2

Instantaneous Rate Of Change:
The Derivative

Suppose thaty is a function of x, sayy = f (x). It is often necessary to know how sensitive
the value of y is to small changes inx.

EXAMPLE 2.1 Take, for example,y = f(x) = pm (the upper semicircle of
radius 25 centered at the origin). Whenx =7, we ndthat y= " 625 49 =24. Suppose
we want to know how muchy changes wherx increases a little, say to 7.1 or 7.01.

In the case of a straight liney = mx + b, the slopem = y= x measures the change in
y per unit change inx. This can be interpreted as a measure of \sensitivity"; for example,
if y =100x + 5, a small change inx corresponds to a change one hundred times as large
in y, soy is quite sensitive to changes inx.

Let us look at the same ratio y= x for our function y = f (x) = P 625 x2 when x
changes from 7 to 71. Here x =7:1 7 =0:1is the change inx, and

y=f(x+ x) f(x)=f(71) (@)
P P ——
= 625 712 625 72 239706 24= 0:0294

Thus, y= x 0:02940:1 = 0:294. This means thaty changes by less than one
third the change in x, so apparently y is not very sensitive to changes inx at x = 7.
We say \apparently” here because we don't really know what hapens between 7 and 7.
Perhapsy changes dramatically asx runs through the values from 7 to 71, but at 7:1 y
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touches the circle at just one point, we will never be able to alculate its slope directly,
using two \known" points on the line. What we need is a way to capture what happens
to the slopes of the chords as they get \closer and closer" totte tangent line.

Instead of looking at more particular values of x, let's see what happens if we do
some algebra with the di erence quotient using just x. The slope of a chord from (7 24)
to a nearby point is given by

p

625 7+ X2 24_ "6 @+ x7? 242 625 (7+ x)2+24
X N X Y625 (7+ x)2+24

625 (7T+ x)? 28

x(" 625 (7+ x)2+24)

49 49 14 x  x?

x(" 625 (7+ x)2+24)

_ o x( 14 X)
x(" 625 (7+ Xx)2+24)
14 X

P
625 (7+ x)2+24

Now, can we tell by looking at this last formula what happens when x gets very close to
6ero? The numerator clearly gets very close to 14 while the denominator gets very close to

625 72+24 = 48. |s the fraction therefore very close to 14=48 = 7=24= 0:291677?
It certainly seems reasonable, and in fact it is true: as x gets closer and closer to zero,
the di erence quotient does in fact get closer and closer to 7=24, and so the slope of the
tangent line is exactly 7=24.

What about the slope of the tangent line atx = 12? Well, 12 can't be all that di erent
from 7; we just have to redo the calculation with 12 instead of7. This won't be hard, but
it will be a bit tedious. What if we try to do all the algebra wit hout using a speci c value
for x? Let's copy from above, replacing 7 byx. We'll have to do a bit more than that|for
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just happens to be close to its value at 7. This is not in fact tre case for this particular
function, but we don't yet know why. [a]

One way to interpret the above calculation is by reference tea line. We have computed
the slope of the line through (724) and (7:1;23:9706), called achord of the circle. In
general, if we draw the chord from the point (7,24) to a nearby point on the semicircle
(7+ x;f(7+ x)), the slope of this chord is the so-calleddi erence quotient
f7+ x) f(7) _ P 625 (7+ x)2 24

X - X :
For example, if x changes only from 7 to 7.01, then the di erence quotient (slpe of the
chord) is approximately equal to (23997081 24)=0:01 = 0:2919. This is slightly less
steep than the chord from (7 24) to (7:1; 23:9706).
As the second value 7 + x moves in towards 7, the chord joining (7 f (7)) to (7 +

x;f (7+ X)) shifts slightly. As indicated in gure 2.1, as x gets smaller and smaller,
the chord joining (7;24) to (7+ x;f (7+ X)) gets closer and closer to thetangent line
to the circle at the point (7; 24). (Recall that the tangent line is the line that just grazes
the circle at that point, i.e., it doesn't meet the circle at any second point.) Thus, as x
gets smaller and smaller, the slope y= x of the chord gets closer and closer to the slope
of the tangent line. This is actually quite di cult to see whe n  x is small, because of the
scale of the graph. The values of x used for the gure are 1, 5, 10 and 15, not really very
small values. The tangent line is the one that is uppermost atthe right hand endpoint.

slope of chord =

Figure 2.1 Chords approximating the tangent line.

So far we have found the slopes of two chords that should be cde to the slope of
the tangent line, but what is the slope of the tangent line exatly? Since the tangent line
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. . Py
example, the \24" in the calculation came from = 625 72, so we'll need to x that too.

P 625 (x+ x)?2 p625 X2 _
X
_ P 625 (x+ x)?2 p625 xzﬁ 625 (x+ Xx)2+ 2625 x2
- X "825 (x+ x)2+ 625 x2
625 (x+ x)? 625+X

x(" 625 (x+ x)2+ 625 x2)

625 x? 2x X X2 625+x?

x(" 625 (x+ x)2+ 625 x?)

x( 2x X)

x(" 625 (x+ x)2+ ' 625 x2)
" 2x X
"825 (x+ x)2+ 625 x2

Now what happens when x is very close to zero? Again it seems apparent that the
quotient will be very close to
2x 2x o X

"625 x2+ ' 625 xZ "625 x2’

27625 x2

Replacingx by 7 gives 7=24, as before, and now we can easily do the computation for 12
or any other value of x between 25 and 25.

So now we have a single, simple formula, x=" 625 x2, that tells us the slope of the
tangent line for any value of x. This slope, in turn, tells us how sensitive the value ofy is
to changes in the value ofx.

