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Abstra ct. The Global Positioning System has revolutionized the way posi-
tions are found and locations are measured. This technology has impacted
many areas from surveying to construction to recreational use. This paper
will discuss the Global Positioning System; why it was started, the compo-
nents of the system, how it is utilized, and how the system is expected to
change over the years. In addition, this paper will discussthe optimal points
to take measurements to maximize e ciency for seweral idealized shapes. This
will be done by determining how to maintain the path length of the shape with
a minim um number of data points.

1. Intr oduction

There have beenmany signi cant technological advancesover the last ft y years,
one of which is the Global Positioning System (GPS). The Global Positioning Sys-
tem is a satellite navigation systemthat allows usersto accurately determine their
location anywhere on Earth. Before this systemwasinvented, the primary method
of navigation revolved around the map and compass,but that is not so anymore.
Additionally , technology has advancedin the time since GPS was rst invented to
give more precisemeasuremets. In recen years, GPS hasbeenusedfor more than
simple navigational exercisesincluding applications in geology agriculture, land-
scaping, construction, and public transportation and has beenused extensively by
land surveyors. In this way, GPSis usedto measuredistancesacrosslarge areassuch
asperimetersand path distances. However, this newtechnology is not perfect; it has
drawbadks. This paper will explore someof these drawbadks, with a focus on error
estimation.

While it is usually more accurate, or at least more e cien t, to measurelarge
distancesusing GPS, there is still someerror involved in the measuremen which
results from the error of the GPS unit. There are methods to get around this
error which will be discussedin Section 2, but sometimesit is not possibleto ap-
ply these. During thesetimes it will be important to incorporate the error into
the measuremeits and determine the e ect of this error (the latter sectionsof this
paper will do just that). Additionally, GPS is not the most e cien t method of
measuring short distances (on the order of a classroom or house) becauseGPS
is not that accurate yet, but is e cient when measuring distances across cam-
pus or on larger areas of property. Information regarding the Global Position-
ing System and its applications in this paper is primarily from three books; In-
troduction to GPS: The Global Positioning System by Ahmed El-Rabbany [1],
Global Positioning System: Theory and Practice by Bernard Hofmann-Wellenhof
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2 MATT OLMSTEAD
and Herbert Lichtenegger[2], and GPS for Land Surveyors by Jan Van-Sidkle [3].

This paper is divided into seweral sections. The rst sectioncontains the discus-
sion of GPS and how it works. This sectionbeginswith a discussionon the history
of the Global Positioning System,then explains how measuremets are taken using
GPS and how GPS is applied to real situations, and endswith a short discussionon
other satellite navigation systems. The following sectionsof the paper look at how
to estimate error in path measuremets and how to best approximate path lengths
using a nite number of data points. The secondsectionis broken into parts, with
the rst part introducing the bar-bell conceptof error approximation, the next part
usingthe bar-bell conceptto measurea triangular path while assumingerror on the
measuremets, and the last part of this section estimating the perimeter of a semi-
circle using these bar-bells. The third section discusseshow to estimate the path
length of other shapesby taking into accourt curvature, path length travelled, and
angletravelledthrough. The nal sectionof this paper discussesinsolved problems
and future directions to take while looking at this problem.

2. Histor y

The Global Positioning Systemis the successoto the TRANSIT system. TRAN-
SIT was deweloped by John Hopkins Applied Physics Laboratory in 1959 and de-
clared operational in 1962 when v e satellites were in orbit. TRANSIT usessix
satellites and is operated by the U.S. military to give coordinates to vesselsand
vehicles. However, in 1967civilian usebecameallowed, and TRANSIT is still in use
today by small vesselsand aircrafts. The problemswith TRANSIT are due to the
small number of satellites which causestime gapsin measuremets asthe satellites
passoverhead at most every 90 minutes. TRANSIT also has a low navigational
accuracy In 1973the US Air Force set forth to dewelop the Global Positioning
Systemto improve thesede ciencies. While military in use,Presidert Reaganand
Congressdirected the Department of Defenseto promote civilian use of GPS and
o er it free of charge after a Soviet shooting of a Korean Airliner in 1983. In 1993,
the Secretary of Defensedeclared Initial Operational Capability of GPS, which
meansthat it is no longer a developmertal system.[2]

3. GPS: Configura tion

The Global Positioning Systemis setup to ensurecontin uousworldwide coverage
which it managesto do by having the satellites arranged in six orbital planeswith
at least four satellites in eact plane. Three satellites are neededin ead plane in
order to attain worldwide coverage,but it is even better with four or more satellites
in eadh orbital plane.[]]

