
COLORED GRAPHS AND THEIR PR OPER TIES

BEN STEVENS

1. Intr oduction

This paper is concernedwith the upper bound on the chromatic
number for graphsof maximum vertex degree� under three di�erent
setsof coloring rules. For a regularly coloredgraph, we present a proof
of Brooks' Theorem,stating that the chromatic number is at most � in
all but two cases.For a 2; 1-coloredgraph,wedemonstratethat the 2; 1-
chromatic number is at most � 2 + �. For a fractionally coloredgraph,
we show that the fractional chromatic number is at most the regular
chromatic number and that there always exists an optimal fractional
coloring.

2. Preliminar y Definitions

This paper dealswith a subdisciplineof graph theory known asgraph
coloring. Before we addressgraph coloring, however, somede�nitions
of basicconceptsin graph theory will be necessary.

While the word \graph" is common in mathematics coursesas far
back as introductory algebra,usually asa term for a plot of a function
or a set of data, in graph theory the term takeson a di�erent meaning.
In the context of graph theory, a graph is a collection of vertices and
edges,each edgeconnectingtwo vertices.

If we take a graph and remove someof its verticesand edges,making
sure that each edgeis still connectedto two vertices (that is, no edge
may be \left hanging" with oneor both endsnot attached to a vertex),
we obtain what is called a subgraph.

We formalize thesetwo de�nitions as follows:

De�nition 2.1. A graph is a set of vertices V coupled with a set
of edgesE, each edge being incident on a pair of vertices in V. A
subgraph of a graph is a subsetof V , called V 0, coupled with a subset
of E, called E 0, such that each edgein E 0 is incident on two vertices
in V 0.

SeeFigure 1 for someexamplesof graphsandFigure 2 for an example
of a subgraph.
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It is important to note in Figure 1 that there are several points on
the �rst two graphsin the �gure wherethe edgescrossbut there is no
bold dot present. Thesepoints should not be confusedwith vertices.
There are somegraphswherethis sort of edgecrossingis unavoidable
(such as the center graph in Figure 1). Keep in mind, however, that
not every point wheretwo edgescrossis a vertex: only the points with
bold dots represent vertices.

Figure 1. Someexamplesof graphs

Figure 2. G0 is a subgraphof G

De�nition 2.2. We call two verticesadjac ent if there is a singleedge
that is incident on both vertices.

De�nition 2.3. The degree of a vertex v is the number of edgesthat
are incident on v.

An exampleof vertices of varying degreesis shown in Figure 3. In
the �gure, vertex A has degree0, vertex B has degree1, vertices C
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and D each have degree2, and vertex E has degree3. The degree
of the vertex in a graph with the most edgesincident on it, called the
maxim um degree, will bevery important in determining that graph's
coloring properties. The maximum degreeof the graph in Figure 3 is
3.

Figure 3. Verticesof varying degrees.

The idea of two vertices in a graph being connectedwill also prove
important in the study of graph coloring. In informal terms, two ver-
ticesareconnectedif you canget from onevertex to the other following
the graph's edges.We formalize this idea of connectedin the following
two de�nitions:

De�nition 2.4. A path is a sequence of vertices f v1; v2; � � � ; vk� 1; vkg
in a graph suchthat for each vertex vi , with i = 1; 2; � � � ; k � 1, in the
sequence there exists an edgesuch that the edgeis incident on both vi

and vi +1 .

Note that verticesmay be repeatedin paths. That is, there may be
a path in which vi = vj for somei 6= j . For example, in Figure 4,
f A; B ; C; B ; C; Dg is a path.

De�nition 2.5. Two vertices, u and v, are called conne cted if there
exists a path from u to v. A conne cted graph is a graph in which
everydistinct pair of vertices is connected.

An example of a graph that is not connected(also known as dis-
connected) is shown in Figure 4. In this graph, vertices A and D
are connected,as there exists a path betweenthem, such as the path
f A; B ; C; Dg. However, vertices A and E are not connected,as there
is no path between them. From this, we concludethat the graph is
disconnected.

Throughout this paper, we will be working exclusively with con-
nectedgraphs,for reasonsthat will becomeclear when we learn about
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Figure 4. A disconnectedgraph.

graph coloring. However, it is a concept neededin order to de�ne
connectivit y, which we will de�ne in the next section.

In addition to connectedgraphs,there are many other typesof spe-
cial graphs that are important in the �eld of graph coloring. Two of
thesetypes of graphs are de�ned by a special type of path known as
a circuit, a path that beginsand endsat the samepoint and doesn't
crossany given vertex more than once.

De�nition 2.6. A cir cuit is a path in which, given the path's vertex
sequence f v1; v2; � � � ; vk� 1; vk ; v1g, vi 6= vj for i 6= j . A graph composed
of a single circuit is called a cycle . A cycle with an evennumber of
vertices is called an even cycle , while a cycle with an odd number of
vertices is called an odd cycle .

Becausethe labelsaresosimilar, it is worth reiterating the di�erence
betweena circuit and a cycle. Informally, a circuit is a path that forms
a closedloop, and is an orderedset of verticeswithin a graph. A cycle,
on the other hand, is itself a graph, one composedentirely of a single
circuit.

Referring back to Figure 4, the path f B ; C; D; Bg is a circuit. Two
examplesof cyclesare shown in Figure 5. In the �gure, graph G is an
even cycle(as it has6 vertices),while graph G0 is an odd cycle(having
5 vertices).

Another important type of connectedgraph is a graph that doesnot
contain any circuits. This type of graph is called a tree.

De�nition 2.7. A tr ee is a connected graph that contains no circuits.
A tr ee of a graph G is a subgraph of G that is a tree. A spanning
tr ee of a graph G is a tree of G which contains all of the vertices in
G.
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Figure 5. Two cycles.

An exampleof a tree is shown in Figure 6. In Figure 7, graph G0 is
a tree of graph G, while graph G00is a spanningtree of graph G.

Figure 6. A tree.

Figure 7. G0 is a tree of G. G00is a spanningtree of G.

Onelast typeof graph weshouldconsideris calleda completegraph,
in which there is an edgebetweenevery pair of vertices in the graph.

De�nition 2.8. A complete graph is a graphG in whicheveryvertex
is adjacent to every other vertex in G. A completegraph containing n
verticesis referred to asthe completegraphon n verticesand is denoted
K n .
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Figure 8. From left to right, the complete graphs on
four, �v e and two vertices.

Someexamplesof completegraphsare shown in Figure 8.
Finally, we addressgraph coloring. We \color" a graph by assigning

variouscolorsto the verticesof that graph. As we will see,this process
of coloring is generallygovernedby a setof coloringrules. For example,
the most basicset of coloring rules, referredto asregular coloring, con-
sistsof a singlerule: no two adjacent verticesmay have the samecolor.
We will exploreregular coloring in moredetail in the next section. For
now, we will present somebasicde�nitions regardinggraph coloring.

