally heavy, so I will provide an explanation. We have a set L
which we wish to approximate with the attractor of some IFS that we choose, {X;w0, w1, . . . , wn}.
Then we can say that the distance (Hausdorff) between L and the attractor A, is less than ε/(1−s)
where s is the contractivity factor of the IFS. So essentially, it says how close we can approximate
a given set with a fractal. In order to prove this, we need to show that if (X, d) is a complete
metric space, and if f : X → X is a contraction mapping with contractivity factor s and fixed point
xf ∈ X, then

d(x, xf ) ≤ (1− s)−1d(x, f(x)) for all x ∈ X

Proof.

d(x, xf ) = d(x, lim
n→∞

f ◦n(x)) = lim
n→∞

d(x, f ◦n(x))

≤ lim
n→∞

n∑
m=1

d(f ◦(m−1)(x), f ◦m(x))

≤ lim
n→∞

(d(x, f(x)) + sd(x, f(x)) + · · ·+ sn−1d(x, f(x)))

= lim
n→∞

d(x, f(x))(1 + s+ · · ·+ sn−1)

And then using the identity for the geometric series, we get that

d(x, xf ) ≤
d(x, f(x))

1− s

Stated in another way, the theorem says that in order to find an attractor that is like a given
set, L, we must find a set of transformations such that the union (collage) of the images of the given
set under the transformations is near the given set with respect to the Hausdorff metric. That is,
it facilitates the task of finding an IFS for which a particular set is the attractor. Now we will give
an easy example and then move on to more complex and interesting consequences.

Example 3.2. We will defiie the IFS I = {[0, 1];w1, w2} such that w1([0, 1]) = [0, 1/3] and
w2([0, 1]) = [1/3, 1]. Note that [0, 1] = [0, 1/3]∪[1/3, 1] and so [0, 1] = w1([0, 1])∪w2([0, 1]). Because
of this, the Collage theorem tells us that [0, 1] is the attractor for I. For instance, w1(x) = 1

3
x and

w2(x) = 2
3
x + 1

3
would work as an explicit IFS in this case. This is true because we choose an IFS

with w1 and w2 as contraction mappings such that h([0, 1], w1([0, 1]) ∪ w2[0, 1]) = 0 ≤ ε for any
ε ≥ 0. Then, letting A be the attractor of the IFS, the theorem says that h([0, 1], A) ≤ ε

1/3
= 3ε = 0.

So the attractor of our IFS is exactly [0, 1].

A theoretical application of the Collage Theorem is an alternative proof of the Pythagorean
theorem [1].

Proof. In Figure 1 we take the original triangle with sides a, b, c and apply two similitudes, the
union of which results in the white and black triangles. The contractivity factor of these would be
b/c for the white triangle and a/c for the black one. These are clearly both less than 1 since the
hypotenuse of a right triangle is the longest side. Now by the collage theorem, since the union of
these contractions is the original triangle, the area of the original triangle A = (b/c)2A + (a/c)2A
and it follows easily that a2 + b2 = c2 since A > 0.
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a

b

c

Figure 12: Proof of the Pythagorean Theorem using the Collage Theorem

We can, of course, also use the collage theorem to approximate the IFS of a given fractal.
Consider the Sierpinski triangle that we have been using as our canonical example. Since there
are three distinct sections after the first iteration of the algorithm, from the Collage Theorem we
know that there are three mappings in the IFS. By further examination, we can approximate the
contractivity factors and translations and thus have a pretty good guess at what the initial IFS was.
As an example of approximating a set with the attractor of an IFS using the Collage Theorem, see
Figures 13 and 14. In these figures, we chose an IFS with nine contraction maps to send the
entire word from the first figure into each section of the letters in the second one. The maps were
arbitrarily chosen according to what I thought would be aesthetically pleasing. It should be clear
that we are approximating the initial set of letters on the left with the attractor (only one iteration
is shown here) on the right.

