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Abstract
Data mining is the art and science of discovering new, useful and fruitful relationships in data. This paper investigates unsupervised learning models of
data mining. It sheds the light on various techniques used to find meaningful
patterns in data, and analyze each technique to highlight its advantages and
limitations. Furthermore, the paper gives detailed overview and analysis for
the algorithms used in unsupervised learning models.
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Chapter 1
Introduction
Data mining is the science of converting a large amount of non-meaningful
data into meaningful structures or outputs that can be used to make predictions. Data mining has two main forms: supervised learning and unsupervised learning. Supervised learning is concerned with using data to derive a
function that best approximates a desired output from input data vectors.
In other words, supervised learning aims to predict a target value yi given
features xi,j . The diagram below illustrates the idea:
x11 , x12 , x13 , ...., x1n
x21 , x22 , x23 , ..., x2n
x31 , x32 , x33 , ..., x3n
.
.
.
xm1 , xm2 , xm3 , ..., xmn

=⇒
=⇒
=⇒
=⇒
=⇒
=⇒
=⇒

y1
y2
y3

ym

Unsupervised learning is concerned with understanding patterns of data.
There is no predetermined output or approximations that we are trying to
match the input data objects to. In other words, we are trying to describe
how x1 , x2 , x3 , ...., xn relate to each other. The diagram below illustrates the
idea of unsupervised learning:
Unsupervised learning algorithms classify data into clusters that best fit
how the data relate to each other (See Figure 1.1 for unsupervised data clustering example). A cluster is defined as a group or category that contains
objects which share similar characteristics. The center of a cluster is called
6

Figure 1.1: Unsupervised data clustering example
the centroid. The output clusters will vary depending on the characteristics we are using to classify our data points. In this paper we will focus on
analyzing different unsupervised learning techniques, understanding how different unsupervised learning techniques relate to each other, and developing
efficient algorithms for various unsupervised learning techniques.
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Chapter 2
Partitioning Method
In this chapter we will explore the k-means unsupervised data mining method
to partition numerical data into clusters. The k-means clustering method
aims to partition n observations into k clusters such that each observation
belongs to the cluster with the nearest mean. This will lead to partitioning
the data into Voronoi cells. To understand the concept of Voronoi cells
assume that {c(i) }ki=1 are points in Rn . Therefore, {c(i) }ki=1 form k Voronoi
cells, where the jth cell is defined as the set of points that are closer to cell
j than any other cluster:
Vj = {x ∈ Rn |||x − c(j) || ≤ ||x–c(i) ||, i = 1, 2, . . . , k}
Note that the points {c(i) }ki=1 are called cluster centers. Figure 2.1 shows a
sample Voronoi diagram sketched by hand.

Figure 2.1: Sample Voronoi diagram sketched by hand
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2.1

Partitioning Method(K-Means)

The partitioning method is a data mining technique that works only with
numerical sets of data. The partitioning method tries to find patterns within
a given sample of numerical data to analyze if those patterns can help us
predict future outcomes. The partitioning method divides the given numerical data into clusters based on how far the data points are from each other
in Euclidean n-space.
Euclidean distance is the length of a straight line drawn between two
points in Euclidean space. For example, if x and y are two points in Euclidean
n-space, then the distance between x = x1 , x2 , ..., xn and y = y1 , y2 , ..., yn is
defined as
q
d(x, y) = (x1 − y1 )2 + ... + (xn − yn )2
The classic algorithm used to create clusters using the partitioning method
is the k-means algorithm. Here is how the k-means algorithm works:
• The k-means algorithm aims to partition a given set of numerical data
{x1 , ..., xn } into k clusters. The number of clusters k has to be defined
before the algorithm runs.
• The k-means algorithm will select k points randomly from the given
set of data points.
• After identifying the k points they will be considered as the initial
clusters’ centers, the k-means algorithm use the Euclidean distance
formula defined above to calculate the distance between each point xi
in the given data sample and each k centroid.
• After calculating the distance between each data point xi and each
centroid, the data points are assigned to the centroids that they are
closest to in terms of distance. The data points that belong to one
centroid all together are called a cluster.
We want to chose centroids which create clusters that best fit the data. To
do this we will analyze the Euclidean distance formula which we used to
compute the distance between the centroids and the data points. Our goal
is to find a point in our data sample that will minimize the distance between
the points xi in the sample and the centroid c = c1 , c2 , ...cn . The Euclidean
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distance formula is defined as:
d(x, c) =