De�nition 2.9. A color ed graph is a graph in which each vertex is
assigned a color. A pr operly color ed graph is a colored graph whose
color assignmentsconform to the coloring rules applied to the graph.
The chr omatic numb er of a graph G, denoted � (G), is the least
number of distinct colors with which G can be properly colored.

Figure 9 givesan exampleof a coloredgraph. This graph is colored
using the colorsR; G; B ; Y. Moreover, it is properly coloredaccording
to regular coloring rules. While it is lessreadily apparent, the graph's
chromatic number is 4.

Note that when we say we have \colored" a vertex, we simply mean
that we have assigneda label to it. The concept of colors merely
provides a helpful mental image,but keepin mind that they neednot
actually represent colors as we know them, such as red and blue. As
seenin Figure 9, it su�ces to label the verticesof a graph, with each
label representing a \color".

The conceptof the chromatic number of a graph is oneof the most
interestingin all of graph theory. While there is no generalrule de�ning
a graph's chromatic number, we instead placean upper bound on the
chromatic number of a graph basedon the graph's maximum vertex
degree.That is, wesay that for a graphG with maximum vertex degree
�, � (G) � f (�), wheref (�) is somefunction of the maximum vertex
degree.The remainderof this paper dealswith the problem of �nding
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Figure 9. A properly coloredgraph of chromatic num-
ber 4.

a suitable upper bound for the chromatic number of any graph in each
of three setsof coloring rules. We begin with the simplest set of rules,
regular coloring.

3. Regular Coloring

3.1. Basic Results. As stated above, regular coloring is a rule for
coloring graphs which states that no two adjacent vertices may have
the samecolor. SeeFigure 10 for an example. In the �gure, graph
G is properly colored by regular coloring rules, while G0 is not, as it
contains two adjacent verticesthat are both coloredwith color R.

Figure 10. Two coloredgraphs. G is properly colored,
G0 is not.

Given this coloring rule, it becomesapparent why we may safely
ignore disconnectedgraphs in our exploration of graph coloring. As
the coloring rulesdealwith verticesthat areadjacent, the colorson the
verticesof each disjoint part of a disconnectedgraph have no bearing
whatsoever on the colors of the vertices on any other disjoint part.
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Thus, we may treat the each of the disjoint parts of the graph as if
they were individual, connectedgraphs.

As we are ultimately trying to derive an upper bound for the chro-
matic number of a regularly colored graph, we will begin by �nding
the chromatic number of several types of graphs and seeif a pattern
emerges.

In a completegraph on n vertices,each of the n verticesin the graph
is adjacent to every other vertex in the graph. In other words, each
vertex in the graph is adjacent to n � 1 vertices. Thus, every vertex
has degreen � 1, and we concludethat the maximum vertex degree
of the completegraph on n vertices is � = n � 1. So, how does the
chromatic number of a completegraph relate to �? Let's look at an
example,shown in Figure 11.

In this example,the completegraph on 5 vertices,we begin by col-
oring one vertex with a color, called C1. We then attempt to color a
secondvertex. This vertex must be adjacent to the �rst vertex that
we colored, so it cannot be colored with C1. Thus, we color it with
someother color, C2. The third vertex we choosewill be adjacent to
both of the �rst two vertices,so it must be coloredwith a third color,
C3, and so on, until we have coloredall �v e verticesusing a total of 5
colors. As can clearly be seenin the far right sideof Figure 11, noneof
the verticescould be coloredany of the other colorswithout violating
our coloring rule. Thus, we concludethat the chromatic number of the
completegraph on 5 verticesis 5.

Figure 11. Illustrating the processof coloring the com-
plete graph on 5 vertices.

It is not di�cult to seehow this exampleis generalized,in the case
of the completegraph on n vertices,K n . As each of the n vertices in
K n is adjacent to every other vertex in the graph, each vertex must be
coloredwith a di�erent color, making the chromatic number n. From
our previousrelationship of � = n� 1, weconcludethat, for a complete
graph G, we have � (G) = � + 1.
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Now let us look at another type of graph, a cycle. A cycle is a
graph composedof a singlecircuit. From the examplesof cyclesshown
in Figure 5, we easily see that every vertex has degree2. This is
intuitiv ely true for any cycle, as a cycle represents a closedpath with
no repeatedvertices,so, if onefollows the path in onefull circuit, each
vertex must have oneedgeleading into it and oneedgeleading out of
it. Thus, for a cycle,we concludethat � = 2.

What, then, is the chromatic number of a cycle? At �rst glance,
it might appear that two colors, C1 and C2 should be su�cien t to
properly color a cycle, as we may simply start at a vertex v1, color
it with C1, then move around the circuit in one direction, alternating
betweencoloring with C2 and C1 aswe go. However, we must consider
what happenswhenwe arrive at the last vertex in the circuit, vn which
is adjacent to v1, the �rst vertex we colored. Examining the other
vertex adjacent to vn , which we'll call vn� 1, we �nd two cases.

In the �rst case,vn� 1 is coloredwith C1. In this case,we are free to
simply color vn with C2, and we have properly colored the cycle with
2 colors.

In the secondcase,vn� 1 is coloredwith C2. In this case,vn is adjacent
to a vertex colored with C1 and a vertex colored with C2, so vn may
not be coloredwith either of thesecolors. Thus, we must color it with
somethird color, C3. Here, we have properly coloredthe cycle with 3
colors.

This processis illustrated in Figures 12 and 13. In the �gures, we
begin by coloring vertex v1, then proceedclockwise around the cycle,
coloring each vertex. Figure 13 shows the two casesfor the �nal two
verticeswe color, vn� 1 and vn .

Figure 12. In coloring a cycle, we need only concern
ourselveswith verticesv1, vn and vn� 1.

With a bit of thought, it is easyto deducethat the �rst caseoccurs
when the cycle contains an even number of vertices,while the second
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Figure 13. The two possiblecasesfor the color of vn .
In case1, both vertices adjacent to vn are colored with
color C1, sowe are freeto color vn with color C2. In case
2, vn is adjacent to a vertex coloredwith C1 and a vertex
coloredwith C2, so it must be coloredwith a third color,
C3.

caseoccurs when the number of vertices is odd. SeeFigure 14 for an
illustration of this.

Figure 14. Cyclesof even and odd length properly colored.

As theseare the only two possibilities for cycles,we concludethat,
for a cycleG, � (G) � 3 = � + 1.

From thesetwo typesof graphs,we begin to seea pattern emergein
the relationship between the chromatic number � and the maximum
vertex degree�. For completegraphs,wehave � = � + 1 and for cycles
we have � � � + 1. Can we generalizethis result, that � � � + 1, for
all graphs?It turns out that we can, in a very simple proof.