There are three segmets to the GPS: the spacesegmen, cortrol segmen, and
user segmen. The spacesegmen consists of the 24 satellite constellation, with
ead of the satellites transmitting a signal down to earth. Each signal contains v e
componerts, two carrier frequencies,two digital codes,and a navigation message.
The codes and navigation are sert as binary biphase modulation added to the
carriers. The signal is used to determine the distance from the receiver to the
satellite, and the navigation messageincludes the location of the satellite as a
function of time. The control segmen is madeup of a worldwide network of tracking
stations with the master cortrol station in Colorado Springs, Colorado. The cortrol
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segmen is responsible for tracking the satellites to predict future satellite locations
and also to makes sure the satellite is functioning correctly. The user segmen
includes all of the usersof GPS, both civilian and military , who are able to use
receiversin orderto nd their position on earth.[1]

A GPS satellite (Figure 1) weighsabout one ton and measuresabout 27 feet in
length when the solar panels are extended. The satellite is able to generateabout
700 watts of power and moves at about 8700 miles per hour. The satellites each
have three-dimensionalstabilization to make surethat their solar panelsare pointed
toward the sun and that their 12 helical antennae are pointed toward the earth.
There are sometimes whenthe satellites must passthrough the shadow of the earth
and there are on-board batteries to provide power during this time. The satellites
havethermostatically controlled heatersand re ectiv einsulation sothey canstay at
the appropriate temperature to ensurethat the oscillators (clock) operate correctly.
The GPS satellites are chedked out at a facility at Cape Canaveral, FL prior to
launch to make sure they are functioning properly.[3]

Reaction Control ——, ~ Navigation Payload

/ — Orbit Insertion

Antenna . ’\;

N QS%

and Control |
Antenna ///// > é/*j\y/lllllllllll/lllll/
il

s - //////////2/////

- Attitude Velocity and Control
Systems

N \\x/ i

i

Telemetry Il

i

/

Tracking — I[//I

Figure 1. This is a picture of a Block 11 Satellite. The antennae
are pointed toward the earth while the solar panels are pointed
toward the sun during operation.[1]

GPS started with 11 Block | satellites. The rst satellite waslaunched on Febru-
ary 22,1978and the last Block | satellite waslaunched on October 9, 1985. Block
| satellites were used primarily for experimental purposeswith a life expectancy
of 4.5 years. After Block | satellites cameBlock 11/l IA satellites which can func-
tion without ground support for 14 or 180 days, respectively. A total of 28 Block
[/l 1A satellites have beenlaunched and include new security features such as se-
lective availability and antispoo ng. Block 11/l 1A satellites have a lifetime of 7.5
years, but almost all of the satellites exceededthat lifetime. Block IIR satellites
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are currently being launched, are expectedto have a higher accuracy and are ex-
pected to be able to go at least 180 days without ground corrections or accuracy
degradation.[1] The current con guration of satellites in the sky is 5 Block I, 18
Block 1A, and 6 Block IIR for a total of 29 satellites.[4]

The control segmen consistsof the master cortrol station (MCS), monitor sta-
tions, and ground control stations. The v e monitor stations are in Colorado
Springs, Hawaii, Kwajalein (an island west of Hawaii), Diego Garcia (an island
south of India and northeast of Madagascar, and Ascensionisland (an island in
between South America and Africa, eastof Brazil), and their locations are known
precisely Thesemonitor stations are responsible for tracking all of the GPS satel-
lites in view and three of them have ground antennas so that information can be
uploadedto the orbiting satellites. Each of thesemonitor stations and ground con-
trol stations (not the MCS) is unmanned and operated remotely from the MCS.[1]

There are sewral additional satellite navigation systemscreated and operated
by courtries other than the United States. Russiabuilt and deweloped a system
called GLONASS which is very similar to GPS. GLONASS should have 21 op-
erational satellites and 3 spare satellites that orbit at 19100Km. The orbits of
GLONASS satellites are approximately circular, taking 11 hours and 15 minutes
to orbit, and are arranged in three orbital planes. GLONASS usestwo L-band
carriers, a C/A code on L1, P-code on both L1 and L2, and a navigation message.
The dierence is that eadh GLONASS satellite has its own frequency but this is
going to changesothere is only one frequency making GLONASS even more sim-
ilar to GPS. GLONASS usesthe frequencyto determine which satellite is sending
the signal. In January 1996, GLONASS was completed with 24 working satellites
but in May 2001 there were only sewen satellites. A new generation of satellites
are expectedto be launched and feature improved clocks and capability of sending
the C/A code on both L1 and L2. It is possibleto useboth GPS and GLONASS
together, but GLONASS usesPZ-90 whereasGPS usesWGS 84 as discussedlast
week. This results in as much as a 20 meter di erence. [1]