What do we call such a formula? That is, a formula with one variable, so that substi-
tuting an \input" value for the variable produces a new \outp ut" value? This is a function.
Starting with one function, ~ 625 x2, we have derived, by means of some slightly nasty
algebra, a new function, x= 625 x2, that gives us important information about the
original function. This new function in fact is called the derivative of the original func-
tion. If the original is referred to as f or y then the derivative is often written f %or y®and
pronounced \f prime" or \y prime", so in this case we might write f {x) = x= 625 x2.
At a particular point, say x =7, we say that f {7) = 7=24 or \f prime of 7is 7=24" or
\the derivative of f at7is 7=24."

To summarize, we compute the derivative off (x) by forming the di erence quotient

f(x+ x) f(x),
-
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which is the slope of a line, then we gure out what happens wha x gets very close to
0.

We should note that in the particular case of a circle, theres a simple way to nd the
derivative. Since the tangent to a circle at a point is perpericular to the radius drawn
to the point of contact, its slope is the negative reciprocalof the slope of the radius. The
radius joining (0; 0) to (7; 24) has slope 24/7. Hence, the tangent line has slope7=24. In
general, a radius to_the point (x; 625 x2) has slope’ 625 x2=x, so the slope of the
tangent line is x= 625 x2, as before. It isNOT always true that a tangent line is
perpendicular to a line from the origin|don't use this short cut in any other circumstance.

As above, and as you might expect, for di erent values ofx we generally get di erent
values of the derivative f {x). Could it be that the derivative always has the same value?
This would mean that the slope off , or the slope of its tangent line, is the same everywhere.
One curve that always has the same slope is a line; it seems odd talk about the tangent
line to a line, but if it makes sense at all the tangent line mus be the line itself. It is not
hard to see that the derivative of f (x) = mx + bis f (x) = m; see exercise 6.

Exercises

1. Draw the graph of the function y = f (x) = P 169 x2 betweenx =0 and x = 13. Find the
slope y= x of the chord between the points of the circle lying over (a) x =12 and x =13,
(b) x =12 and x = 12:1, (c) x = 12 and x = 12:01, (d) x = 12 and x = 12:001. Now use
the geometry of tangent lines on a circle to nd (e) the exact v alue of the derivative f %(12).
Your answers to (a){(d) should be getting closer and closer t o your answer to (e). )

2. Use geometry to nd the derivative f %x) of the function f(x) = 625 xZ2 in the text for
each of the following x: (a) 20, (b) 24, (c) 7,(d) 15. Draw a graph of the upper semicircle,
and draw the tangent line at each of these four points. )

3. Draw the graph of the function y = f (x) = 1=x betweenx = 1=2 and x = 4. Find the slope
of the chord between (a) x =3 and x =3:1, (b) x =3 and x =3:01, (c) x =3 and x = 3:001.
Now use algebra to nd a simple formula for the slope of the chord between (3;f (3)) and
3+ xf(3+ x)). Determine what happens when x approaches 0. In your graph of
y = 1=x, draw the straight line through the point (3 ;1=3) whose slope is this limiting value
of the di erence quotient as  x approaches 0.)

4. Find an algebraic expression for the di erence quotient f (1+ x) f(1) = x whenf(x)=

x?  (1=x). Simplify the expression as much as possible. Then determine vhat happens as
x approaches 0. That value is f %1). )

5. Draw the graph of y = f(x) = x° betweenx = 0 and x = 1:5. Find the slope of the chord
between (@) x = 1 and x = 1:1, (b) x =1 and x = 1:001, (c) x =1 and x = 1:00001.
Then use algebra to nd a simple formula for the slope of the ch ord between 1 and 1+ x.
(Use the expansion (A + B)® = A®+3A%B +3AB 2 + B%.) Determine what happens as  x
approaches 0, and in your graph ofy = x* draw the straight line through the point (1 ;1)
whose slope is equal to the value you just found. )

2.2 An example 25

a bit of algebra:

h(2) h(2+ t) _ 804 (100 492+ t)?)
t - t
_ 804 100+19:6+19:6 t+4:9 t2
- t

_ 196 t+4:9 t?
t
=19:6+4:9 t

When tis very small, this is very close to 19.6, and indeed it seemdear that as t
goes to zero, the average speed goes to 19.6, so the exact shbaet = 2 is 19.6 meters per
second. This calculation should look very familiar. In the language of the previous section,
we might have started with f (x) = 100 4:9x? and asked for the slope of the tangent line
at x = 2. We would have answered that question by computing

f+ x) f(2 _ 196 x 49 x% _
X B X -

196 49 x

The algebra is the same, except that following the pattern ofthe previous section the
subtraction would be reversed, and we would say that the slop of the tangent line is

19:6. Indeed, in hindsight, perhaps we should have subtractedhe other way even for
the dropping ball. At t = 2 the height is 80.4; one second later the height is 55.9. The
usual way to compute a \distance traveled" is to subtract the earlier position from the
later one, or 559 80:4 = 245. This tells us that the distance traveled is 24.5 meters,
and the negative sign tells us that the height went down durirg the second. If we continue
the original calculation we then get 19:4 meters per second as the exact speed at= 2.
If we interpret the negative sign as meaning that the motion is downward, which seems
reasonable, then in fact this is the same answer as before, bwith even more information,
since the numerical answer contains the direction of motionas well as the speed. Thus,
the speed of the ball is the value of the derivative of a certai function, namely, of the
function that gives the position of the ball.