Theorem 3.1. If the maximum vertex degree of a graph G is � , then
� (G) � � + 1.
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Proof. We chooseany arbitrary vertex in G and color it with one of
the � + 1 available colors. We then pick any uncolored vertex in G
and color it with a color that has not been assignedto any of the
verticesadjacent to it. We then repeat this last step until every vertex
in G is colored. Becauseany given vertex v is connectedto at most
� vertices, there can be at most � distinct colorsalready usedon the
verticesadjacent to v, sothere will alway be at leastonecolor available
to color v with. �

We have establishedthat, under regular coloring rules, it requiresat
most � + 1 colorsto properly colorany graphof maximum vertex degree
�. But canwe do better? In general,the answer is obviously no, aswe
have found that completegraphsand odd cyclesrequire � + 1 colors
to be properly colored. But what about graphs that do not fall into
either of thesecategories?We already know that even cyclesrequire
� colors to be properly colored,so let's look at a few more examples.

Figure 15. A graph of maximum vertex degree3 prop-
erly coloredusing 3 colors

In Figure 15, we have a graph with a maximum degree� = 3. The
�gure illustrates how the graph can be properly coloredusing 3 colors.
Becausethe graph contains a triangle, which requires three colors, it
will take no lessthan three colors to properly color the graph. So, in
this case,we have � = �.

In Figure 16, we have a graph with a maximum degree� = 7. The
graph, however, is properly colored using only 2 colors. This is quite
obviously the minimum number of colors,asany connectedgraph with
more than one vertex requires at least 2 colors in order to properly
color it. So,herewe have a graph in which � < �.

As it turns out, completegraphsand odd cyclesare the only graphs
that require � + 1 colors to properly color. For any graph that is not
a complete graph or an odd cycle, we will show that the chromatic
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Figure 16. A graph of maximum vertex degree7 prop-
erly coloredusing 2 colors

number of the graph is at most �. This result is one of the most
important in all of graph theory and is known as Brooks' Theorem.

3.2. Bro oks' Theorem. Brooks' Theoremstatesthe following:

Theorem 3.2. For any graph G with maximum vertex degree � such
that G is not a completegraph or an odd cycle, � (G) � � .

Before we prove Brooks' Theorem, there are a few more necessary
de�nitions and minor theoremsthat will be usedin the proof.

De�nition 3.1. An or dered graph is a graph for which the set of its
vertices is an ordered set. We call this ordered set the vertex or der .

In general,the setof verticesin a graph is not ordered. In an ordered
graph, we assignan order to thesevertices, so that they may be used
in an algorithm, detailed below. An exampleof an ordered graph is
shown in Figure 17.

Figure 17. An orderedgraph. Here,we take the vertex
order to be f 1; 2; 3; 4; 5; 6; 7g.

Note that, in Figure 17, the order of the vertices need not have
anything to do with the vertices' labels. The fact that they werelabeled
with the integers 1 through 7 is completely arbitrary. For example,
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f 4; 7; 3; 2; 5; 1; 6g, with vertex 4 appearing �rst in the order, vertex 7
second,and soon, would have alsobeenan acceptableorder. However,
each vertex in the graph must appear in the vertex order exactly once.
Hence,using the graph from Figure 17 again, f 1; 2; 2; 4; 7; 6g would not
be a legitimate vertex order.

As stated above, orderedgraphs are useful becauseone may apply
algorithms to them. One such algorithm which we will need in the
proof of Brooks' Theoremis called the GreedyColoring Algorithm.

De�nition 3.2. The Gr eedy Coloring A lgorithm is an algorithm
used to properly color an ordered graph using k colors (assumingthat,
given the order of the verticesand the graph's chromatic number, such
a coloring is possible). It is implemented as follows:

1. Assign an order to the set of colors.
2. Considering the �rst vertex in the vertex order, assignto it the

�rst color.
3. Considering the next vertex, assignto it the lowest-ordered color

that hasnot already been assigned to a vertex adjacent to it.
4. Repeat step3 until the graph is colored.

For an exampleof this algorithm, referback to Figure 17. Supposewe
want to properly color the graph in Figure 17 using 3 colors. Suppose
the colorsare R; G; B . To implement the algorithm, we �rst assignan
order to the colors. As no speci�c color hasany specialsigni�gance,we
arbitrarily choosethe order f G; R; Bg. Now, we color the �rst vertex,
vertex 1, with the �rst color, G. Next, we considerthe next vertex in
the order, vertex 2. As vertex 2 is not adjacent to any vertices that
have colorsassignedto them, we are freeto color this vertex with G as
well. Consideringthe next vertex, vertex 3, we seethat it is adjacent
to vertex 1, which is already coloredwith G. Thus, we choosethe next
available color in the color order, which is R, and color vertex 3 with
it. This processcontinuesuntil the entire graph is colored. SeeFigure
18 for an illustration of this process.

It is important to note that the GreedyColoring Algorthm doesnot
always color a graph usingits chromatic number of colors. It is possible
to selecta vertex order that will result in somenumber of colorsgreater
than the graph's chromatic number being neededto color the graph.
SeeFigure 19 for an example. In the �gure, the ordered graph is an
even cycle,which we know hasa chromatic number of � = 2. However,
given the vertex order, the algorithm colors the graph with 3 colors.

So, if the GreedyColoring Algorithm sometimesproducesless-than-
optimal results, why is it useful? What is important about the al-
gorithm is that, for any graph, given the correct vertex order, it will
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Figure 18. An ordered graph with vertex order
f 1; 2; 3; 4; 5; 6; 7g coloredusing the greedycoloring algo-
rithm with a color order of f G; R; Bg.

Figure 19. An ordered graph with vertex order
f 1; 2; 3; 4; 5; 6g colored using the greedy coloring algo-
rithm with a color order of f G; R; Bg. In this example,
the number of colors used is greater than the graph's
chromatic number.

producethe optimal result (that is, it will color the graph usinga num-
ber of colors equal to the graph's chromatic number). We prove this
result below.

Theorem 3.3. For any graph, G, there is an order that can be assigned
to the verticesof G for which the greedy coloring algorithm wil l usethe
graph's chromatic number of colors to properly color G.

Proof. By the de�nition of the chromatic number, we know that at
least one such coloring exists. Assign an arbitrary order to the colors
usedin the graph. Now, we considerthe set of all graph colorsthat use
the chromatic number of colors. Of these, we consider the subsetof
thesecoloringswhich usethe �rst color the maximum number of times.
Of those colorings, we considerthe subsetof colorings which use the
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secondcolor the maximum number of times, and so on, until you are
left with onecoloring.

In this coloring, we know that any vertex colored with the second
color must beadjacent to at leastonevertex coloredwith the �rst color
(if it were not, it could have beencolored with the �rst color, which
would imply that the coloring did not have the maximum number of
vertices colored with the �rst color). Similarly, any vertex colored
with the third color will be adjacent to both a vertex of the �rst color
and a vertex of the secondcolor, and so on. In this graph, order the
verticesas follows: placeany vertex coloredwith the �rst color �rst in
the order. Placeany unorderedvertex coloredwith the lowest-ordered
color available next in the vertex order. Continue this processuntil
all the vertices in the graph are ordered. Now, applying the greedy
coloring algorithm to this orderedgraph using the samecolor order as
usedpreviously, we will recreatethe original graph coloring,which uses
the graph's chromatic number of colors. �

Now that wehave somebasicresultsconcerningthe GreedyColoring
Algorithm, we needto devisea method for ordering the vertices of a
graph in such a way that we can use the algorithm to prove Brooks'
Theorem. We �nd such a method in the following two theorems.