q

(x1 − c1 )2 + ... + (xn − cn )2 =

v
u n
uX
t (x

i=1

− ci )2

i

To minimize this function we will take the first derivative and set it equal to
0. Note that the minimum of
v
u n
uX
t (x

i

− ci )2

i=1

is the same as the minimum of
n
X

(xi − ci )2

i

This is refereed to in Statistics as the sum of squares of error. The sum of
squares error is defined as the sum of the squares of residuals. Residuals are
the deviations of predicted values of data from the actual empirical values of
data. The formula for the sum of squares error is defined by:
n
X

(xi − x)2

i

where n is the number of observations xi is the value of the ith observation
and finally x is the mean of all the observations in the data sample.
Therefore, we will use
n
X

(xi − ci )2

i

in our computation for simplicity.
n
d X
(xi − ci )2 =
dc i
n
X

−2 · (xi − ci )

i

Now we will equate it to 0, and solve for ci .
(x1 − c1 ) + (x2 − c2 ) + ... + (xn − cn ) = 0
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x1 − c1 + x2 − c2 + ... + xn − cn = 0
x1 + x2 + ... + xn − ncn = 0
x1 + x2 + ... + xn = ncn
x1 + x2 + ... + xn
=x
ci =
n
Therefore, we can conclude that to minimize the distance between the points
in a data set and the centroids, we should choose our centroids to be equal
to the mean value of the data points in a given cluster.
To ensure that the k-means algorithm has partitioned our data into the
best fit clusters, we carry out two more steps:
• We compute the mean value of the points in our initial k clusters, then
we will choose the mean point in each cluster to be our new centroid.
• We compute the distance between all the points in our data samples
and the new centroids, then assign our data points to the centroids that
they are closest to.
We will repeat the last two steps until the mean value of the points in each
cluster is as close as possible to the value of the centroid of that cluster.
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Chapter 3
Hierarchical data mining
Hierarchical clustering is a method of data mining which seeks to build a hierarchy of clusters. One of the problems of the partitioning method using the
k-means algorithm is that we needed to predefine the number of clusters into
which we want our data will be divided. This approach can be problematic
because it is not always clear what number of clusters will best fit the scale
we are interested in. The hierarchical clustering solves this problem, because
it shows the hierarchy of all the possible clusters on each scale. Therefore, if
we look at the data produced by the divisive approach we can see the best
fit number of clusters on each scale possible. The two main approaches of
hierarchical clustering are agglomerative and divisive.

3.1

Distance Between Clusters

Before we dive into analyzing the agglomerative and divisive approaches we
will first define three different methods we can use to measure the distance
between two clusters. We will give a formal definition for the singleton link,
the complete link and the average link methods. Assume that we have 2
clusters namely c1 and c2 . We will define each cluster as the following:
c1 = {x1 , x2 , x3 , ..., xn } and c2 = {y1 , y2 , y3 , ..., yn }.
• The singleton link approach define the distance between c1 and c2
as
D(c1 , c2 ) = minxi ∈c1 ,yi ∈c2 D(xi , yi )
where D stands for Euclidean distance. In other words, the singleton
link approach looks for the two closest points where each point is in a
12

different cluster, and then uses this distance as the distance between
the two clusters.

Figure 3.1: Illustrative diagram for the singleton link approach
• The complete link approach defines the distance between c1 and c2
as
D(c1 , c2 ) = maxxi ∈c1 ,yi ∈c2 D(xi , yi )
where D stands for distance. In other words, the complete link approach looks for two which are the furthest apart where each point
is in a different cluster, and then uses this distance as the distance
between the two clusters.

Figure 3.2: Illustrative diagram for the complete link approach
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• The average link approach define the distance between c1 and c2 as
D(c1 , c2 ) =

1 1 X X
D(xi , yi )
|c1 | |c2 | xi ∈c1 yi ∈c2

where D stands for distance. In other words, the average link approach
averages all pairwise distances and uses the result as the distance between the two clusters.