China has launched two navigation satellites that are placed in geostationary
orbits at about 36000Km above Earth's surface. Right now this systemis usedin
land and marine transportation and China is planning to build a secondpositioning
and navigation systemwith more satellites and more coverage.[]

GLONASS and GPS are not able to meet all of the civil aviation requiremerts
and are augmerted by regional systems. These regional augmenation systems
usually combine GPS or GLONASS with geostationary satellites with navigation
transpondersand ground referencestations.[1]

Europeisin the processof building Galileo, a global satellite navigation system.
Galileo will be civil-controlled deliveredthrough a public-priv ate partnership. After
investigation, it was decidedthat Galileo would consist of 30 Medium Earth orbit
satellites in three orbital planesat about 23000Km. Galileo will be compatible
with GPS and GLONASS, but will have two levels of service,the basic, free service
and a subscription servicewith additional features. A European political body not
assciated with Galileo managemen will have the authority to take over the system
during a crisis and for security purposes.[]

3.1. GPS: Signal. The satellite transmits a microwave signal that contains 5
parts: two carrier frequencies(1575.42MHz L1 and 1227.6 MHz L2), 2 digital
codes and one navigation message. The two frequenciesallow the user to adjust
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for ionosphericdelay if using a receiver capableof receiving both the signals. Many
civilian receiversonly receivethe L1 frequency All GPS satellitestransmit the same
L1 and L2 signals, but have di erent code modulation and navigation messages.
The two digital codes are C/A-co de (coarse acquisition) and P-code (precision).
The C/A code is transmitted only on L1, while the P-code is transmitted on both
L1 and L2. Thesedigital codesare a stream of binary digits with the C/A code hav-
ing 1023binary digits that repeat every millisecond (1.023 Mbps), and the P-code
being much longer and involving a more complicated process.[]

Each satellite has a unique C/A code sothat the receiver knows which satellite
is sendingthe signal. Using only the C/A codeis not asaccuratebut it is accessible
to all and is lesscomplicated. The P-code is very long, 266 days at 10.23 Mbps
which is 10 times faster than the C/A code, and divided into 38 segmeits ead one
weeklong. Thirt y two segmerts are assignedto various satellites with the other 6
segmers being resened for other uses. As the segmetts are one week long, they
start over Saturday/Sunday at midnight. The satellites are commonly identi ed
by which part of the signal they transmit: ID of PRN 18 has 18th week segmer.
The P-code is primarily for military purpose. All userswere allowed accessgto the
P-code until January 31, 1994when a W-code encryption was added making it the
Y-code. This encryption is antispoo ng.[1]

The navigation messageis binary biphase modulation at 50kbps which takes
12.5 minutes to go through. The navigation messagecontains the coordinates of
the satellite as a function of time, the health status of the satellite, clock cor-
rection, almanac, atmospheric data, and information on other satellites including
approximate location and health of di erent satellites.[1]

Another important detail about the signalis cycleslips. Cycle slips occur whena
satellite signalis lost for any amourt of time, it can be for just onecycle or millions
of cycles. Cycle slips can occur when the signal isn't fully received due to build-
ings, bridges, trees, radio interference, seere ionosphericdisturbancesand a faulty
receiver. The cycle slips occur when the receiver doesnot receiwe the signal, and if
not identi ed can causelarge errors in the measurememn Like most measuremen
corrections, the methods for determining cycle slips involve two receivers.[]]

3.2. GPS: Receiv er. The quality and price of GPS receivers has changed dras-
tically in the 20 yearsthey have been commercially available. In 1980 there was
one receiver which cost $250,000and now there are over 500 commercial models
that range from $100for the low-end commercial model to $15,000for the sophis-
ticated gedadetic quality receiver. The price will cortinueto drop as more advanced
technology becomesavailable.[1]