Theorem 3.4. Every connected graph hasat least one spanning tree.

Proof. If the graph contains no circuits, it is already a tree and is
therefore its own spanning tree. If the graph contains at least one
circuit, remove oneedgefrom each circuit in the graph. The graph will
still be connected,asa circuit implies that for any two verticeson the
circuit, two distinct paths exist between those vertices. By removing
one edgefrom the circuit, we remove one of these paths, which still
leavesonepath betweenthosetwo vertices. Further, the removal of an
edgefrom a circuit ensuresthat the remainingedgeswill no longerform
a circuit. Now, asthe new graph is connectedand contains no circuits,
it is a tree of the original graph. As we did not remove any of the
original graph's vertices in this process,the new graph is a spanning
tree of the original graph. �

Theorem 3.5. For any connected graph, G, there is an order in which
one can place the vertices of G such that every vertex has a higher-
ordered neighbor, with the exception of the last vertex in the order.

Proof. Considera spanningtree of G, which wewill call Gt . Gt contains
all of the vertices of G, and any vertices that are adjacent in Gt are
also adjacent in G. Now assumethat all of the edgesin Gt are given
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a weight, which we will call length. Furthermore, let each edgein Gt

have a length of 1. Now chooseany vertex v0 in Gt . Given that vertex,
we order the verticesof Gt , aswell as the corresponding verticesin G,
as follows:

1. Find the vertex for which the path from that vertex to v0 has
the greatestlength. If more than onesuch vertex exists,chooseany of
thesevertices. Place this vertex �rst in the order.

2. Find the unorderedvertex for which the path from it to v0 has
the greastestlength. If more than one such vertex exists, chooseany
of thesevertices. Place this vertex next in the order.

3. Repeat step2 until all verticesin Gt exceptv0 have beenordered.
4. Placev0 last in the order.
It can easily be shown that there is only one distinct path between

any two given vertices in a tree, as two paths between those vertices
would imply that a circuit exists. Given this, by the above ordering
algorithm, all the verticesin the orderedgraph of Gt , and thereforein
the orderedgraph of G, will have higher-orderedneighbors, except for
v0, which appearslast in the order. �

Wewill refer to the algorithm introducedin the previousproof asthe
Vertex Ordering Algorithm . An exampleof the implementation of
this algorithm is shown in Figures20 and 21.

Figure 20. Two graphs, G and Gt . Gt is a spanning
tree of G.

Figure 20shows a graph G and a spanningtree of that graph Gt that
we will use in the implementation of the Vertex Ordering Algorithm.
In Figure 21, we implement the algorithm on Gt from Figure 20, �rst
selectingan arbitrary v0 from the vertices in Gt . Next, we �nd the
vertex for which path from that vertex to v0 is of the greatestpossible
length. In this graph, there are three such vertices, all with paths of
length 4 between them and v0. We chooseone of these vertices and
place it �rst in the vertex order (this is the vertex labeled 1). We
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Figure 21. An implementation of the Vertex Ordering
Algorithm on the graph and spanningtree in Figure 20.

Figure 22. The vertex order obtained in Figure 21
mapped onto the verticesof G.

then choose another of these vertices with a path of length 4 to v0

and placeit secondin the order (the vertex labeled2). We repeat this
process,ordering the verticesaccordingto their distancefrom v0 until
wearriveat the vertex orderingshown in the right-most graphin Figure
21. Finally, we map the vertex order from Gt onto the corresponding
vertices in G, as shown in Figure 22. As can be seen,every vertex in
G except vertex 8, the last in the vertex order, has a higher-ordered
neighbor.

Usingthe Vertex Ordering Algorithm in conjunction with the Greedy
Coloring Algorithm, we are now able to prove Brooks' Theoremfor all
but one type of graph, known as a regular graph.

De�nition 3.3. A regular graph is a graph in which every vertex
hasthe samedegree. An n-r egular graph is a regular graph in which
all vertices havedegree n.
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In Figure 23 we give someexamplesof regular graphs. Note that
a complete graph is a special caseof a regular graph, speci�cally an
n-regular graph containing n + 1 vertices. Also note that cyclesare
2-regulargraphs.

Figure 23. Two examplesof 3-regulargraphs.

Theorem 3.6. For any non-regular graph G, let � be the maximum
vertex degree. Then the chromatic number of G is at most � .

Proof. BecauseG is not regular, at least oneof the verticesin G must
have a degreeof lessthan �. Chooseany such vertex and label it v0.
Now apply the Vertex Ordering algorithm to G, using the vertex v0 as-
signedhere. Using the vertex order generatedby the Vertex Ordering
Algorithm, we apply the Greedy Coloring Algorithm. As all vertices
exceptv0 have at least onehigher-orderedneighbor, and all verticesin
G haveat most � neighbors,whenthe GreedyColoring Algorithm con-
sidersa given vertex w, that vertex will have at most � � 1 previously
coloredneighbors, meaningthat at least onecolor will be available to
color w. When the algorithm reachesv0, the �nal vertex, we know that
it hasfewer than � neighbors, all of which will be colored,meaningat
least onecolor will be available to color v0. Hence,G can be properly
coloredusing � colors. �

From this we conclude that Brooks' Theorem holds for all non-
regular graphs. All that remains to be shown, then, is that it also
holds true for all regular graphs that are neither completegraphsnor
odd cycles.Unlessotherwisespeci�ed, any further referenceto a regu-
lar graph will be taken to meana regular graph that is not a complete
graph nor an odd cycle.

Before we attempt to prove Brooks' Theorem for the caseof reg-
ular graphs, let us �rst considersomeof the implications of regular
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graphswith respect to the Vertex Ordering Algorithm. As each vertex
in a regular graph will have degree�, our choice of which vertex to
make v0 becomesmore complicated. The vertex designatedas v0 will
have exactly � previously colored neighbors when it is consideredby
the Greedy Coloring Algorithm. Thus, in order to guarantee that the
Greedy Coloring Algorithm will color the graph using at most � col-
ors, we needto ensurethat at least two of the neighbors of v0 have the
samecolor. If thesetwo verticesdo have the samecolor, at most � � 1
colorswill be forbidden to be usedon v0, and so there will be at least
onecolor left with which to color it.

Thesetwo like-coloredneighbors, then, must be non-adjacent. We
are guaranteed at least onesuch pair of non-adjacent neighbors. If all
of v0's neighbors were adjacent to each other, a bit of thought reveals
that the graph would bea completegraph, which we areassumingthat
it is not. This holds true for any v0, as all vertices in the graph have
the samedegree.