Figure 13: The word before the collage the-
orem is applied

Figure 14: After one application of the col-
lage theorem

Now that we have defined multiple algorithms for generating iterated function systems and their
attractors, we can move on to characterizing points in the attractor of an IFS which will allow us
to study dynamical systems on them.
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4 Addresses of Points

Using the notation of the IFS, we can assign addresses to each of the points within final fractal.
Because every point in the attractor of an IFS is an infinite composition of finitely many contraction
mappings, any point in the attractor has an infinite string of compositions as its address of the form
x = wa1wa2 · · · . This mapping from points in the attractor to the addresses corresponding to each
point is referred to as the code space corresponding with the IFS.

Definition 13. The code space Σ on N letters, where N is a positive integer and the letters are
{0, 1, 2, . . . , N − 1}, is the space whose points consist of all the infinite strings x = x1x2x3 . . . and
has a metric defined as

d(x, y) =
∞∑
i=1

|xi − yi|
(N + 1)i

For instance, in the Sierpinski triangle pictured in Figure 15, which was formed by the contraction
mappings

w1 =

(
.5 0
0 .5

)(
x
y

)
, w2 =

(
.5 0
0 .5

)(
x
y

)
+

(
0
.5

)
, w3 =

(
.5 0
0 .5

)(
x
y

)
+

(
.5
0

)
,

the circled triangle would have address 121 because it is formed by w1(w2(w1(A))) where A is
the original triangle. Not every point in the attractor need have a unique address. Again, in the
Sierpinski triangle, we can see that the boundary points (in green) of the 3 triangles with addresses
12,13 and 23 have at least two addresses since w1 ∩w2 is non-empty and so is w1 ∩w3 and w2 ∩w3.
Namely we could get the left-most green point by choosing the addresses 12 or 31. But since these
intersections share only a single point, we say that this IFS is “just touching.” The reason we say
that the IFS is “just touching” and not the attractor is that we could redefine the IFS so that the
attractor is totally disconnected (every point in the attractor has a unique address) or overlapping
(there exist points in the attractor which have an infinite number of addresses). This means that
there are multiple IFS with the same attractor. As an example, consider the iterated function
systems

{[0, 1];w1(x) = .5x,w2(x) = .5x+ .5}

and
{[0, 1];w1(x) = .5x,w2(x) = .75x+ .25}

We showed previously that the first IFS is just touching and by the Collage Theorem, its attractor is
[0,1]. For the second though, observe that w1([0, 1]) = [0, .5] and w2([0, 1]) = [.25, 1]. Again by the
Collage Theorem the attractor is [0, 1], but in this case, the intersection of w1 and w2 is significant
and we say that this IFS is overlapping.

Our ultimate goal will be to show that there is a bijection from the code space to our attractor
if the attractor is totally disconnected, thus showing that every point in the attractor has exactly
one address in this case. To do this, let us first define what the code space associated with an IFS
is.

Definition 14 (Barnsley). Let {X;w1, w2, . . . , wN} be an IFS. The code space associated with
the IFS, (Σ, dC) is defined to be the code space on N symbols {1, 2, . . . , N}, with metric

dC(ω, σ) =
∞∑
n=1

|ωn − σn|
(N + 1)n

for all ω, σ ∈ Σ
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Figure 15: A Sierpinski triangle with multiply addressed points in green.

To prove that the mapping is continuous and onto would require much more work in real analysis,
and since this is not a project in analysis, we shall state this fact without proof. The mapping is not
however necessarily 1-1. Attractors can be just-touching where the intersection of maps share finitely
many common points or even overlapping where intersections share uncountably many points thus
clearly not being 1-1. There is a beautiful characterization for totally disconnected attractors:

Theorem 5 (Barnsley). Let {X;wn, n = 1, 2, . . . , N} be an IFS with attractor A. The IFS is totally
disconnected if and only if wi(A) ∩ wj(A) = ∅ ∀i, j ∈ {1, 2, . . . , N}i 6= j.

Proof. If the IFS is totally disconnected, then every point in the attractor has a unique address, so
wi(A)∩wj(A) = ∅ else some point would have multiple addresses. We will prove the contrapositive
of the other direction. If the IFS is not totally disconnected, then there exists some point in the
attractor with multiple addresses. This means that there exist two sequences x = x1x2 . . . and
y = y1y2 . . . of wi that map to the same place. These two sequences must be different at some finite
index k and this will give us the mappings wl and wm such that wl(A) ∩ wm(A) 6= ∅.