Figure 3.3: Illustrative diagram for the average link approach

3.2

Agglomerative Approach

Agglomerative clustering is also called the bottom up approach we start
with each point as a single cluster and then keep merging clusters together
until we end up with one cluster. The agglomerative approach will ensure
that any nearby points will end up in the same cluster. Here is a simple
explanation of how the agglomerative approach works:
• Each cluster begins with one data point ci = {xi }
• We apply the following algorithm recursively until one cluster remains:
– Find a pair of clusters that is closest to each other
mini,j D(ci , cj )
14

We will find the distance between the two clusters using the singleton link method which we explained earlier in the “Distance
Between Clusters” section.
– After we finding the two points that are the closest to each other
ci and cj , merge them into one cluster which we will call ci+j .
– Now we will remove the clusters ci and cj from the collection and
add the cluster ci+j

3.3

Divisive Approach

Divisive approach is also called the top down approach we start with one
cluster that contains all our objects or points and then divides the clusters
iteratively until we end up with singleton clusters. Figure 3.1 illustrates how
the divisive approach works in comparison with the agglomerative approach.

Figure 3.4: Divisive approach in comparison with the agglomerative approach[10]
Let’s look at how the divisive approach works:
15

• First run the k-means algorithm with k = 2 on the single cluster that
contains all of our data points {x1 , x2 , x3 , ..., xn }. This will result in
dividing our single cluster into 2 clusters.
• Run the k-means algorithms with k = 2 on each of the two clusters.
This will result in dividing the 2 clusters into 4 clusters.
• Continue to run the k-means algorithm with k = 2 on each cluster until
we end up with singleton clusters.
The downside about this method is that it uses the greedy approach, which
means that at some levels of the hierarchy two points that are nearby each
other can end up in different clusters. Once two points are in different clusters, they can’t be grouped again in the same cluster which can possibly
result in the loss of valuable data patterns.

3.4

Lance William Algorithm

The Lance William algorithm is concerned with finding an efficient and
effective method for the agglomeration hierarchical clustering procedure. The
Lance William algorithm aims to optimize the value of an objective function
at each step of the clustering procedure to choose the next pair of clusters
that will be merged together. The term “objective function” refers to a mathematical function which will be optimized. The objective function used by
the Lance William algorithm can be different each time the algorithm runs,
but the objective function should always reflect the researcher’s interest. For
instance, the researcher could define the objective function for the Lance
William Algorithm to be the sum of squared errors. The sum of squared
errors in Statistics is defined as the squared difference between each observation and its group mean. This function is used to measure the variation
within each cluster.
Sum of Squared Errors (SSE) =

n
X

(xi − x)2

i=1

This approach of the Lance William Algorithm is called Ward’s method.
Ward’s method is one of the many approaches that could be used with the
Lance William Algorithm. The Lance William algorithm works as follows:
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• Each data point {x1 , x2 , x3 , ..., xn } will be considered a cluster {c1 , c2 , c3 , ..., cn }.
• The Lance William algorithm now will measure the distance between
all the clusters. There are different ways to measure the distance between clusters. Among the most popular methods are singleton linkage,
complete linkage, group linkage and Ward’s method.
• When the Lance William algorithm identifies two clusters Ci and Cj to
be the closest clusters, then the next step is to merge those two clusters
into Ci+j , so they become one cluster.
• The next step is to update the distance between the cluster Ci+j and the
remaining n clusters. In Lance and William’s paper, they introduced
a recursive formula that can be used to update the distance between
Ci+j and the remaining n clusters:

DCn ,Ci+j = αi DCn ,Ci + αj DCn ,Cj + βDCi ,Cj + γ|DCn ,Ci − DCn ,Cj |
where the parameters αi , αj , β and γ are determined by the nature of
the strategy used in the Lance William algorithm. Here is a table for
the parameter values based on the distance measuring method used:
Method
Singleton Linkage
Complete Linkage
Group Linage
Ward

αi
0.5

αj
0.5

β
0

γ
−0.5

0.5

0.5

0

0.5

ni
ni +nj
ni +nk
ni +nj +nk

nj
ni +nj
nj +nk
ni +nj +nk

0

0
0

−nk
ni +nj +nk

The ni , nj and nk in the table refer to the size of clusters Ci ,
Cj and Ck respectively.
We will show why the Lance William coefficients for the singleton linkage make sense. The coefficients for the rest of the methods can be
verified using the same approach. First of all, note that our goal is to
find the minimum distance between two clusters say Ci+j and Ck . We
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are looking to minimize D(Ci+j ,Ck ) . Now if we use the Lance William
recursive formula we get:

DCk ,Ci+j = αi DCk ,Ci + αj DCk ,Cj + βDCi ,Cj + γ|DCk ,Ci − DCk ,Cj |
DCk ,Ci+j = 0.5 · DCk ,Ci + 0.5 · DCk ,Cj + 0 · DCi ,Cj − 0.5 · |DCk ,Ci − DCk ,Cj |
DCk ,Ci+j = 0.5 · (DCk ,Ci + DCk ,Cj − |DCk ,Ci − DCk ,Cj |)
Note that DCk ,Ci represent the distance between the cluster Ck and
Ci , and DCk ,Cj represent the distance between the cluster Ck and Cj .
Since the two clusters Ci and Cj have been merged into the cluster
Ci+j , then the distances DCk ,Ci and DCk ,Cj represent the maximum
and the minimum distance between the cluster Ck and the cluster Ci+j .
Assume that DCk ,Ci represents the maximum distance, and that DCk ,Cj
represents the minimum distance. Therefore, we can write the Lance
William recursive formula as:
DCk ,Ci+j = 0.5 · (M ax. + min. − |M ax. − min.|)
DCk ,Ci+j = 0.5 · (M ax. + min. − M ax. + min.)
DCk ,Ci+j = 0.5 · (2 · min.)
DCk ,Ci+j = min.
This verifies the Lance William coefficients for singleton linkage method.
• After the Lance William algorithm updates the distance between the
cluster Ci+j and the remaining clusters Ck , then merges the closest
cluster Ck with Ci+j to produce a new cluster Ci+j+k . Then the Lance
William algorithm will repeat step 3 and 4 until we end up with one
cluster that contains all the points of the data set.

18

Chapter 4
Density Based clustering
In this chapter we will move on to another technique in unsupervised learning.
We will explore the density based clustering method, analyze how it can work
with the hierarchical clustering method and understand what distinguishes
the density based method from the other clustering methods we have looked
at so far.

4.1

Definitions

• Density: Density represent the number of points within a specific
radius which we will call  where  ∈ R
• Core point: A point is considered to be a core point if and only if it
has more than a specific number of points, which we will call c within
a predefined radius .
• Border point: A point is considered to be a border point if and only
if it has fewer points than a specified number of points c, within a
predefined radius  and at the same time located in the neighborhood
of a core point.
• Noise point: A point is considered to be a noise point if it is not a
core point or a border point.
• Density Reachability: We call a point x density reachable from
another point y if point x lies within  distance from the point y, at
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Figure 4.1: Illustrative diagram for density based clustering definitions
the same time y must have sufficient number of points that lie within
the distance .

4.2

Density Based Clustering

The density based clustering technique is unsupervised learning
method for data mining. The density based method divides data points into
clusters based on their concentration around specific points. Those points
are called core points. Furthermore, a scientist or a researcher who is using
the density based method will need to specify a radius  that will determine
the core points in the data set, and determine the clusters. The density
based clustering method can also be implemented in conjunction with the
hierarchical method. The advantage of implementing these two techniques
together is that the scientist working with the data doesn’t need to specify a
radius to implement the density based method. Rather, they define a starting
point which is going to be used as the first radius, an incremental factor
which refers to how much the radius will be incremented in each iteration,
and finally an end point which will be the last radius used by the density
method. The advantage of this approach is that sometimes it is not very
clear what radius will allow the best classifications of the data, or what
clusters would make better sense. Using the density based method with the
hierarchical method algorithms will give an output of multiple radii and the
resulted clusters, which can then be evaluated by humans to understand
which data patterns give useful results.