To ensurethat two non-adjacent neighbors of v0 are colored with
the samecolor, we need to alter the method in which we construct
our vertex order. Speci�cally, we needto be more preciseabout which
spanning tree of the graph must be used. First, note that every tree
hasat least two verticesof degree1, as logic dictates that there would
needto be a circuit in the graph for this not to be true. From this, we
�nd that there is only one tree that is also a regular graph. This tree
has just two verticesconnectedby an edge,and is shown in Figure 24.
This, however, is also the completegraph on two vertices, so we may
ignore it. As such, we may safely ignore any 1-regular graphs. Any
connectedregular graph we will be considering,then, is not a tree and
thereforecontains at least onecircuit.

Figure 24. The only regular tree, the tree on 2 vertices.
This graph is also the completegraph on 2 vertices.

Considera 2-regularconnectedgraph, which is a cycle. As wearenot
consideringcyclesof odd length, assumethat this is an even cycle. As
discussedearlier, we can properly color this graph using 2 colors. We
thereforemay alsoignoreany 2-regulargraphsin our further discussion
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of Brooks' Theorem. Thus, weneedonly proveBrooks' Theoremfor �-
regulargraphswhere� � 3. However, beforewe �nish proving Brooks'
Theorem,we will needto de�ne a conceptknown as connectivity.

De�nition 3.4. The conne ctivity of a connected graphG is the mini-
mum number of verticesthat onewouldneed to removefrom G in order
to disconnect it.

Some examplesof graphs of di�erent connectivities are shown in
Figure 25. In the �gure, graph G hasconnectivity 1. Removing vertex
v would disconnectG into two disjoint parts. Graph G0hasconnectivity
2. Removing vertices w1 and w2 would disconnectthe graph. It can
alsobeseenthat there is no singlevertex that couldberemovedfrom G0

that would disconnectthe graph. Finally, graph G00hasconnectivity 3.
By removing verticesz1, z2 and z3 we can disconnectG00. Examing G00

revealsthat there is no singlevertex or pair of verticeswhoseremoval
would disconnectthe graph.

Figure 25. Graphs G, G0 and G00have connectivity 1,
2 and 3, respectively.

Now we may resumeour proof of Brooks' Theorem. We will prove
Brooks' Theorem in the caseof regular graphs by addressingthree
separatecases:regular graphsof connectivity three or greater, regular
graphsof connectivity two and regular graphsof connectivity one.

Theorem 3.7. For any � -regular graph G3 of connectivity three or
greater, � (G3) is at most � .

Proof. That G3 hasconnectivity of at least three implies that onecan
remove any two vertices of G3 without disconnectingit. Given this,
considerthe set of all spanning trees of the graph. We are trying to
�nd a spanningtree of G3 such that there is at leastonevertex with two
neighbors of degreeone(in the spanningtree) that are not themselves
adjacent in the original graph. Given the nature of spanning trees,
we seethat these two vertices can be any two nonadjacent vertices
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with a common neighbor whoseremoval will not disconnectG3. As
this graph hasconnectivity three or greater, we are free to chooseany
two nonadjacent verticeswith a commonneighbor in G3. Hence,there
existsat least onespanningtree of G3 in which thosetwo verticeswill
have degreeoneand will both beadjacent to the samevertex. We label
thesetwo vertices of v1 and v2 and call the vertex to which they are
both adjacent v0.

From this, we implement a modi�ed versionof the Vertex Ordering
Algorithm. This algorithm should create a vertex order that, when
usedin conjunction with the GreedyColoring Algorithm, will properly
color the graph using at most � colors. The modi�ed algorithm is as
follows:

1. Placev1 �rst in the vertex order.
2. Placev2 secondin the vertex order.
3. Find the unorderedvertex for which the path from that vertex

to v0 is of the greatest length. Place that vertex next in the vertex
order. If there is more than onesuch vertex, arbitrarily chooseany of
the applicablevertices.

4. Repeat step 3 until all verticesexceptv0 are ordered.
5. Placev0 last in the vertex order.
Now, assigningsome arbitrary order to the � colors being used,

we implement the Greedy Coloring Algorithm on this orderedgraph.
First it will color both v1 and v2 with the �rst color, as they are not
adjacent in the original graph. In this ordering, every vertex except
v0 has a higher-orderedneighbor. Therefore,when a vertex vk , where
vk 6= v0, is coloredby the greedycoloringalgorithm, it will haveat most
� � 1 coloredneighbors, soat least onecolor will be available to color
vk . When v0 is reached, it will have � colored neighbors. However,
v1 and v2 are colored with the samecolor, leaving at least one color
available to color v0. Hence,Brooks' Theoremappliesto regulargraphs
of connectivity three or greater. �

An exampleof the processusedin the proof is illustrated in Figures
26-28.Figure 26showsa graphG which is 3-regularand of connectivity
3. Also shown in Figure 26 is a spanning tree of G, called Gt , which
contains two verticesof degreeonethat are both adjacent to the same
vertex. Further, their corresponding vertices in G are not adjacent.
Hence,Gt meetsall of the requirements for our spanningtree described
above.

Figure 27 illustrates an implementation of the modi�ed Vertex Or-
dering Algorithm. In it, verticesv1 and v2 are placed�rst and second
in the vertex order, then the vertex farthest away from v0 is placed
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Figure 26. Graph G is a 3-regulargraph of connectiv-
it y 3. Gt is a spanningtree of G.

third, then the next farthest is placed fourth, and so on. Once the
other �v e verticeshave beenordered,v0 is placedsixth in the order.

Figure 27. Applying the modi�ed Vertex Ordering Al-
gorithm to Gt .

Finally, in Figure 28, the vertex order obtained on Gt is mapped to
the corresponding verticesin G and the GreedyColoring Algorithm is
applied. As seenin the �gure, there are three colorsused,which is the
maximum vertex degreeof G.

Now that we have establishedthat Brooks' Theorem is valid in the
caseof a regular graph of connectivity three or greater, we must also
prove the theorem in two other cases:regular graphs of connectivity
oneand of connectivity two.

Theorem 3.8. Any � -regular graph of connectivity one has a chro-
matic number of � .

Proof. Considersuch a graph, called G1. As G1 has connectivity one,
there is somevertex, vc, which, if removed, would disconnectG1 into n
disjoint parts, with n � 2. Now considerthe n subgraphsof G1 formed
by removing all vertices (and any edgesincident on those vertices)
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Figure 28. Applying the Greedy Coloring Algorithm
to G using the vertex order obtained in Figure 27.

contained in all but oneof thosedisjoint parts. An exampleof such a
graph and its subgraphsis shown in Figure 29.