This result makes it very easy for us to determine if an attractor is totally disconnected or not
and thus whether or not the map to code space is bijective since we only have to look at the first
iteration of the IFS. Unfortunately there is no such nice statement for just-touching or overlapping
attractors. As an example to this characterization for totally disconnected IFS, we can consider the
classical Cantor Set from the previous example. See figure 8 for an easy visualization.

Example 4.1. The Cantor Set is generated by the IFS {[0, 1];w1 = 1
3
x,w2 = 1

3
x + 2

3
}. Since the

intersection of the images w1([0, 1]) = [0, 1
3
] and w2([0, 1]) = [2

3
, 1] are clearly disconnected, the

Cantor set is totally disconnected.

Now we move on to the notion of periodicity in the address of a point.

Definition 15. Let {X;w1, w2, . . . , wn} be an IFS with attractor A. A point a ∈ A is called a
periodic point of the IFS if there is a finite sequence of numbers {σ(n) ∈ {1, 2, . . . , N}}Pn=1 such
that

a = wσ(P ) ◦ wσ(P−1) ◦ . . . ◦ wσ(1)(a)
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If a ∈ A is periodic, then the smallest integer P such that the latter statement is true is called the
period of a.

This is basically saying that a point is periodic if we can apply a finite sequence of the wn to it
and land in precisely the same location. We will say that if the address to a point in an attractor is
periodic, then it is a periodic address and if it is periodic after some initial maps are removed, then
it is eventually periodic. For example, x = 1212 is periodic whereas y = 1231010 is eventually
periodic. One way to think about these points is that any rational number can be expressed as a
periodic point and any irrational number cannot. This is most easily seen for the code space on 10
symbols since this is essentially the real numbers in base 10.

This idea of periodicity of points is very relevant to our study of dynamical systems as we will
see. In fact, the first few definitions are almost verbatim those for code space.

5 Dynamical Systems

We move from talking purely about iterated function systems and their attractors to applying them
in the theory of dynamical systems. Looking at dynamical systems and chaos will allow us to
eventually prove that the random iteration algorithm actually produces the entire attractor of a
given IFS. In the beginning, we will talk a lot of how to visualize dynamical systems and how to
trace points in them over time. Then we will move to describing special cases which will be of most
interest to us and make a remarkable connection between dynamical systems theory and iterated
function systems theory. Finally, we will end with a brief section on chaos and a proof of the random
iteration algorithm. The notation here comes largely from [1].

5.1 Introduction and definitions

We start with what a dynamical system actually is and how to define the orbit of point, which is
simply the path it takes through the system.

Definition 16. A dynamical system is any transformation f : X → X on a metric space (X, d).
We will denote this {X; f}, and the orbit of a point x ∈ X is the sequence {f ◦n(x)}∞n=0.

The definition for a dynamical system is very general and as such, there are a great number of
things that qualify as a dynamical system. For example, our favorite transformation {R2, A~x +~b}
where A is a 2× 2 matrix and x and b are vectors, is a dynamical system since it maps R2 → R2,
which is a metric space. Next we talk briefly about when points have periodic orbits.

Definition 17. Let {X; f} be a dynamical system. A period point of f is a point x ∈ X such
that f ◦n(x) = x for some n ∈ N. The minimum such n is called the period of x. The orbit of a
periodic point is called a cycle of f .

This definition simply says if some point eventually returns to its original position at some point
in its orbit, then it is periodic. This is a weaker requirement than what we typically think of periodic
functions like the sine function which returns to every point in [−1, 1] an infinite number of times
in the domain of R.

Next we will see the importance of fixed points in dynamical systems as we saw their importance
in IFS theory previously. Recall that the notation B(xf , ε) denotes the ball of radius ε centered
at xf . That is the set of points of equal distance ε from xf where distance is relative to whatever
metric we are using.
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Definition 18. Let {X; f} be a dynamical system and let xf ∈ X be a fixed point of f . The point
xf is called an attractive fixed point if there is a number ε ≥ 0 so that f maps the ball B(xf , ε)
into itself and f is a contraction mapping on B(xf , ε). It is a repulsive fixed point of f if there
are numbers ε ≥ 0 and C > 1 such that

d(f(xf ), f(y)) ≥ Cd(x, y) ∀y ∈ B(xf , ε).