The upshot is that this problem, nding the speed of the ball, is exactly the same
problem mathematically as nding the slope of a curve. This may already be enough
evidence to convince you that whenever some quantity is chaging (the height of a curve
or the height of a ball or the size of the economy or the distane of a space probe from
earth or the population of the world) the rate at which the quantity is changing can, in
principle, be computed in exactly the same way, by nding a daivative.
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6. Find an algebraic expression for the di erence quotient ( f (x+ x) f(x))= x whenf (x) =
mx + b. Simplify the expression as much as possible. Then determinewhat happens as x
approaches 0. That value is f %(x). )

7. Sketch the unit circle. Discuss the behavior of the slope of the tangent line at various angles
around the circle. Which trigonometric function gives the s lope of the tangent line at an
angle ? Why? Hint: think in terms of ratios of sides of triangles.

8. Sketch the parabolay = x?. For what values of x on the parabola is the slope of the tangent
line positive? Negative? What do you notice about the graph a t the point(s) where the sign
of the slope changes from positive to negative and vice vers&

We started the last section by saying, \It is often necessaryto know how sensitive the
value of y is to small changes inx." We have seen one purely mathematical example of
this: nding the \steepness" of a curve at a point is precisely this problem. Here is a more
applied example.

With careful measurement it might be possible to discover that a dropped ball has
height h(t) = ho kt?, t seconds after it is released. (Herdy is the initial height of the ball,
whent =0, and k is some number determined by the experiment.) A natural queson is
then, \How fast is the ball going at time t?" We can certainly get a pretty good idea with a
little simple arithmetic. To make the calculation more concrete, let's say hg = 100 meters
and k = 4:9 and suppose we're interested in the speed at= 2. We know that when t =2
the height is 100 4 4:9 =80:4. A second later, att = 3, the height is 100 9 4:9 = 55:9,
so in that second the ball has traveled 804 559 = 24:5 meters. This means that the
averagespeed during that time was 24.5 meters per second. So we mighuess that 24.5
meters per second is not a terrible estimate of the speed dt= 2. But certainly we can
do better. At t =2:5 the height is 100 4:9(2:5)? = 69:375. During the half second from
t =2to t =2:5 the ball dropped 804 69375 = 11:025 meters, at an average speed of
11:025=(1=2) = 22:05 meters per second; this should be a better estimate of thepsed at
t = 2. So it's clear now how to get better and better approximations: compute average
speeds over shorter and shorter time intervals. Between = 2 and t = 2:01, for example,
the ball drops 0.19649 meters in one hundredth of a second, @n average speed of 19.649
meters per second.

We can't do this forever, and we still might reasonably ask wrat the actual speed
precisely att = 2 is. If t is some tiny amount of time, what we want to know is what
happens to the average speech(2) h(2+ t))= tas t gets smaller and smaller. Doing
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Exercises

1. An object is traveling in a straight line so that its position ( that is, distance from some xed
point) is given by this table:

time (seconds) 0 1 2 3
distance (meters) 0 10 25 60

Find the average speed of the object during the following time intervals: [0;1], [0; 2], [O; 3],
[1;2], [1;3], [2;3]. If you had to guess the speed att = 2 just on the basis of these, what
would you guess?)

2. Lety = f(t) = t? wheret is the time in seconds andy is the distance in meters that an
object falls on a certain airless planet. Draw a graph of this fu nction between t = 0 and
t = 3. Make a table of the average speed of the falling object between (a) 2 sec and 3 sec,
(b) 2 sec and 2.1 sec, (c) 2 sec and 2.01 sec, (d) 2 sec and 2.001 sékhen use algebra to nd
a simple formula for the average speed between time 2 and time2 + t. (If you substitute

t=1; 0:1; 0:01; 0:001 in this formula you should again get the answers to parts (a){(d).)
Next, in your formula for average speed (which should be in simpli ed form) determine what
happens as t approaches zero. This is the instantaneous speed. Finally,in your graph
of y = t? draw the straight line through the point (2 ;4) whose slope is the instantaneous
velocity you just computed; it should of course be the tangent line. )

3. If an object is dropped from an 80-meter high window, its height y above the ground at time
t seconds is given by the formulay = f (t) =80 4:9t%. (Here we are neglecting air resistance;
the graph of this function was shown in gure 1.1.) Find the av erage velocity of the falling
object between (a) 1 sec and 1.1 sec, (b) 1 sec and 1.01 sec, (c) 1sand 1.001 sec. Now use
algebra to nd a simple formula for the average velocity of the falling object between 1 sec
and 1+ t sec. Determine what happens to this average velocity as t approaches 0. That
is the instantaneous velocity at time t = 1 second (it will be negative, because the object is
falling). )

In the previous two sections we computed some quantities ofnterest (slope, speed) by
seeing that some expression \goes to" or \approaches" or \ges really close to" a particular
value. In the examples we saw, this idea may have been clear @ngh, but it is too fuzzy
to rely on in more di cult circumstances. In this section we w ill see how to make the idea
more precise.
There is an important feature of the examples we have seen. ®sider again the
formula
196 x 49 x2,
—
We wanted to know what happens to this fraction as\ x goes to zero." Because we were
able to simplify the fraction, it was easy to see the answer, bt it was not quite as simple
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as \substituting zero for  x," as that would give

196 0 49 O,

T —
which is meaningless. The quantity we are really interestedn does not make sense \at
zero," and this is why the answer to the original problem ( nding a speed or a slope) was
not immediately obvious. In other words, we are generally ging to want to gure out what
a quantity \approaches" in situations where we can't merely plug in a value. If you would
like to think about a hard example (which we will analyze later) consider what happens
to (sin x)=x as x approaches zero.