Figure 29. G1, a 3-regular graph with connectivity 1,
being split into three subgraphs

Each of thesesubgraphsis non-regularsincein the subgraph,vc will
have a degreeat least one lessthan its degreein G1. Therefore,each
of thesesubgraphscan be properly coloredusing at most � colors,as
Brooks' Theorem applies to all non-regular graphs. Coloring each of
thesesubgraphsusing the Vertex Ordering Algorithm and the Greedy
Coloring Algorithm, we obtain n colored subgraphsof G1. If vc is
colored the samecolor in each of thesesubgraphs,we can map the n
coloredsubgraphsonto G1, coloringeach vertex in G1 asit wascolored
in its respective subgraph.

If vc is not the samecolor in each subgraph,we can apply a simple
color permutation to each subgraph,exchanging colors until vc is col-
oredwith the samecolor in each subgraph. We then proceedasabove.
As each subgraphwas properly colored, so, too, will G1 be, using at
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most � colors. Brooks' Theorem, then, applies to regular graphs of
connectivity one. �

An illustration of the processdescribed in the above proof is shown
in Figures30 and 31.

Figure 30. Each subgraph of G1 is properly colored,
then colors are permutated so that the colors on vc

match.

Figure 31. The colorings of the subgraphsof G1 are
mapped onto G1, properly coloring it.

In Figure 30, each of the three subgraphsof G1 are properly colored
using the Vertex Ordering Algorithm and the Greedy Coloring Algo-
rithm. As vc is not coloredwith the samecolor in all three subgraphs,
we perform a color permutation, interchanging the colors R and G in
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the bottom subgraph,asseenon the right-hand sideof Figure 30. Now,
vc is coloredwith color G in all three subgraphs.

In Figure 31, we color every vertex in G1 as it was colored in its
corresponding subgraph. Now, G1 is properly colored using � = 3
colors.

Theorem 3.9. Any � -regular graphof connectivity two can be properly
colored using at most � colors.

Proof. Considersuch a graph, calledG2. In G2 there is at leastoneset
of vertices, f v� ; v� g such that removing thesevertices will disconnect
G2. Considerall of the setsof three verticesf v0; v1; v2g in G2 such that
v1 and v2 are both adjacent to v0, but not to each other. If for at least
oneof thesesetsof verticesthe removal of v1 and v2 will not disconnect
G2, we may proceedto color the graph aswe did in the caseof a graph
with connectivity three or greater.

If all of thesesetsaresuch that v1 and v2 cannotbe removed without
disconnectingG2, we arbitrarily chooseonesuch set. The removal of v1

and v2 would then split G2 into n disjoint parts, with n � 2. We now
form two subgraphsof G2, GL and GR . GL is formed by removing the
vertices in every disjoint part of G2 except for the part containing v0.
GR is formed by removing the vertices in the disjoint part containing
v0. This processis illustrated in Figure 32. Note that the �gure is a
generalexample,showing only vertices v0, v1 and v2 and none of the
other vertices in G2.

Figure 32. A regulargraph G2 with connectivity 2. G2

is split into two subgraphs,GL and GR .

Both of thesesubgraphsarenon-regular,and assuch canbeproperly
colored using � colors. Coloring both subgraphsusing the Vertex
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Ordering Algorithm and the Greedy Coloring Algorithm, we consider
the colorsof v1 and v2 in both subgraphs.If v1 and v2 are both colored
with onecolor, say color cL , in GL and are both coloredwith onecolor,
cR , in GR , we may simply interchangecolorscL and cR in GR . Then v1

and v2 will both be coloredwith cL in both subgraphs.We may then
map the coloringsof the two graphsonto the correspondingverticesG2,
properly coloring it with � colors. We may follow the samereasoning
if v1 and v2 are coloredwith two distinct colorsin each of GL and GR .
This processis illustrated in Figure 33.

Figure 33. After coloring GL and GR , if v1 and v2 are
the samecolor in both subgraphs,we permute the colors
so we may combine the subgraphsto create a properly
colored G2. The sameprocessis used if v1 and v2 are
di�erent colors in both GL and GR .

If v1 and v2 arecoloredwith the samecolor in onesubgraph(without
lossof generality, we'll assumethey're coloredwith the samecolor in
GL ) and coloredwith two distinct colorsin the other subgraph,we may
force the two verticesin GL to be di�erent colors. We accomplishthis
by temporarily adding an edgebetweenv1 and v2 in GL while we apply
the greedycoloring algorithm to it. Adding this edgedoesnot change
the the maximum vertex degreeof GL , aswe know that the degreesof
v1 and v2 in GL are both strictly lessthan �. Figure 34 provides an
exampleof this strategy.

Adding an edgebetweenv1 and v2 will be su�cien t to properly color
G2 unlessadding the edgein GL causesGL to be regular. In this case,
we must force v1 and v2 to be the samecolor in GR . Assumethat, in
GR , v1 is coloredwith color c1 and v2 is coloredwith color c2. Given
that adding an edgebetweenv1 and v2 in GL causesGL to be regular,
we can concludethat, in GR , v1 and v2 each have degreeone. There
are then two possiblecasesfor GR .

In the �rst case,v1 and v2 are both adjacent to one vertex, v3. In
this case,v3 must be colored with somecolor c3, so we may simply
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Figure 34. After coloring GL and GR , if v1 and v2 are
the samecolor in GL but not in GR , we add a temporary
edgebetweenthe vertices in GL .

change the color of v2 to color c1, making v1 and v2 the samecolor.
This caseis shown in Figure 35.

Figure 35. If we cannotadd a temporary edgebetween
v1 and v2 in GL , we force the vertices in GR to be the
samecolor. In this case,they are adjacent to the same
vertex.

In the secondcase,v1 is adjacent to a vertex va and v2 is adjacent
to another vertex vb. If va is not coloredwith color c2, we may change
the color of v1 to color c2, making v1 and v2 the samecolor. We follow
a similar line of reasoningif vb is not colored with color c1. If va is
coloredwith c2 and vb is coloredwith c1, we considerour assumption
that � � 3. As such, there is somethird color, c3, that we may color
both v1 and v2 with. This situation is shown in Figure 36.

In both cases,we can map the coloringsof the two subgraphsonto
G2, which will then be properly coloredwith � colors. Brooks' Theo-
rem, then, appliesto regular graphsof connectivity two. The proof of
Brooks' Theoremis now complete. �
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Figure 36. As in Figure 35, we force v1 and v2 to be
the samecolor in GR . In this case,the two verticesare
adjacent to two distinct vertices.

4. 2; 1-Coloring

As stated above, Regular Coloring is only oneof many possiblesets
of coloring rules. Now we will focus on a di�erent, but related, set of
coloring rules known as2; 1-coloring.

Supposethat each of the k + 1 colorswe wish to useto color a graph
are each assigneda distinct integer ni , where 0 � ni � k. We may
then refer to each color by its corresponding integer assignment. That
is, we are coloring a graph using the set of colorsf 0; 1; 2; : : : ; k � 1; kg.
Then we de�ne the rules of 2; 1-coloringas follows:

1. Adjacent vertices must have colors that are at least 2 numbers
apart.

2. Two distinct vertices separatedby exactly two edgescannot be
the samecolor.

First, note that the color order is not cyclical. That is to say, color
0 is not consideredto be one number away from color k. Also note
that, in this set of rules, if a graph usescolors 0; 1; 3; 4, we say that
it is colored using 5 colors, even though only four were used, as the
highest-orderedcolor used is the �fth color overall. In other words,
any colors lessthan the highest numbered color that were not usedin
the graph still count toward the total number of colorsused.