This definition is lighter than it looks. Essentially, we are saying that a fixed point of f is
attractive if f brings points closer to it and repulsive if it pushes them away. Notice that the
definition of a repulsive fixed point is essentially the opposite of the definition of a contraction
mapping. To make things more clear, we give an example of such repulsive and attractive points.

Example 5.1. An easy example is to consider the dynamical system {R, .5x} which has an attrac-
tive fixed point at 0 and {R, 2x} which has a repulsive fixed point at 0. These can be visualized
in Figures 16 and 17. In Figure 16, each nesting of f brings the intervals closer to 0 (noted by
deceasing thickness of tick marks), whereas in Figure 17, nesting f takes the intervals farther and
farther away.

a bf(a) f(b)f(f(a)) f(f(b))

0

Figure 16: The ball around 0 getting succes-
sively smaller

f(f(a)) f(f(b))f(a) f(b)a b

0

Figure 17: The ball around 0 getting succes-
sively larger

One easy way for us to visualize orbits of points in a dynamical system and to see qualitatively
which fixed points are attractive and which are repulsive, is to create web diagrams. These diagrams
recursively map points from the line y = x to whatever function is defined in our dynamical system
and back to the line again. An example with f(x) = x(x−1) can be seen in Figures 18, 19, 20. The
orbit of the initial point appears as the sequence of points where the horizontal and vertical lines
intersect the line y = x. The results after iterating 20 times can be seen in Figure 20 which shows
that the fixed point at the top (where the liney = x intersects the curve) seems attractive since the
points on the line y = x are getting closer to the fixed point, or at the least orbiting around it.

5.2 The Shift Automorphism

We will now talk about the most important dynamical system for our purposes, the shift auto-
morphism (also called the shift map and shift transformation). This will play a major role in
discovering the chaotic nature of fractals and will give us an intuitive way to compute orbits of
points in an attractor more easily.

Definition 19. Let {X;wn, n = 1, 2, . . . , N} be a totally disconnected IFS with attractor A. The
shift transformation on A is the transformation S : A→ A such that

S(a) = w−1n (a) a ∈ wn(A)

Essentially the shift transformation just shaves off the first character of a string in code space.
Remember that each point in an attractor of a totally disconnected IFS can be represented uniquely
by an address from code space. For instance, a point with address 10011 . . . becomes 0011 . . . after
the shift is applied to it. It is interesting to see what this does as a dynamical system on a fractal,
but first we prove that this transformation is indeed an automorphism.
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Figure 18: The first iteration of the web di-
agram

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

Figure 19: The second iteration

Lemma 1. Let {X;wn, n = 1, 2, . . . , N} be an IFS with attractor A. If the IFS is totally discon-
nected, then for each n, the transformation wn : A→ A is 1-1.

Proof. Recall first that there is an onto and continuous map from code space to the attractor of
an IFS, so we can work in terms of addresses of points on our attractor. So let a1, a2 ∈ A and
wn(a1) = wn(a2) = a. Now let σ and τ be the addresses for a1 and a2 respectively. Then we have
that a has 2 addresses nσ and nτ but this is impossible since A is totally disconnected, thus the
map is 1-1.

An earlier result showed that wn is also onto, so our claim that taking the inverse as we do in
the definition of the shift transformation is actually well-defined, is validated. Now consider the
dynamical system {A, S} where A is the attractor of the totally disconnected IFS{

R2;

(
.49 0
0 .49

)(
x
y

)
,

(
.49 0
0 .49

)(
x
y

)
+

(
1
0

)
,

(
.49 0
0 .49

)(
x
y

)
+

(
.5
1

)}
and S is the shift transformation. Notice that we have defined the contractivity factor to be .49 here
instead of .5. This is because the Sierpinski triangle with contractivity factor .5 is just touching,
and we need it to be totally disconnected for our example. We can easily investigate the orbit of
a point in this dynamical system which is depicted in Figure 21. Here, we take an initial point on
the Sierpinski Triangle, 1232, and apply the shift transformation until we reach a stable periodic
orbit which puts us at point 2. It should be clear that we are denoting transformations 1,2 and 3
as they are listed in the definition of the IFS. Note that if we pick an initial point with a periodic
address, the orbit will be periodic with the same period as the address.