The antenna receives the signal and converts the energy into a current which
the receiver can then analyze. There are four types of receivers: single-frequency
code receiwers, single-frequencycarrier-smoothed code receiwers, single-frequency
code and carrier receivers, and dual-frequency receivers. All of the receiwers re-
ceive L1 while only a dual-frequencyreceiver receivesboth L1 and L2. The single
frequency code receiver measuresthe pseudorangewith C/A-code only. This is
the cheapest, least accurate receiver, and is mostly usedfor recreational purposes.
The single-frequencycarrier-smoothed code receiver also receivesonly C/A, but a
higher resolution carrier frequencyis usedinternally to improvethe resolution of the
code pseudorange resulting in high precision measuremets. The single-frequency
code and carrier receivers get the sameinformation that the previous two do, but



6 MATT OLMSTEAD

also can output raw C/A-co de pseudorangesl 1 carrier-phase measuremets, and
navigation message.The dual-frequency receivers are the most-sophisticated and
most expensiwve receivers and were capable of getting everything before antisp oof-
ing. They are not able to get the Y-code, although they are able to recover a full
but weaker L2 signal.[]]

3.3. GPS: Mo dernization Program. The GPS systemwasdesignedin the early
1970'sand is ready for a modernization period. The aims are to provide signal
redundancy and improve upon positioning accuracy signal availabilit y, and system
integrity. The plan is to add C/A-codeto L2 and add two new military codes (M-

codes)on L1 and L2. The 12 Block IR satellites that have been/will be launched
since2003should have thesenew codes. Two C/A codeswill allow for a stand-alone
GPS receiver to accourt for ionospheric interference and is expected to improve
accuracyto within 8.5 meter accuracy There are also plans for a third civilian

signalL5 at 1176.45MHz primarily for aviation sincel 2 is nearthe samefrequencies
asground radar and causesinterference. It will also have higher power and a wide

bandwidth of 20 MHz and will be added to Block IIF satellites. This will allow
higher accuracy under noisy or multipath conditioners and will be longer than

current C/A codesto reduceself-interferenceand becomemore accurate. Block |11

satellites are planned for future modernization in 2030 and the ground cortrol is
also expectedto be updated to move the accuracyto 6 meters.[1]

3.4. GPS: Time Systems. There are two time systemsused, Coordinated Uni-
versalTime (UTC) and GPStime. UTC is basedon the International Atomic Time
(TAI) which is computed basedon independert time scalesgeneratedby atomic
clocks spreadthroughout the world. In surveying, a time is wanted basedon the
relation of Earth's rotation. We get this by introducing leap secondsthat adjust
UTC that keepUTC within 0.9 secondsof Universal Time. The leap secondsoccur
on either June 30 or Decenber 31 and as of 2001 TAI is aheadof UTC by exactly
32 leap seconds.GPS Time is usedfor referencing(time tagging) the GPS signals
computed basedon time scalesgeneratedby atomic clocks at monitor stations and
aboard GPS satellites.[1]

There is another complication involved in the timing systemsknown as sidereal
time. Each day, the satellites will be in the samespot they werethe day before, but
3 minutes and 56 secondsearlier than they were the previous day. This is because
the satellites go about their orbits twice every siderealday whereasEarth usessolar
days which are di erent than sidereal days by 3 minutes and 56 seconds. This is
important when a time is found in which the satellite con guration is very good,
the time that the satellites will be in the sameposition is di erent on other days.
This could be xed if the satellites were pushedanother 50 Kilometers higher(from
20,000to 20,050),but that's not likely to happen and it's not that important.[3]

3.5. GPS: Coordinate Systems. The Earth isnot a perfectsphere,but is treated
as a biaxial ellipsoid. This biaxial ellipsoid is called a geadetic datum, a reference
ellipsoid with a well de ned certer and orientation. This is known as the geoid
and best approximates the mean sealevel on a global basis. Before GPS or similar
satelliteswereinvented, the horizontal and vertical positions on the Earth weremea-
sured independertly, but with this satellite technology, the position is represered
based on the 3-D geddetic coordinate system. This coordinate system required
the geddetic latitude , gedadetic longitude and the height h. The Convertional
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Terrestrial ReferenceSystem (CTRS) is a 3-D geccertric coordinate systemwhose
origin coincideswith the certer of Earth and rotates with Earth, making it also
known as an Earth Center Earth Fixed (ECEF) coordinate system. The z-axis
points toward corventional terrestrial pole, while the x-axis is de ned asthe inter-
section of the terrestrial equatorial plane and the meridional plane that cortains
the mean location of the Greenwich Obsenatory.[1]