However, it turns out to be simpler if we de�ne the 2; 1-chromatic
number asthe number of the highest-orderedcolor usedthe the graph.
Thus, the 2; 1-chromatic number is one lessthan the total number of
colors used in 2; 1-coloring the graph. We denote the 2; 1-chromatic
number as � .

Just asin the caseof regularcoloring,wewish to �nd an upper bound
on the 2; 1-chromatic number of a graph. To begin, we will proceedas
we did above, by examining the behavior of several commontypesof
graphsunder thesecoloring rules. We begin with cycles.
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Figure 37. Cycles on 3, 4, 5, and 6 vertices that are
2; 1-colored.

Diagrams of the cycleson 3, 4, 5, and 6 vertices properly colored
accordingto 2; 1-coloringrulesareshown in Figure 37. All of them can
be coloredby using 5 colors (colors 0 through 4). This seemsto be a
pattern, suggestingthat cyclescan be 2; 1-coloredusing 5 colors.

We now turn our attention to complete graphs. Becauseall of
the vertices in thesegraphs are adjacent, we can easily �nd the 2; 1-
chromatic number for completegraphs. To usethe minimum number
of colors, color one vertex with color 0. Picking any other vertex, we
know that it is adjacent to the original vertex, sowe color it with color
2. Picking a third, it is adjacent to both the previous vertices, so it
must be colored with color 4. Continuing on in this fashion, we see
that the kth vertex chosenwill be colored with color 2(k � 1). So,
a completegraph on � vertices will have a 2; 1-chromatic number of
2(� � 1), or 2� � 2. SeeFigure 38 for an exampleof a 2; 1-colored
completegraph.

Figure 38. A 2; 1-coloring of K 5. In this graph, � =
8 = 2(5) � 2.

In order to �nd a suitableupper bound on the 2; 1-chromatic number
of a graph of maximum vertex degree�, we needto alter the de�ni-
tion of the Greedy Coloring Algorithm used in the proof of Brooks'
Theorem.
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De�nition 4.1. The Alternative Greedy Coloring Algorithm is an al-
gorithm which colors the vertices of an ordered graph. Its stepsare as
follows:

1. Assign an order to the colors being used.
2. Consider the �rst vertex in the vertex order. If it can legally be

colored with the �rst color, color it with the �rst color. If it cannot,
leave it uncolored.

3. Repeat step 2 for the next vertex in the vertex order until all of
the vertices of the graph havebeen considered.

4. Repeat steps2 and 3 for the next color in the color order.
5. Repeat step4 until all of the colors havebeen considered, or until

there are no uncolored vertices, whichevercomes�rst.

In the caseof 2; 1-coloring, step 1 is already done, as the colors
inherently have an order associated with them. An example of this
algorithm being implemented to 2; 1-color a graph is shown in Figure
39. In the �gure, the numbers in the left-hand graph represent the
vertex order used. In the other two graphs in the �gure, the numbers
represent the colorsassignedto each vertex.

Figure 39. An implementation of the Alternativ e
GreedyColoring Algorithm.

In Figure 39, the algorithm considersvertex 1 and colorsit with color
0. It then considersvertex 2, which is adjacent to vertex 1 and assuch
cannotbecoloredwith color0. Therefore,it remainsuncolored.Vertex
3 is then considered.As it is separatedfrom vertex 1 by more than two
edges,it can be coloredwith color 0. The algorithm then reconsiders
every uncoloredvertex for each color, resulting in the 2; 1-coloring on
the right-hand sideof Figure 39.

Using the Alternativ e Greedy Coloring Algorithm, we are now able
to prove a suitable upper-bound on the 2; 1-chromatic number of a
graph of maximum vertex degree�.
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Theorem 4.1. For any graph G with maximum vertex degree � , � �
� 2 + � , where � is the 2; 1-chromatic number of G.

Proof. We begin by assigningan order to the vertices of G. We then
apply the Alternativ e Greedy Coloring Algorithm, de�ned above, to
this orderedgraph, using � 2 + � + 1 colors. Recall that � is de�ned
such that it is equal to the number of colorsusedminus one. Assume
that G was not properly coloredby this algorithm. This implies that
at least onevertex was left uncoloredat the end of the algorithm.

Let us considerone of theseuncoloredvertices, which we'll call w.
As w was not coloredby the algorithm, this meansthat each time the
algorithm arrived at w, it could not color w with the color that was
being consideredduring that iteration of the algorithm. This means
that for all i , when the algorithm wasconsideringthe i th color, w had
either a 2-neighbor that had already been colored with color i or a
neighbor coloredwith either color i or color i � 1. Note that a neighbor
of w coloredwith color i + 1 would alsoprevent w from being colored
with color i . However, we do not considerthis case,as the Alternativ e
GreedyColoring Algorithm considerseach color in sequence.Thus, no
vertices will be coloredwith color i + 1 when the algorithm attempts
to color vertex w with color i .

As the maximum vertex degreeof G is �, w hasat most � neighbors
and at most �(� � 1) 2-neighbors. As mentioned above, each neighbor
precludesthe use of at most two colors and each 2-neighbors forbids
the useof onecolor. The worst casescenario,then, is that each of these
forbidden colors is distinct. The maximum number of colors that can
be forbidden to w, then, is 2� + �(� � 1), which simpli�es to � 2 + �.
However, we were using � 2 + � + 1 colors in our algorithm, so there
must have beenat least one color that could have beenusedto color
w.

As G can be properly coloredusing at most � 2 + � + 1 colors, its
2; 1-chromatic number � is at most � 2 + �. �

It hasbeendemonstratedthat the upper boundon the 2; 1-chromatic
number is, in fact, lower than � 2 + �. The lowest upper bound cur-
rently known is given as � � � 2 + � � 2. However, the proof of this is
quite long and complicated,and will not be coveredhere.

This concludesour discussionof 2; 1-coloring. The �nal set of color-
ing rules we will investigate involves potentially assigning\fractions"
of colorsto vertices. This set of rules is appropriately titled fractional
coloring .

5. Fra ctional Coloring
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Figure 40. A graph G. The chromatic number of G is 4.

5.1. Prop erties of Fractional Colorings. Consider the graph, G,
shown in Figure 40. If we were to assigna regular coloring to it, we
would �nd that it cannot be properly coloredusing 3 colors. However,
we could seeby trial that it can be properly coloredusing4 colors. We
would then conclude,correctly, that the graph's chromatic number is
4.