20

The density based clustering method has played a vital role in finding nonlinear structure based on the density. The Density Based Spatial Clustering
of Applications with Noise (DBSCAN) is the most widely used density based
algorithm. Here is how the Density Based Spatial Clustering of Applications
with Noise works:
• Consider the data set X = {x1 , x2 , x3 , ..., xn }. A preliminary step to
cluster this data set with the density based method is to specify two
parameters. The first parameter is the radius , and the second parameter is the minimum number of points (Minpts) required to form a
cluster.
• The first step in the DBSCAN algorithm is to choose one point randomly. Then it will extract the neighborhood of this point using the
radius  which is predefined by the user.
• Next, the DBSCAN will determine if the initial point chosen has enough
points i.e. Minpts around it. If this is the case then the clustering
process will start. Otherwise, this initial point will be marked as a
noise and DBSCAN will choose another point randomly.
• When DBSCAN finds a point that can be part of the cluster, then
its  neighborhood is also considered to be part of the cluster. Then,
DBSCAN repeats the process, on all the other points that haven’t been
visited yet until all the points in the data have been classified.

4.3

Why Density Based Clustering

The density based clustering has few advantages over the partitioning method
or the hierarchical method which we have discussed so far. Among the advantages of the density based clustering are:
• The Density based clustering algorithms do not require prior specifications for the number of clusters.
• The Density based clustering method is the only method we have seen
so far that is able to identify noise data while clustering.
• The Density based clustering algorithm DBSCAN is known for its ability to find arbitrarily size and arbitrarily shaped clusters.
21

4.4

Examples of Density Based Clustering

Below is an example showing the original data points and the core, border
and outliers identified by DBSCAN clustering.

Figure 4.2: Illustrative diagram for Density Based Clustering[13]
In Figure 4.2 we have used  = 10 and M inpts = 4. The following example
show a case when density based clustering did not work well. We will show
the original data points and the resulted clusters and explain whey density
based clustering did not work very well in this scenario.
The reason density based clustering did not work well with this set of data
point is that density based clustering cannot handle varying densities which
result in difficulties in determining the correct set of parameters.

22

Figure 4.3: Illustrative diagram for Density Based Clustering problems[13]
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Chapter 5
Neural Networks
In this chapter we will focus on giving a formal definition of neural networks
and explain how neural networks are used in data mining. This chapter will
help us develop critical concepts that will be used in the coming two chapters
when we discuss competitive learning, cooperative learning and Kohonen
maps.

5.1

Definitions

Neural Networks: neural networks (artificial neural networks) are an information processing paradigm that is inspired by the way biological nervous
systems process information. An artificial neural network handles large number of highly interconnected simple processing elements (which are analogous
to neurons in Biology) working together to solve specific problems. Figure
5.1 illustrates how a simple neural network works:

24

Figure 5.1: Simple Neural Network

5.2

How a Simple Neural Network Works

• In a simple artificial neural network the basic computational element
is most often called a node. The node function is to receive input from
some other node or from an external source like a file or a database.
• Each single input going to a node has a defined weight w, which can
be modified in the algorithms to model synaptic learning.
• The next step of the process is that the node computes some function
P
f (x) of the weighted sum of its inputs where x = j wij yj . The diagram
below illustrates this process:

25

P

Figure 5.2: Neural network function example yi = f (

j

wij yj )

• A neural network is usually structured into an input layer of neurons,
one or multiple hidden layers, and finally one output layer. This structure illustreated in Figure 5.1. Note that neurons belonging to adjacent layers are most often fully connected and the different types are
usually identified by the different kind of topologies modified for the
connections and the choice of the activation function. The values of
the functions which are associated with the different connections are
what we call the weights.
The whole point of using neural networks is the fact that in order for the
network to yield appropriate outputs for the given inputs the user entered
in the system, the weight must be set to suitable values. Choosing a cost
function or a weight is very important process in neural networks. A specific
cost function or a weight will be used either because of its desirable properties
such as convexity, or because it arises naturally from a particular formulation
of the problem.
Neural networks have several types, among the most poplar types are:
• Self organized: These type of neural networks are also known as
Kohonen Maps, and they have applications in unsupervised learning
which we will discuss in the last chapter.
• Recurrent: These refer to simple recurrent neural networks or what
are also known as Hopfield networks.
• Feedforward: These kind of neural networks are also known as single
layer perceptrons.
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Chapter 6
Competitive Learning
In the coming two chapters we will analyze and implement Kohonen maps,
also known as Self Organizing Maps (SOM). Kohonen maps are form of unsupervised learning in artificial neural networks. The advantage of Kohonen
maps over any other unsupervised learning technique is that they combine
two mechanisms of unsupervised learning known as competitive learning and
cooperative learning to produce more accurate data clusters. In this chapter we will discuss the competitive learning mechanism before we dive in
Kohonen maps.