5.3 Density

We now take a minor sojourn from dynamical systems in order to talk about another topo-
logical concept called density. This will be important in characterizing overlapping IFS and
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Figure 20: The result after 20 iterations

1232
232

32

2

Figure 21: The orbit of a point under the shift map on a Sierpinski Triangle.
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in proving that the random iteration algorithm. First recall that the closure of a set, X, is
X ∪ {all of its limit points}. That is, the closure makes any set a closed set.

Definition 20. Let (X, d) be a metric space. A subset B ⊂ X is said to be dense if the closure of
B equals X. A sequence {xn}∞n=0 of points in X is dense in X if for each point a ∈ X, there is a
subsequence {xσn}∞n=0 that converges to a.

The big idea of this definition is that a set D is dense in another set S if every point in D
is arbitrarily close to some point in S. An example of a dense set is Q in R. The rationals are
dense in the reals because any irrational number can be arbitrarily closely approximated by a
rational number, and the reals can be partitioned into the rationals and irrationals. Informally,
we can show this by considering the decimal representation of any irrational number. For instance
π ≈ 3.14159 . . ., but we can get arbitrarily close to approximating π by tacking on more and more
decimal values to our rational approximation.

The reason we care about density is that we can show that there exists a point in the attractor
of an IFS whose orbit is dense in the attractor under the shift map. That is, there is some point
which, when the shift map is applied to it, will eventually come arbitrarily close to every point in
the attractor, which means it will essentially form the whole attractor. This is extremely important
and will be the key to proving the correctness of the random iteration algorithm, so be sure to
understand this fully. To form such a point in the attractor, consider the union of all eventually
periodic points of length 0, 1, 2, . . . in the attractor of an IFS. In a 2-symbol code space (which is
analogous to a 2-map IFS), these points would look like

Pre-Period Length Address
0 0
0 1
1 10
1 01
2 100
2 010
2 110
2 000
...

...

Now we want to concatenate all of these addresses, and since this is a countable union of countable-
length addresses, the concatenation of all these will also be countable and hence is just another
admissible address. We can see that this point becomes arbitrarily close to any other point in the
attractor under the shift transformation because it contains every periodic string. That is, this is
the binary analogue of finding a rational approximation to an irrational number in standard base
10. Apart from simply being a neat result, this is showing that there exists a deterministic (non-
random) algorithm which generates the attractor of a given IFS. The next step will be to say, given
a random string from the code space of an attractor, can an algorithm be implemented that gives
the same result? The answer is yes but there is more work to be done before a proof will be within
reach.

5.4 Chaos

Chaos is a quality that some dynamical systems have that essentially captures the tendency for
points in the dynamical system to move away from each other. There are a few criteria for a system
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to be considered chaotic. We will step through these criteria one by one before presenting the actual
definition of chaos.

Definition 21. A dynamical system {X; f} is transitive if, whenever U and V are open subsets
of the metric space (X, d), there exists an integer n such that

U ∩ f ◦n(V ) 6= ∅

So a dynamical system is transitive if given any two open subsets of its related metric space, the
orbit of one of those open subsets eventually overlaps with the other. For example, if we consider
the dynamical system {[0, 1]; 2x}, the transformation doubles the length of any open interval in [0, 1]
on each successive iteration and so it will eventually intersect with any other specified interval. The
next important property is that of sensitivity to initial conditions.

Definition 22. A dynamical system {X; f} is sensitive to initial conditions if there exists δ > 0
such that for any x ∈ X and any ball B(x, ε) for ε > 0, there is a y ∈ B(x, ε) and a non-negative
integer n such that d(f ◦n(x), f ◦n(y)) > δ.