EXAMPLE 2.2 Doesp X approach 1.41 asx approaches 2? In this case it is possible
to compute the actual value = 2 to a high precision to answer the question. But since
in general we won't be able to do that, let's not. We might start by cemputingp X for
values ofx close to 2, as we did in the previous sections. Here are somelwas: _2:05 =
1:431782106, 2:04 = 1:428285686, @ = 1:424780685, 2:02 = 1:421267040, 2
%:AEMGBS, 2:005 = M£980226, 2:004 = 1:415627070, 2:003 = 1:415273825,
2:002 = 1:414920492, 2:001 = 1:414567072. So it looks at least possible that indeed
these values \approach" 1.41already = 2:001 is quite clgse. If we continue this process,
however, at some point we will appear to \stall." In fact, = 2 =1:414213562::, so we will
never even get as far as 1.4142, no matter how long we continuke sequence. [u]

So in a fuzzy, everyday sort of sense, it is true thatp X \gets close to" 1.41, but it
does not \approach" 1.41 in the sense we want. To compute an &ct slope or an exact
speed, what we want to know is that a given quantity becomes \abitrarily close" to a
xed value, meaning that the rst quantity can be made \as clo se as we like" to the xed
value. Consider again the quantities

196 x 49 x?
X

= 196 49 x:

These two quantities are equal as long as x is not zero; if X is zero, the left hand
quantity is meaningless, while the right hand one is 19:6. Can we say more than we
did before about why the right hand side \approaches" 196, in the desired sense? Can
we really make it \as close as we want" to 19:6? Let's try a test case. Can we make
196 4:9 x within one millionth (0 :000001) of 19:6? The values within a millionth of
19:6 are those in the interval ( 19:600001 19:599999). As x approaches zero, does
196 49 x eventually reside inside this interval? If x is positive, this would require
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limitof (196 x 49 x?)= xas xgoestozerois 19:6," and abbreviate this mouthful
as
. 196 x 49 x?
lim ———— =
x! 0 X

19:6:
Here is the actual, o cial de nition of \limit".

DEFINITION 2.3  Limit Supposef is a function. We say that limy, o f (x) = L if
for every > Othereisa > 0 so that whenever O< jx aj< ,jf(x) Lj<

The and here play exactly the role they did in the preceding discussin. The
de nition says, in a very precise way, that f (x) can be made as close as desired tb
(that's the jf(x) Lj < part) by making x close enough toa (the 0 < jx aj <
part). Note that we speci cally make no mention of what must happen if x = a, that is,
if j)x a =0. This is because in the cases we are most interested in, setituting a for x
doesn't even make sense.

Make sure you are not confused by the names of important quarties. The generic
de nition talks about f (x), but the function and the variable might have other names. In
the discussion above, the function we analyzed was

196 x 49 x?,

T x
and the variable of the limit was not x but x. The x was the variable of the original
function; when we were trying to compute a slope or a speedx was essentially a xed
quantity, telling us at what point we wanted the slope. (In th e speed problem, it was
literally a xed quantity, as we focused on the time 2.) The quantity a of the de nition
in all the examples was zero: we were always interested in wh&appened as x became
very close to zero.

Armed with a precise de nition, we can now prove that certain quantities behave in a
particular way. The bad news is that even proofs for simple gantities can be quite tedious
and complicated; the good news is that we rarely need to do sixcproofs, because most
expressions act the way you would expect, and this can be pred once and for all.

EXAMPLE 2.4 Let's show carefully that limy, »x +4 =6. This is not something we
\need" to prove, since it is \obviously" true. But if we could n't prove it using our o cial
de nition there would be something very wrong with the de ni tion.

As is often the case in mathematical proofs, it helps to work lackwards. We want to
end up showing that under certain circumstancesx + 4 is close to 6; precisely, we want to
show that jx+4 6 < ,orjx 2j< . Under what circumstances? We want this to be
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that 196 49 x > 19600001. This is something we can manipulate with a little
algebra:
196 49 x> 19600001

4:9 x> 0:000001
x< 0:00000E 4:9
x < 0:0000002040816327 :

Thus, we can say with certainty that if X is positive and less than 60000002, then
x < 0:0000002040816327:and so 196 49 x> 19:600001. We could do a similar
calculation if  x is negative.

So now we know that we can make 196 4:9 x within one millionth of ~ 19:6. But
can we make it \as close as we want"? In this case, it is quite saple to see that the answer
is yes, by modifying the calculation we've just done. It may be helpful to think of this as
a game. | claim that | can make 196 4:9 x as close as you desire to 19:6 by making

x \close enough” to zero. So the game is: you give me a numberké 10 ¢, and | have
to come up with a number representing how close x must be to zero to guarantee that
196 49 x is at least as close to 19:6 as you have requested.

Now if we actually play this game, | could redo the calculatin above for each new
number you provide. What I'd like to do is somehow see that | wil always succeed, and
even more, I'd like to have a simple strategy so that | don't hase to do all that algebra
every time. A strategy in this case would be a formula that gives me a correct answer no
matter what you specify. So suppose the number you give me is. How close does x
have to be to zero to guarantee that 196 4:9 xisin( 196 ; 196+ )? If xis
positive, we need:

196 49 x> 196
49 x>
X< = 49
X< =49

So if | pick any number that is less than =4:9, the algebra tells me that whenever x <
then x< =49 andso 196 49 xiswithin of 196. (This is exactly what | did
in the example: | picked = 0:0000002< 0:0000002040816327:.) A similar calculation
again works for negative x. The important fact is that this is now a completely general
result|it shows that | can always win, no matter what \move"y ou make.