6.1

Competitive Learning

Competitive learning is a form of unsupervised learning in artificial neural
networks, in which the output neurons compete among themselves to be
activated. At the end, only one neuron will be activated at any one time.
The activated neuron is refereed to as the winning neuron. There are three
essential elements to competitive learning:
• The initial set of neurons have randomly distributed synaptic weights,
which will allow for different responses to a given set of data input. In
other words, this principle is saying that our initial set of neurons will
hold random values of all the attributes in the data set we are trying
to cluster, and will respond differently to different data input points.
For example, suppose the data set we are tying to cluster is a set of
colors, and each color in the set has red, green and blue attributes (See
Figure 6.1). Therefore, when using the competitive learning form of
27

unsupervised learning to cluster this set of colors, each neuron in our
initial set of neurons will be assigned random attributes of red, green
and blue colors (See Figure 6.2).
Figure 6.1 show an example of a data set of colors, where each color
has red, green and blue attributes.

Figure 6.1: Example of a data set that can be handled using competitive
learning
Figure 6.2 shows an initial 4 × 4 set of neurons that has random attributes of red, green and blue (R G B), where R, G and B are integers.

Figure 6.2: Example of a 4 × 4 neural network using the data set in Figure
6.1
28

• Each neuron has a limit imposed on its strength. This limit is imposed
by the random values assigned to the neuron and the input point being
compared to the neuron. In other words, the weights of each neuron
and the input data points determine the competitivity of each neuron.
• We need a mechanism that allows the neurons to compete to find a
winner neuron and activate the right response to a given input. The
mechanism will be used to compare each input data point with all the
neurons in the artificial neuron network, to activate the right neuron
in the network and declare it as a winner. Figure 6.3 illustrates how
this process works.

Figure 6.3: Illustrative diagram to show how the mechanism of selecting a
winning neuron works
The input layer in Figure 6.3 show two input data points, and the competitive layer show all the neurons we have in a given network. Each
input point and neuron is represented by a vector that has three entries.
Note that each vector has three entries because each data point in our
data set has three attributes: red, green and blue. The comparison
mechanism compares each input data point with each neuron in the
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network to find the winning neuron. Note that the mechanism implemented can vary depending on the data set we are handling
q and the
desired output. We will implement the Euclidean metric (x − w)2
where x is a data vector and w is a neuron weights vector, in the
algorithm we will develop for the competitive learning process.

6.2

Competitive Learning Algorithm

We will now turn our attention to developing an algorithm for competitive
learning, and use it in an example.
• First, the algorithm will run on the data set to find out how many
attributes each data point has and the same number of attributes will
be assigned to each neuron. For instance, if our data set is the colors,
then each data point (color) will have 3 attributes: red, green and
blue. Therefore, each neuron in the network will have red, green and
blue attributes.
• The algorithm must be provided with the number of neurons in the
network that it should initialize. The more neurons you initialize, the
more accurate the clusters will be but also, the more computational
power you will need. In addition to initializing the number of neurons
in the network, the algorithm must also be provided with lower and
upper bounds for each attribute of each neuron. Finally, the learning
rate α must also be defined. The learning rate refers to how fast the
neurons attributes change value.
• Random values will be assigned to all the attributes/weights of each
neuron, taking in consideration the lower and upper bounds defined in
the previous step.
q

• Using the Euclidean distance formula (x − w)2 where x is a data
point vector and w is a neuron weight vector, the distance between
each data point and each neuron will be measured. For each data
point, the closet neuron in distance will be announced as the winning
neuron for this data point.
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• In the next iteration, the winning neuron’s i weights will be updated
by the following formula:
wi = wi + α · (xj − wi )
where x is the data point vector.
• The last two steps of the algorithm will be repeated for all the data
point vectors.
Now, we will use this algorithm in an example to further illustrate how it
works. Let’s say that we have 2 data points and that each of them has two
attributes (a length and thickness). Our data points are:

Suppose that we initiated our artificial neural network to have 3 neurons.
We will set the lower bound of both the length and the thickness to be 1
and the upper bound to be 100. Now assigning random weights to our three
neurons we get:

Now, we will calculate the distance between our first point x1 and all the
neurons in the network using the Euclidean distance formula:
d1 =

q

d2 =
d3 =

(x1 − w1 )2 =

q

q

(x1 − w2 )2 =

q

(10 − 83)2 + (50 − 99)2 = 87.9

q

q

(10 − 16)2 + (50 − 12)2 = 38.4

(x1 − w3 )2 =

(10 − 3)2 + (50 − 80)2 = 30.8

Since w1 is the most similar to our data point x1 , w1 is the winner neuron. In
the next iteration we will update the weights of this neuron. For simplicity
we will let the learning rate α = 0.25
w11 = w11 + α · (x11 − w11 ) = 3 + (0.25 · (10 − 3)) = 3 + 1.75 = 4.75
w12 = w12 + α · (x12 − w12 ) = 80 + (0.25 · (50 − 80)) = 80 − 7.5 = 72.5
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Therefore, we have:

Now we will turn our attention to the second data point:

We then calculate the distance between our second point x2 and all the
neurons in the network using the Euclidean distance formula:
d1 =

q

(x2 − w1 )2 =

q

d2 =

q

(x2 − w2 )2 =

q

(63 − 83)2 + (72 − 99)2 = 33.6

d3 =

q

q

(63 − 16)2 + (72 − 12)2 = 76.2

(x2 − w3 )2 =

(63 − 3)2 + (72 − 80)2 = 60.5

Based on the results we can conclude that the winning neuron is w2 . In the
next iteration we will update the weights of w2 .
w21 = w21 + α · (x21 − w21 ) = 83 + (0.25 · (63 − 83)) = 83 − 5 = 78
w22 = w22 + α · (x22 − w22 ) = 99 + (0.25 · (72 − 99)) = 99 − 6.75 = 92.25
Therefore we have:

Finally our updated set of neurons is as the following:
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In conclusion, we can see that as more data is received by the competitive
learning algorithm each neuron converges to the center of the cluster that it
has come to represent and reacts more strongly for inputs in this cluster and
more weakly for inputs in other clusters.
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Chapter 7
Kohonen Maps
In this chapter we will focus on developing an algorithm for Kohonen maps
and analyze why the Kohonen maps algorithm represents a better alternative
for algorithms that only use competitive learning.

7.1

Cooperative Learning

In competitive learning, we saw how the winning neuron adapts its weight to
become more similar or closer to the data point being examined. The learning
process in competitive learning only affects the winning neuron and no other
neurons. Cooperative learning expands on competitive learning in the sense
that it does not only adapt the weights of the winning neuron, but it also
adapts the weights of the neurons within a predefined neighborhood of the
winning neuron. There are various mechanisms that can be implemented to
define the neighborhood around a winning neuron and to adapt the weights
of the winning neuron and its neighborhood. In this chapter, we will be
examining how Kohonen maps implement the cooperative learning concepts
in addition to competitive learning.

7.2

Kohonen Maps (Self-Organizing Maps)

Kohonen maps use both competitive learning and cooperative learning to
cluster a given data set. Kohonen maps have supervised and unsupervised
learning applications, but we will only be focusing on the unsupervised learning algorithms and applications. We will develop our Kohonen maps algo34

rithm in three processes: the competitive process, the cooperative process
and the adaptive process. The Kohonen maps algorithm works as follows:
• Competitive Process: We have covered competitive learning in the
last chapter but we will go over the process briefly to understand how
competitive learning fits in Kohonen maps. If our input space has D
input units, then we can write our input pattern as x = {xi : i =
1, ..., D}, and the weights of the neurons in the competitive layer can
be expressed as w = {wj : j = 1, ..., N} where N is an integer that
represents the total number of neurons in the network. As we have
explained in the last chapter each weight must hold the same number
of attributes as the input data points. We define a discriminant function
as the Euclidean distance between input vector xi and the weight vector
wj for each neuron:
q
(xi − wj )2
Basically, the neuron whose weight vector is most similar to (i.e. the
closest) the input vector will be chosen as the winning neuron. Continuing in this fashion the input space will be mapped to the discrete
output space of neurons by through competition between the neurons.
• Cooperative Process: The idea of cooperative learning started in
Biology, where several studies have shown that there is a lateral interaction within a set of excited neurons[13]. When a neuron fires, neurons
in the neighborhood closest to it tend to get excited more than those
further away.
Our goal is to define a similar neighborhood for the neurons in our
network. If dij is the lateral distance between neurons i and j on a grid
of neurons, we can define our neighborhood as:
Ti,j

−d2ij
= exp
2β 2

!