This essentially states that any two points in the dynamical system move apart at some point.
Note that they don’t always have to be moving apart, rather at some point in their orbits, the
distance between them is increasing. This is similar to our definition of a repulsive fixed point, and
the picture in 17 serves an equivalent purpose here if we consider the example of such a dynamical
system {[0,∞), 2x}. This is because any 2 points in this system will diverge at any location. This
can easily be seen by the fact that the orbit of two points starting at initial positions a and b are
{2k(a)}∞k=0 and {2k(b)}∞k=0 respectively which clearly diverge from each other. On the other hand,
the dynamical system {[0,∞), .5x} is not sensitive to initial conditions since it is a contraction
mapping, so by definition, any two points get closer and closer together on each successive iteration
of the function and they are all getting pulled to 0, the attractive fixed point.

Now we are ready to define what it means for a system to be chaotic.

Definition 23. A dynamical system {X; f} is chaotic if

1. it is transitive

2. it is sensitive to initial conditions

3. the set of periodic orbits of f is dense in X

The importance of the item (3) becomes apparent when we consider the dynamical system of
the corresponding code space and shift map of the attractor of an IFS. In this case, the periodic
orbits of the shift map being dense in the attractor essentially means that there exists a point (or
more) that, upon repeated application of the shift map, will trace out the entire attractor, thus
validating a deterministic algorithm for producing attractors of IFS in this way. This is assuming
of course that we pick a valid point to begin with. Now we will prove a very important theorem
that ties together the ideas of chaos, dynamical systems, code space, and iterated function systems.

Theorem 6. The shift dynamical system associated with a totally disconnected IFS of two or more
transformations is chaotic.
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Proof. First we prove that the shift dynamical system {Σ;T}, where Σ is the code space of N
symbols and T is the shift automorphism, is chaotic. We proved previously that the set of periodic
orbits was dense in Σ since those points correspond to the “rational” points in the space and the
rationals are dense in the reals. The system {Σ;T} is also sensitive to initial conditions. This is
because if we consider a point in code space x = x1x2 . . . and some other point in the ball B(x, ε)
which we will call y = y1y2 . . ., their first n symbols will match where 1

2n
< ε and so as we apply

the shift map, their orbits will be equivalent after n iterations, but after that, they must become
farther apart at some point. Finally transitivity follows from the density of the periodic points in
the attractor. Because the orbit of every periodic point gets arbitrarily close to any other point, it
follows that the orbit of any open set will eventually intersect any other given open subset of the
metric space. Finally, we know that the shift dynamical system associated with an IFS is equivalent
(there is a bijection between them) to the shift dynamical system on the corresponding code space
if the IFS is totally disconnected, so we can conclude that because the code space dynamical system
is chaotic, so is the IFS.

Now that we have this result, we can move on to the proof of the accuracy of the Random
Iteration Algorithm.

6 The Random Iteration and Escape Time Algorithms

6.1 The Random Iteration Algorithm

Recall that the random iteration algorithm is a process we used to create the attractor of any
IFS. We essentially took an arbitrary point in the attractor, assigned probabilities to each of the
contraction maps in the IFS and followed the orbit of our initial point as we randomly applied these
maps to it. At first it’s very hard to see why this would create the attractor of the IFS. We will
try to provide intuition in two different ways. One observation you may make is that this process
of the random algorithm is very similar to the shift map. That’s because this is exactly what it is.
First note that randomly applying maps to an initial point is equivalent to starting with a random
point and and applying the shift map to it and shaving maps off. If we start with this random
point in the attractor that has a really long address by human standards, say a million digits long,
we very closely approximate a periodic point in the attractor. Now, we know from what we proved
in the previous section that the shift map is chaotic and so its set of periodic orbits is dense in the
attractor. So we may approximate the attractor by choosing such a point and applying the shift
map repeatedly.

The second way to think about this is something that requires more background in statistics
and probability theory to actually prove, but is not that hard to believe. The random iteration
algorithm is essentially forming a random sequence of numbers as it progresses. If this probability
distribution is uniform, it can be shown that eventually, every possible subsequence of these numbers
occurs in the full sequence. That means that every possible address in the attractor is contained in
the sequence formed by the algorithm and so the orbit of the initial point will eventually hit every
point in the attractor.