Now we can codify this by giving a precise de nition to replace the fuzzy, \gets closer
and closer" language we have used so far. Henceforward, wellgay something like \the
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true whenever 0< jx 2j < . So the question becomes: can we choose a value fothat
guarantees that 0< jx 2j < impliesjx 2j < ? Of course: no matter what is, =
works. [u]

So it turns out to be very easy to prove something \obvious," which is nice. It doesn't
take long before things get trickier, however.

EXAMPLE 2.5 It seems clear that lim,; > x? = 4. Let's try to prove it. We will want
to be able to show thatjx?> 4j< whenever 0< jx 2j < , by choosing carefully. Is
there any connection betweerjx 2j and jx? 4j? Yes, and it's not hard to spot, but it is
not so simple as the previous example. We can writgx? 4j = j(x+2)(x 2)j. Now when
jx 2 is small, part of j(x +2)(x 2)j is small, namely (x 2). What about (x+2)? If x is
close to 2, & + 2) certainly can't be too big, but we need to somehow be precie about it.
Let's recall the \game" version of what is going on here. You @t to pick an and | have to
pick a that makes things work out. Presumably it is the really tiny v alues of | need to
worry about, but | have to be prepared for anything, even an apparently \bad" move like
=1000. | expect that is going to be small, and that the corresponding will be small,
certainly less than 1. If 1thenjx+2j< 5whenjx 2j< (because ifx is within 1 of
2, then x is between 1 and 3 andx + 2 is between 3 and 5). So then I'd be trying to show
that j(x +2)(x 2)j < 55x 2j < . So now how can | pick so that jx 2j < implies
5)x 2j < ? Thisis easy: use = =5,s059x 2j< 5(=5)= . Butwhat ifthe you
choose is not small? If you choose = 1000, should | pick = 200? No, to keep things
\sane" | will never pick a bigger than 1. Here's the nal \game strategy:" When you
pick a value for | will pick = =5or =1, whichever is smaller. Now whenjx 2j <
| know both that jx +2j < 5and that jx 2j < =5. Thusj(x +2)(x 2)j< 5(=5)=
This has been a long discussion, but most of it was explanatio and scratch work. If
this were written down as a proof, it would be quite short, like this:

Proof that limx; 2x? = 4. Given any , pick = =5or =1, whichever is smaller.
Thenwhenjx 2j< ,jx+2j<5andjx 2j< =5. Hencejx?® 4j=j(x+2)(x 2)j<
5(=5)= . [a]

It probably seems obvious that limy; > x? =4, and it is worth examining more closely
why it seems obvious. If we writex? = x x, and ask what happens wherx approaches 2,
we might say something like, \Well, the rst x approaches 2, and the second approaches
2, so the product must approach 2 2." In fact this is pretty much right on the money,
except for that word \must." Is it really true that if x approachesa and y approachesh
then xy approachesab? It is, but it is not really obvious, since x and y might be quite
complicated. The good news is that we can see that this is truence and for all, and then
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we don't have to worry about it ever again. When we say thatx might be \complicated"
we really mean that in practice it might be a function. Here is then what we want to know:

THEOREM 2.6 Suppose lim; o f(x) = L and limy; 4g(x)= M. Then
limy, o f (xX)g(x)= LM .

Proof.  We have to use the o cial de nition of limit to make sense of th is. So given any
weneedto nda sothatO< jx aj< impliesjf (x)g(x) LM j< . Whatdo we
have to work with? We know that we can makef (x) close toL and g(x) close toM, and
we have to somehow connect these facts to makie(x)g(x) close toLM .
We use, as is so often the case, a little algebraic trick:

iFe()  LMj=jf(x)g(x) fOOM +f)M LM |
=Jf0(gx)  M)+(f(x) L)Mj
FEOO(ex) M)j+j(f(x) LM
= iigx) Mj+if(x) LjMj:

This is all straightforward except perhaps for the \  ". That is an example of the triangle
inequality , which says that if a and b are any real numbers thenja+ bj j aj+ jbj. If you
look at a few examples, using positive and negative numbershivarious combinations for
a and b, you should quickly understand why this is true.

Since lim, o = L, there is a value ; sothat 0< jx aj < 1 impliesjf (x) Lj<
j=(2M)j, This means that 0 < jx aj < ; implies jf (x) LjjMj < =2. You can see
where this is going: if we can makgf (x)jjg(x) Mj < =2 also, then we'll be done.

We can makejg(x) M| smaller than any xed number by making x close enough
to a; unfortunately, =(2f (x)) is not a xed number, since x is a variable. Here we need
another little trick, just like the one we used in analyzing x2. We can nd a » so that
jx a < jimpliesthat jf(x) Lj< 1, meaningthatL 1<f (x)<L +1. This means
that jf (x)j <N, whereN is eitherjL 1j or jL +1j, depending on whetherL is negative
or positive. The important point is that N doesn't depend onx. Finally, we know that
thereisa 3 sothat 0< jx aj < 3 impliesjg(x) Mj< =(2N). Now we're ready to
put everything together. Let be the smallest of ;, ,, and 3. Then jx aj< implies
that jf (x) Lj<j=(@2M)j, jf (x)j<N,andjg(x) Mj< =(2N). Then

iFO)9() LM j F)ligt) M+ if(x) LjjMj
<N (=@N))+ j=2M)jiM]
= =2+ =2=:
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It is worth commenting on the trivial limit lim 4, 1 5. From one point of view this
might seem meaningless, as the number 5 can't \approach" anyalue, since it is simply a
xed number. But 5 can, and should, be interpreted here as thefunction that has value 5
everywhere,f (x) = 5, with graph a horizontal line. From this point of view it m akes sense
to ask what happens to the height of the function asx approaches 1.