However, what if we were to color each vertex with several di�erent
colors, each color weighted as a \fraction of a color"? Consider the
coloringshown in Figure 41, in which colorsA, C, E, and F areassigned
a weight of 1

3 of a color and colors B, D and G are assigneda weight
of 2

3 of a color.

Figure 41. A fractional coloring of G. Here, G is col-
ored with fewer than 4 whole colors.

In this coloring, notice that the sum of the weights of the colorson
each vertex equalsoneand that no two adjacent verticessharecolors.
Furthermore, if we add up the weights of all the colors used, we get
4 � 1

3 + 3 � 2
3 = 10

3 < 4. Using this fractional coloring scheme, we
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have colored the graph using \fewer" colors than the graph's regular
chromatic number.

Before we formalize the concept of fractional coloring, we need to
de�ne the conceptof an independent set.

De�nition 5.1. A set of vertices in a graph is called an indep en-
dent set if no two vertices in the set are adjacent. Conversely,a set
is dependent if at least two of the vertices in the set are adjacent.
A maximal indep endent set is an independentset which would be-
come dependent were any other vertex in the graph added to it. The
indep endenc e numb er � (G) of a graph G is the size of the largest
maximal independentset in G.[2]

De�nition 5.2. A fr actional coloring of a graph G is a set of non-
negativeweights(colors) assigned to the independentsetsof vertices in
G suchthat the sum of the weightson each independentset containing
a given vertex v is at least 1.

De�nition 5.3. The weight of a fractional coloring of a graph G is
the sum of the weightsof all independent sets in G. The fr actional
chr omatic numb er of G, denoted � f (G) is the minimum weightof a
fractional coloring of G.

Looking back to the examplein Figure 41, the colors A through G
each represent an independent set of the graph's vertices. The coloring
is distinguished from a regular coloring in that the independent sets
corresponding to colors do not need to be disjoint and the weights
assignedto thesesetsare not necessarilyone.

We see,then, that a regular coloring of a graph, then, is merely a
special caseof a fractional coloring. In a regular coloring, each color
represents an independent set. Assigninga weight of one to any inde-
pendent set corresponding to a color and a weight of zeroto any other
independent setsproducesa regular coloring.

The set of regular coloringsof a graph is, then, a subsetof the set
of fractional colorings. As we have just shown in the above example,it
is possibleto usea smaller total weight in a fractional coloring than is
possiblein a regular coloring. From thesetwo results we can conclude
that the fractional chromatic number is at most equal to the regular
chromatic number. That is, � f (G) � � (G).

It may seemodd that the rules of fractional coloring state that the
total weight on any vertex must be at least 1. This meansthat each
vertex may be colored with more than the equivalent of one regular
color, which would seemto imply that any such coloring would not be
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optimal. However, we can show that an optimal coloring always exists
such that the weight on each vertex in the coloring is exactly 1.

Theorem 5.1. Given the fractional chromatic number of a graph G,
� f (G), there is a fractional coloring of G with total weight equal to
� f (G) in which the total weightof each vertex is equal to 1.

Proof. Supposethat no such coloringexists. This meansthat, for every
fractional coloring of G with total weight equal to � f (G), there is at
least onevertex whosetotal weight is strictly greater than one.

Supposeonesuch vertex, w, hasa total weight equal to 1+ � , where
� is somepositive rational number. Considerthe independent setswith
non-zeroweight that include w. If any of them have weight lessthan or
equal to � , we may remove w from that independent set. We continue
to remove w from independent setsuntil either its total weight becomes
exactly 1 or there are no independent setsfrom which we can remove
w without reducing its total weight to lessthan 1.

In the latter case,supposethat removing w from someindependent
set A with weight a

b would make the total weight of w equal to 1 � c
d .

We now replaceindependent set A with two independent sets,A1 and
A2, such that A1 has weight equal to c

d and includesall vertices that
were included in A. A2, meanwhile, has weight equal to a

b � c
d and

includes all vertices that were included in A except for w, which it
doesnot include. Vertex w now has a total weight of exactly 1. Note
that, in this process,we did not changethe total weight of the graph,
as the combined weight of setsA1 and A2 is equal to the weight of A,
the set they replaced.

We may now repeat this processfor all vertices with total weight
greater than 1 in G, achieving a fractional coloring of G with total
weight equal to � f (G) in which all verticeshave total weight equal to
1. �

The problem of �nding � f (G) for a speci�c graph can be expressed
by way of a linear programming problem. In the problem, we seekto
minimize the sum of the weights of each maximal independent set (we
can safely ignore all non-maximal independent setsby assigningeach
of them a weight of 0) in G subject to the constraints that the sum of
the weights of all independent setsthat contain a given vertex v must
be at least one, for all v in G.

Assumethat there arem verticesand n maximal independent setsin
G. We then createan m � n vertex-independencematrix A, in which
the i; j position is �lled with a 1 if vertex i is in the independent set j
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and with a 0 if not. We also createan n-dimensionalvector w whose
j -th entry is the weight of the independent set j .

Let 1 be a vector in n-spacewith each entry 1 and let 0 be a vector
in n-spacewith each entry 0. We can then succinctly state the above
linear programmingproblem as:

Minimize 1T w subject to Aw � 1 and w � 0. Here, the � compari-
sonoperator is taken to meanthat each entry in the left-hand vector is
lessthan or equal to the corresponding entry in the right-hand vector
(with a similar de�nition for the � operator).

Linear programming problems like this one can be solved using an
algorithm known as the simplex method. While it is outside the scope
of this paper, any text on linear programming may be consulted for
thoseinterestedin the speci�cs of the simplex method.

But can we always guarantee that a singular solution exists? Given
the above problem of �nding the fractional chromatic number of a
graph, we have m linear constraints (that is, the weights of the max-
imal independent sets). Geometrically, the linear constraints de�ne
a convex polyhedron in m-space. As none of the constraints contra-
dict oneanother and the polyhedronis not unboundedin the direction
of the objective function, linear programming theory guarantees that
there is an optimum that is attained at a vertex of the polyhedron.
That is to say, the solution is a singlepoint.

As the problem is a collectionof linear equationsand the coe�cien ts
in the constraints are all rational numbers, we may concludethat the
solutions are all rational numbers as well. Therefore, the minimal so-
lution of the objective function is rational. From this we conclude
that there is always a solution to the problem of �nding the fractional
chromatic number of a graph.[1]

6. Conclusion

While this paper providesa good introduction to the study of graph
coloring, there are many other questionsin the �eld that bear address-
ing. Regular coloring, 2; 1-coloring and fractional coloring are only
three examplesout of countless potential setsof coloring rules. Each
setof coloringruleshasits own upper boundon the correspondingchro-
matic number. Even within thesethree examples,there are questions
outsidethe scope of this paper. For example,aspreviously mentioned,
it hasbeenshown that the upper bound on the 2; 1-chromatic number
is less than the upper bound proved in this paper. Regardless,the
strategiesand reasoningusedin this paper would serve asan excellent
starting point for exploring further into the �eld of graph coloring.
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