Finally, we will leave with a different way of producing fractals. We will not prove why this
works, but merely explain how. The method is called the escape time algorithm [1]. Instead of
applying contraction mappings as we did with IFS like{
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Figure 22: The Sierpinski triangle

we sequentially apply the inverse of those maps so that we have a system of expansionary maps.
The amazing thing is, iterating these expansionary maps gives rise to the same attractor as with
the contraction maps. That is, the orbits of all points not in the attractor of the initial IFS will
diverge to infinity, whereas the orbits of the points in the attractor will converge. This method also
provides useful visualizations for fractals since we can color them based on how many iterations of
the algorithm were required before it diverges. This is how the famous Mandelbrot set is produced.

6.2 The Escape Time Algorithm

Finally, we reach the last of the algorithms we shall implement. The escape time algorithm takes
an IFS and inverts each of the contraction maps so that they are now expansionary maps. Of
course in general, the orbit of a point under these expansionary maps will not converge like the
contractionary ones. However if we count the number of iterations of the algorithm it takes before
the orbit “escapes”. That is, count how long it takes for the orbit to be so far away from the
attractor that it is clearly not coming back, we get some very interesting results. Figure 22 gives an
example of this algorithm applied to the Sierpinski triangle IFS. It still produces the same attractor,
but in color. The color tells us how long it took for that particular pixel to escape. Darker colors
mean less escape time. This picture gives us a better understanding of how the dynamics of the
system behave. It shows just how sensitive to initial conditions the system is by noting the complex
geometry produced by such a simple algorithm. It is very intriguing to note that both contraction
mappings and their inverse expansionary maps form the same attractor. The reason for this is
slightly beyond the scope of this project, but would have been explored given more time. More on
the code is given in the appendix.

We can apply the escape time algorithm in a number of contexts to get very interesting and
visually pleasing results. Of course we can apply it to any of the examples given in the paper so
far, but we can also change the rules of the algorithm a bit and obtain pictures that tell different
stories. For example, if we apply newton’s method to the complex polynomial f(z) = z3− 1, z ∈ C,
at a number of initial positions, and record to which root of unity the algorithm converges and color
the point accordingly, we get the picture in Figure 23. Notice that the algorithm readily converges
to the nearest root when our initial point is already near it, but at the points nearly equidistant
from the other roots, we get very complex behaviour. Aside from being an additional example
of the escape time algorithm, it also tells us how reliable Newton’s method is for this particular
polynomial.
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Figure 23: Fractal created using newton’s method

7 Conclusion

From humble beginnings in affine transformations and basic notions of metric spaces, we have built
a fairly solid foundation for the theory of iterated function systems and shown multiple ways that
fractals can be produced. We showed that attractor of any iterated function system is a fractal and
that it can be produced by randomly applying maps to random points with probability 1. There are
so many other interesting facts about fractals that we were not able to cover in one semester and
which would make great extensions to this paper. Arguably, one of the most interesting applications
is image compression. Barnsley patented fractal image compression and it would be fascinating to
review the theory enough in order to implement the algorithm from first principles [1]. Other
applications include computer graphics modeling like landscapes and even biological modeling in
the form of `-systems. In the appendix, I have provided all of the code used to create the figures
in this paper and provide a cursory overview of an additional algorithm that we did not cover in
depth during the project, but is worth mentioning since it is a way to produce many more beautiful
fractals.

It is my hope that you no longer think of fractals as esoteric anomalies of mathematics that have
no other applications than to look cool. Fractals are everywhere in nature if you look closely, and
recognizing this gives one a deep appreciation for beauty of mundane objects such as ferns or cliffs.
They are all fractals, and although some seem to lack any intrinsic symmetry, they all have some
order in them imposed by the natural chaos that arises in their construction. And as such, through
the chaos of creating such patterns, we have a global structure that can be closely approximated by
computers; machines that run in a perfectly procedural way, governed by very specific rules. This
is truly amazing and I hope this inspires the reader to go out into the world of fractals to find new
examples that are beautiful and exciting.