Of course, as we've already seen, we're primarily interestkin limits that aren't so easy,
namely, limits in which a denominator approaches zero. Thee are a handful of algebraic
tricks that work on many of these limits.

x2+2x 3
1
that makes the denominator zero. We can note that ifx 6 1,

EXAMPLE 2.9 Compute Iilm1 . We can't simply plug in x = 1 because
x!

2
Iimx +2Xx 3:Iim (x 1)(x+3)
x'1 o ox 1 X1 x 1
=lim (x+3)=4
xI 1

a

Another of the most common algebraic tricks was used in seatin 2.1. Here's another
example:

EXAMPLE 2.10 Compute IIim1
x!

. px+5 2 . X+5 2p><+5+2
lim = lim p-
x1 x+1 X1 x+1 X+5+2

=lm —p—
xI' 1(x+1)( x+5+2)

= lim LA
xI' 1(x+1)( x+5+2)
lim 9717 = }
xI' 1 x+5+2 4
]
Occasionally we will need a slightly modi ed version of the imit de nition. Consider
the function f(x) = =~ 1 x2, the upper half of the unit circle. What can we say about
limy, 1f(x)? It is apparent from the graph of this familiar function tha t as x gets close
to 1 from the left, the value of f (x) gets close to zero. It does not even make sense to
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This is just what we needed, so by the o cial de nition, lim y af (X)g(x) = LM . ]

A handful of such theorems give us the tools to compute many thits without explicitly
working with the de nition of limit.

THEOREM 2.7 Suppose that lim, o f (x) = L and limy; ag(x) = M and k is some
constant. Then

Jim K ()= K Jim £ () = kL
)!i;ma(f (x)+ g(xj)= lim £ ()+lim ge)=L+M
)!i;ma(f x) ox)= I)i(r;naf(x) )!i;mag(x): L M
im (£ 005) = lim_ 100 im 90 = LM
) _limy ;f(x)_ L

)!l!ma@— m— ﬁ; if M is not O

Roughly speaking, these rules say that to compute the limit é an algebraic expression,
it is enough to compute the limits of the \innermost bits" and then combine these limits.
This often means that it is possible to simply plug in a value br the variable, since
limy ax= a.

x? 3x+5
—~

EXAMPLE 2.8 Compute )(Iiml 3

If we apply the theorem in all its gory
detail, we get
lim x2 3 +5 _ limy 1(x?> 3x+5)
x1ox 2 limg i(x 2)
_(limy 1x2) (limy 13x)+(lim 4 15)
(limyi 1x)  (limy 12)
_ (limy 1x)2 3(limy 1X)+5
(limy; 1x) 2

12 3 1+5
B 1 2
1 3+5
= >"7- 3
1
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ask what happens asx approaches 1 from the right, sincef (x) is not de ned there. The
de nition of the limit, however, demands that f (1+ x) be close tof (1) whether x is
positive or negative. Sometimes the limit of a function exigs from one side or the other
(or both) even though the limit does not exist. Since it is uséul to be able to talk about
this situation, we introduce the concept of one sided limit

DEFINITION 2.11  One-sided limit Suppose thatf (x) is a function. We say that
limy, o f(x)= L if for every > Othereisa > O so that whenever 0<a x< ,
jf(x) Lj< . We saythatlimy, .+ f(x)= L if forevery > Othereisa > 0 so that
whenever 0<x a< ,jf(x) Lj<

Usually limy, o f(x) is read \the limit of f (x) from the left" and lim 4, o+ f (X) is
read \the limit of f (x) from the right".

’ XX X
EXAMPLE 2.12 Discuss lim-—, lim —, and lim —.
xU0jXj" xt 0 jXj xt 0 jXj
The function f (x) = x=jxj is unde ned at 0; when x > 0, jxj = x and sof (x) = 1;
whenx < 0, jxj = x and f(x) = 1. Thus limy, o J% =limy o 1= 1 while
limy, o+ J% =limy, o« 1 =1. The limit of f(x) must be equal to both the left and right
limits; since they are di erent, the limit lim ,, o J% does not exist. o
Exercises
Compute the limits. If a limit does not exist, explain why.
X2+ x 12 - 4x 5x?
Lom = ) o Jim =1 )
X2+ x 12 ox? 1
2 xhwml X 3 ) 10. >!Izm1 Xp 1 )
2 2
3 gim XEX 12 11 iim 22X
xt' 4 x 3 x! 0% b X
o ox2+x 12 7 X2
4. | i
iy p X 2 ) 12. x!lng‘ x+1 )
. x+8 3 3 3
5. Jm 22 13 im X&)
r r_ xa X a
i 2 3
6. lim L+2 %.) 14. x"zmz(nx 47)
x
" : 5 x61
15. lim X '
7. lim 3) Jm 5 x=1)
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16. Ji‘muxsin ; (Hint: Use the fact that jsinaj < 1 for any real number a. You should
probably use the de nition of a limit here.) )

17. Give an { proof, similar to example 2.4, of the fact that lim », 4(2x 5)=3.

18. Evaluate the expressions by reference to this graph:

10
. 8
I 6
4
\ ]
KY4 K‘Z 0 ; z{ é
X
K
@) lim, f (x) ® Jim f(x) © lim f(x)
(@ fim f(x) (@ lim £ (x) M f( 2
@ I‘bin; f(x) () fim f(x) ) lim £ (x+1)

@) f () () lim f(x 4

) .
N - sinx
19. Use a calculator to estimate I|‘m0 =
x

) lim f(x 2
e

20. Use a calculator to estimate lim tan(3><)‘
x1 o tan(5x)

We have seen how to create, or derive, a new functiof {x) from a function f (x), and
that this new function carries important information. In on e example we saw thatf q(x)
tells us how steep the graph off (x) is; in another we saw that f {x) tells us the speed
of an object if f (x) tells us the position of the object at time x. As we said earlier, this
same mathematical idea is useful whenever(x) represents some changing quantity and we
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EXAMPLE 2.13 Find the derivative of y = f (t) = t2.