This function has critical properties that makes it will suited for the
cooperative learning process:
– The function is maximal at the winning neuron.
– The function is symmetrical about the winning neuron.
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– The function decreases monotonically to zero as the distance goes
to infinity.
– The function is independent of the location of the winning neuron.
One of the important features of Kohonen maps is that the size β of the
neighborhood needs to decrease with time. One way to achieve that is
using a time dependence in an exponential decay as a scaling factor:
−t
β(t) = β0 · exp
τβ

!

• Adaptive Process: Now we will turn our attention to the adaptive
process for Kohonen maps. The adaptive process, or what is known as
the learning process, is the process by which the outputs become selforganized and the feature map between the input data and the outputs
is formed. The advantage that the cooperative learning introduces in
the adaptive process is that not only the winning neuron gets its weights
updated, but all the neurons in the neighborhood of the winning neuron
will get their weights updated as well. Updating the weights of the
winning neuron and the neurons in the neighborhood can be achieved
using the formula below:
∆wj = σ(t).Tij (t) · (xi − wj )
where σ is a time dependent learning rate that we will define as
−t
σ(t) = σ0 · exp
βσ

!

The effect of each weight update is to move the weight vectors wj
of the winning neuron and its neighborhood towards the input vector
x. Repeating this process will lead to training data and producing a
topological ordering.

7.3

Kohonen Maps Algorithms

In this section we aim to develop an algorithm for Kohonen maps using
our analysis for the competitive, cooperative and adaptive processes. The
algorithm runs as follows:
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• Initialize the number of neurons in the network, and define the lower
and upper bounds for each attribute the neurons have.
• Choose a data point randomly xi from x
• Use the Euclidean distance formula
q

(xi − wj )2

to measure the distance between data point xi and all the neurons in
the network.
• Choose the closest neuron as the winning neuron and update the weights
of the winning neuron and its neighborhood by
∆wj = σ(t).Tij (t) · (xi − wj )
• Repeat all the steps except step 1 until the feature map stops changing.

7.4

Applications of Self Organizing Maps

One of the very interesting projects that has been carried out using
self organizing maps (Kohonen maps) is the world poverty map. As we
have explained earlier self organizing maps can be used to portray complex
correlations in statistical data. Using data from the World Bank statistics of
countries in 1992 the world poverty map used 39 indicators describing various
quality of life factors such as state of health, nutrition, income, pollution,
and educational services to draw the world poverty map. Even though there
were 39 different indicators the complex joint effect of these factors can by
visualized be organizing the countries using Kohonen maps.
The project found that countries that had similar values of the indicators
are in places near each other on the map. Furthermore, the project encoded
different clusters on the map with different bright colors so that colors change
smoothly on the map display. This has resulted in assigning a color to each
country that describes its poverty type in relation to other countries. Figure
7.1 shows a table of the countries that participated in the project. In addition,
Figures 7.2 and 7.3 show the results of the project.
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Figure 7.1: Countries that participated in the World Poverty Map project[14]
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Figure 7.2: Countries organized on a self-organizing map based on indicators
related to poverty[14]
As we can see in Figure 7.1 the countries with similar poverty level has been
encoded with similar colors to reflect how they compare to each other.
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Figure 7.3: A map of the world where countries have been colored with the
color describing their poverty type (the color was obtained with the SOM in
figure 7.2)[14]
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Conclusion
In this paper we have seen different unsupervised learning techniques to manipulate numerical data and classify them into clusters which allow us to
analyze how the data points or data vectors relate to each other. In other
words the data clusters reveals new properties about the data that were unknown to us before. Our analysis mainly focused on numerical data sets,
however the techniques discussed in this paper could be further developed
to process other data types such as alphanumeric strings for example. In
addition more research could be done on supervised learning techniques to
develop mathematical functions that could map the output result to a preregistered target value given a set of data. Data mining is an endless ocean
that always has more discover.
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