“Clouds are not spheres, mountains are not cones, coastlines are not circles, and bark
is not smooth, nor does lightning travel in a straight line.” -Benoit Mandelbrot 1982
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8 Appendix

The code to generate the Sierpinski Triangle in Figure 15 is written in Mathematica.

w1[x_] := (Translate[Scale[x, .5], {0, .5}]);

w2[x_] := Scale[x, .5];

w3[x_] := (Translate[Scale[x, .5], {.5, 0}]);

W[a_] := Union[{w1[a], w2[a], w3[a]}];

Graphics[{Nest[W, Polygon[{{0, 0}, {0, 1}, {1, 0}}], 3], Red, Thick,

Circle[{1.05, .8}, .0825], Green, PointSize[Large],

Point[{{.75, 1.25}, {1.25, .75}, {1.25, 1.25}}]}]

Here, w1, w2, and w3 are the contraction mappings specified in the IFS and W is the union of the
3 as specified in Barnsley’s fixed point theorem for IFS. We then plot the results of {W (A0),W (W (A0)),W (W (W (A0)))}
on a triangle specified by the Polygon function. This can be done for an arbitrary number of itera-
tions, but anything more than 10 is insignificant.

Now the Matlab code for the randomly generated fern in Figure 11:

NumOfPts = 10000;

iterations = 50;

pts = zeros(NumOfPts,2);

for j = 1:NumOfPts

x = rand(1);

y = rand(1);

for i = 1:iterations

p = rand(1);

if p < .01

xn = 0;

yn = .16*y;

x = xn;

y = yn;

elseif p < .08

xn = .2*x-.26*y;

yn = .23*x+.22*y+1.6;

x = xn;

y = yn;

elseif p < .15

xn = -.15*x+.28*y;

yn = .26*x+.24*y+.44;

x = xn;

y = yn;

else

xn = .85*x+.04*y;
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yn = -.04*x+.85*y+1.6;

x = xn;

y = yn;

end

end

pts(j,1) = x;

pts(j,2) = y;

end

xs = pts(:,1);

ys = pts(:,2);

plot(xs,ys,’.’)

axis([min(xs)*1.5,max(xs)*1.5,min(ys)*1.05,max(ys)*1.05]);

In this algorithm, we choose the number of points to plot and iterations we will go through. Then
choose an arbitrary point to start from (x=rand(1)). We then select a probability at random
(p=rand(1)). At this point, we split our IFS into four parts. This means there are four contraction
mappings required to obtain that image. Our first contraction, which we use with probability 1% is

of the form

(
0 0
0 .16

)(
x
y

)
+

(
0
0

)
and so we map the x and y we chose earlier to the location

after this transformation. This is done until we have plotted all 10000 points. It is following exactly
what our fixed point theorem about iterated function systems said, but adding in the additional
probability of which mapping to use.

This is the Mathematica code for generating as many iterations of a web diagram with this
particular function f(x) = x(1− x) that you desire

Segments[r_, x0_, its_] := Module[

{l = NestList[r # (1 - #) &, x0, its]},

Partition[Flatten[Transpose[{l, l}]], 2, 1]

]

p2 = Partition[Segments[3.741, .2, 20], 2, 1];

Table[Plot[{3.741 x (1 - x), x}, {x, 0, 1},

Prolog -> MapIndexed[{Line[#]} &, Take[p2, i]],

AspectRatio -> Automatic

], {i, Length[p2]}];

The Module function is just to define local variables within the function and we partition the
sequence of points that hit the line y = x so that we can draw lines between them in the third
segment.

The following is Python code for the escape time algorithm seen above. We first specify the size
of the region (500× 500) and set a tolerance (circle of radius

√
200 which was an arbitrary choice),

and the number of iterations to do for each point. We then partition the region according to which
map we will apply if the orbit lands there. In this case, we assign the map exactly as intuition
would suggest for the shift automorphism. If the orbit is in the lower right large triangle, apply the
inverse of that map, if it is near the one touching the origin, apply the inverse of that one and so
on. We calculate this orbit for each pixel and plot the number of iterations taken before it escapes.
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import matplotlib.pyplot as plt

import numpy as np

S=500

pic=np.zeros((S,S))

tol=200

iters=100

for i in range(S):

for j in range(S):

x=i*1.0/S

y=j*1.0/S

k=1

while k<=iters:

if y>.5:

x=2*x

y=2*y-1

k+=1

elif x>.5:

x=2*x-1

y=y*2

k+=1

else:

x*=2

y*=2

k+=1

if x**2+y**2>tol:

pic[i][j]=2*k

break

plt.figure()

plt.title("Sierpinski Escape Time")

plt.imshow(pic)

plt.show()
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