We compute
. . t+ )2 2
y°= lim Y= im (tr 9 ¢
tto t to t
o242t t+ 22
=Im —
th o t
. t+ 2
= lim
th o t

= lim 2t+ t=2t
t! 0

Remember that t is a single quantity, not a \" times a\ t", and so t?is ( t)2 not

().

a

EXAMPLE 2.14 Find the derivative of y = f (x) = 1=x.
The computation:

X X+ X
X+ X) X(XF_X)

0 X

X (x+ x)
X(x+ x)

0 X
X X X

m - %

xI 0X(X+ X) X

m X

xLox(x+ X) X

= lim 1 =1
xrox(x+ x) x2

]

Note. If you happen to know some \derivative formulas" from an earlier course, for
the time being you should pretend that you do not know them. In examples like the
ones above and the homework below, you are required to know koto nd the derivative
formula starting from basic principles. We will later develop some formulas so that we do
not always need to do such computations, but we will continueto need to know how to do
the more involved computations.
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want to know something about how it changes, or roughly, the \rate" at which it changes.
Most functions encountered in practice are built up from a snall collection of \primitive"
functions in a few simple ways, for example, by adding or muliplying functions together
to get new, more complicated functions. To make good use of thinformation provided
by f qx) we need to be able to compute it for a variety of such functiors.

We will begin to use di erent notations for the derivative of a function. While initially
confusing, each is often useful so it is worth maintaining mitiple versions of the same
thing.

Consider again the function f (x) = pm. We have computed the derivative
fqx) = x= 625 xZ, and have already noted that if we use the alternate notation
y = 625 x2 then we might write y® = x= 625 x2. Another notation is quite
dierent, and in time it will become clear why it is often a useful one. Recall that to
compute the the derivative of f we computed

~ Pem 7+ x)2 24
im ———————

x! 0 X

The denominator here measures a distance in the direction, sometimes called the \run",
and the numerator measures a distance in the direction, sometimes called the \rise," and
\rise over run" is the slope of a line. Recall that sometimes sch a numerator is abbreviated
y, exchanging brevity for a more detailed expression. So in geeral, a derivative is given
by
o= fjm .
y xI' 0 X
To recall the form of the limit, we sometimes say instead that
L
dx xI'0 X
In other words, dy=dx is another notation for the derivative, and it reminds us that it is
related to an actual slope between two points. This notationis called Leibniz notation,
after Gottfried Leibniz, who developed the fundamentals of calculus independently, at
about the same time that Isaac Newton did. Again, since we ofn usef and f (x) to mean
the original function, we sometimes used=dx and d (x)=dx to refer to the derivative. If
the function f (x) is written out in full we often write the last of these something like this

[ o
foYx) = d% 625 x2

with the function written to the side, instead of trying to t it into the numerator.
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Sometimes one encounters a point in the domain of a functiory = f (x) where there
is no derivative , because there is no tangent line. In order for the notion of he tangent
line at a point to make sense, the curve must be \smooth" at tha point. This means that
if you imagine a particle traveling at some steady speed alom the curve, then the particle
does not experience an abrupt change of direction. There arvo types of situations you
should be aware of|corners and cusps|where there's a sudden change of direction and
hence no derivative.

EXAMPLE 2.15 Discuss the derivative of the absolute value functiony = f (x) = jXj.

If x is positive, then this is the function y = x, whose derivative is the constant 1.
(Recall that when y = f (x) = mx + b, the derivative is the slopem.) If x is negative, then
we're dealing with the function y = x, whose derivative is the constant 1. If x = 0,
then the function has a corner, i.e., there is no tangent line A tangent line would have
to point in the direction of the curve|but there are  two directions of the curve that come
together at the origin. We can summarize this as

( 1 if x> 0;
yo= 1 ifx< 0
unde ned if x =0.

a

EXAMPLE 2.16 Discuss the derivative of the functiony = x2=3, shown in gure 2.2.
We will later see how to compute this derivative; for now we u® the fact that y° =
(2=3)x 1=, Visually this looks much like the absolute value function, but it technically
has a cusp, not a corner. The absolute value function has no tayent line at 0 because
there are (at least) two obvious contenders|the tangent lin e of the left side of the curve
and the tangent line of the right side. The function y = x2=2 does have a tangent line at 0,
the y-axis, a line with no slope (sometimes called \in nite" slope, though this is hard to
make precise). But the slope ofx?= just to the right of 0 is very large and positive, while
the slope to the left is very large and negative, so in fact thee is no \single slope" at 0.

o

In practice we won't worry much about the distinction between these examples; in both
cases the function has a \sharp point" where there is no tanget line and no derivative.
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Figure 2.2 A cusp on x?=3.

Exercises

1. Find the derivative of y = f (x) = P 169 x2.)

2. Find the derivative of y = f (t)=80 4:9t%.)

. Find the derivative of y = f(x)= x* (1=x). )

. Find the derivative of y = f (x) = ax? + bx+ c (where a, b, and c are constants). )

. Find the derivative of y = f (x)= x%.)

. Shown is the graph of a function f (x). Sketch the graph of f %(x) by estimating the derivative
at a number of points in the interval: estimate the derivativ e at regular intervals from one
end of the interval to the other, and also at \special" points , as when the derivative is zero.
Make sure you indicate any places where the derivative does rot exist.

16
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7. Shown is the graph of a function f (x). Sketch the graph of f {(x) by estimating the derivative
at a number of points in the interval: estimate the derivativ e at regular intervals from one
end of the interval to the other, and also at \special” points , as when the derivative is zero.

2.5 Adjectives For Functions 41

@ )
35 3

34 ]

Figure 2.3 Function Types: (a) a discontinuous function, (b) a continu ous function, (c)
a bounded, di erentiable function, (d) an unbounded, di eren tiable function

For the function in (c), one such choice forM would be 10. However, the smallest
(optimal) choice would be M = 1. In either case, simply nding an M is enough to
establish boundedness. No sucM exists for the hyperbola in (d) and hence we can say
that it is unbounded .

Continuity. The graphs shown in (b) and (c) both representcontinuous functions.
Geometrically, this is because there are no jumps in the graps. That is, if you pick a
point on the graph and approach it from the left and right, the values of the function
approach the value of the function at that point. For example, we can see that this is not
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Make sure you indicate any places where the derivative does rot exist.
4

As we have de ned it in Section 1.3, a function is a very generhobject. At this point,

it is useful to introduce a collection of adjectives to describe certain kinds of functions.
Consider the graphs of the functions in Figure 2.3. It would dearly be useful to have words
to help us describe the distinct features of each of them. We il point out and de ne a
few adjectives (there are many more) for the functions pictued here. For the sake of the
discussion, we will assume that the graphs do not exhibit anyunusual behavior o -stage
(i.e., outside the view of the graphs).

Functions. Each graph in Figure 2.3 certainly represents a function|si nce each passes
the vertical line test. In other words, as you sweep a vertical line across the graphf each
function, the line never intersects the graph more than once If it did, then the graph
would not represent a function.

Bounded. The graph in (c) appears to approach zero ax goes to both positive and
negative in nity. It also never exceeds the value 1 or drops lelow the value 0. Because the
graph never increases or decreases without bound, we say thiie function represented by
the graph in (c) is a bounded function.

DEFINITION 2.17 Bounded A function f is bounded if there is a numberM such
that jf (x)j <M for every x in the domain of f .
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true for function values nearx = 1 on the graph in (a) which is not continuous at that
location.

DEFINITION 2.18 Continuity at a Point
aiflimy of (x) = f (a).

A function f is continuous at a point

DEFINITION 2.19 Continuous A function f is continuous if it is continuous at
every point in its domain.

Strangely, we can also say that (d) is continuous even thouglthere is a vertical asymp-
tote. A careful reading of the de nition of continuous reveals the phrase \at every point
in its domain." Because the location of the asymptote,x = 0, is not in the domain of
the function, and because the rest of the function iswell-behavedwe can say that (d) is
continuous.

Di erentiability. Now that we have introduced the derivative of a function at a point,
we can begin to use the adjectivedi erentiable . We can see that the tangent line is well-
de ned at every point on the graph in (c). Therefore, we can sg that (c) is a di erentiable
function.

DEFINITION 2.20 Di erentiable at a Point A function f is dierentiable at
point a (excluding endpoints and isolated points in the domain off ) if f {a) exists.

DEFINITION 2.21  Di erentiable A function f is di erentiable if is di erentiable
at every point (excluding endpoints and isolated points in the domain off ) in the domain
of f.

Take note that, for technical reasons not discussed here, b of these de nitions
exclude endpoints and isolated points in the domain from cosideration.

We now have a collection of adjectives to describe the very ¢ch and complex set of
objects known as functions.

We close with a useful theorem about continuous functions:

THEOREM 2.22  Intermediate Value Theorem If f is continuous on the interval
[a; bl and d is betweenf (a) and f (b), then there is a numberc in [a; b such that f (c) = d.
This is most frequently used whend = 0.

EXAMPLE 2.23 Explain why the function f = x+3x2+ x 2 has a root between 0
and 1.
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Sincef (0) = 2 andf (1) =3, and 0 is between 2 and 3, there is ac 2 [0; 1] such
that f (c) = 0. [a]

This example also points the way to a simple method for approimating roots.

EXAMPLE 2.24 Approximate the root of the previous example to one decimal pace.
If we compute f (0:1), f (0:2), and so on, we nd that f (0:6) < 0 andf (0:7) > 0, so by
the Intermediate Value Theorem, f has a root between @6 and 0:7. Repeating the process
with f (0:61), f (0:62), and so on, we nd that f (0:61) < 0 andf (0:62) > 0, sof has a root
between 061 and 062, and the root is Q6 rounded to one decimal place. [u}

Exercises
1. Along the lines of Figure 2.3, for each part below sketch the graph of a function that is:

a. bounded, but not continuous.
b. dierentiable and unbounded.

. continuous at x = 0, not continuous at x = 1, and bounded.

d. dierentiable everywhere except at x = 1, continuous, and unbounded.

Is f (x) = sin( x) a bounded function? If so, nd the smallest M.

. s s(t) =1 =(1 + t?) a bounded function? If so, nd the smallest M.

. Is v(u) = 2In juj a bounded function? If so, nd the smallest M .

. Consider the function

o

a s wN

2x 3 ifx< 1

heo= ifx 1

Show that it is continuous at the point x = 0. Is h a continuous function?
Approximate a root of f = x®  4x2+2x + 2 to one decimal place.
Approximate a root of f = x*+ x® 5x +1 to one decimal place.

N o