The ocial GPS referencesystemis WGS84 which meansit is the World Ge-
odetic System of 1984. Another common coordinate system is the NAD83 which
standsfor North America Datum of 1983. If one of thesecoordinate systemsis sup-
posedto be used, but the other oneis usedinstead, the error is in the millimeter
range, so usually considerednegligible. [1]

3.6. Satellite Orbits: An Intro duction. One of the most important piecesof
information required to use GPS to measurea location is to know where the satel-
lites are located. Most of the error in position (while using a single receiver) is
attributed to not knowing where the satellites are located. The position is sert
by the satellite and this position is pretty accurate, while it could be better. The
position of the satellites can be found days later from seweral sources,although
the military is no longer allowed to display their most accurate locations of the
satellites. The orbit description is described by a rst order approximation of the
Keplarian model treating the Earth and the satellite as point masses.

The mean angular speed of the satellites in orbit is described by

GM

ad’
where M is the massof the Earth and a is the semi-mgor axis. The instantaneous
position of the satellite within its orbit is described by an angular quantit y known
asanomaly. There are three typesof anomaly; mean, ecceitric, and true. [2]

3.7. GPS: Pseudoranges. The pseudorangemeasuresthe distance betweenthe
satellite antenna and the receiver antenna. The distance is neededto compute the
position of the receiver. To picture how pseudorangingworks, rst assumethat the
clocks of the receiver and satellite are perfectly synchronized. When the satellite
sendsout its PRN code, the receiver generatesthe exact code at the exact time.
When the code from the satellite makesit to the receiver, there will be an o set
of the two codes causedby the separation distance. The travel distance can then
be computed using the speed of light and becausethe travel time is now known.
However, the clocks are not synchronized and that is why this is not the range but
the pseudorange.This is also why four satellites are neededto accurately measure
position.[1]

4. GPS: Positioning and Techniques Used in Surveying

GPS can be used in two ways to measure position; either point positioning
or relative positioning. Thesemethods can be broken down further into static and
kinematic, making a total of four waysto useGPS. In point positioning onereceiver
is usedto measureposition, while in relative positioning, two receivers measuring
the same satellites are used. One of the receiwers is the referenceand is located
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in a position whosecoordinates are known. The other receiwer, rover or remote, is
placed at a location whose coordinates are unknown. The reasonfor this is that

when the receivers are relatively close,within a couple dozenkilometers, the total

error (including ionospheric,clock errors, ephemeriserrors, and trop osphericerrors)
should be about the samefor both receivers. This says that the vector connecting
the two positions will be the sameasthe vector that actually connectsthe reference
and the rover. The position of the rover can then be determined by using the
preciseposition of the referenceand the found vector. Using two receivers and this

di erencing processwill alsogive very accurate length measuremets becauseboth

receivers should have very similar error. [1]

In addition, there are seweral hybrid techniquesin GPS that make use of kinetic
and static positioning. Pseudo-kinematic positioning makes use of short static
obsenations and revisits to positions to measureagain. Semi-kinematic positioning
make useof short static obsenations and the receiver that movesalternates between
receivers(can be more than two receivers). Another hybrid technique is rapid static
in which the receiversare stationary during their obsenations but the obsenations
are very short (both code and carrier obsenations on L1 and L2 are neededfor
rapid static obsenations).[3]

RTK surveying is a carrier phase-basedrelative positioning technique that is
suitable whenthere are a large number of unknown points within a couple of dozen
kilometers of a known point, the coordinates of the unknown points are required
in real time, and the propagation path is relatively unobstructed so the signal will
not be lost. [1]

5. GPS: Applica tions

GPS has many usesincluding industrial, recreational, marine, and airborne ap-
plications. GPS is alsousefulin hazardousareaswhere human livesare at risk. As
GPS givesa preciselocation, it has beenvery helpful in providing a cost-e ective,
e cien t, and accurate tool in creating utilit y maps. By using pipe/cable locator's
attached to a GPS cortroller, accurate location and depth of pipes can be estab-
lished in a low-cost and e cient manner. GPS is used in forestry and natural
resourcesincluding re prevention and cortrol, harvesting operations, insect infes-
tation, boundary determination, and aerial spraying. GPS provides the e cien t
resource-managemennsystemneededto identify and monitor the exact locations of
the forestry resources.Previously, aerial photography wasthe only way to provide
the shape and location of cut blocks during harvest seasonbut now GPS is able to
do this in real time. GPSis alsoableto provide precisepositions of wildlife activity
certers which can be easily returned to by using way-points. [1]

Additionally , GPS hasmany usesin the agricultural industry and precisefarming
including soil sample collection, chemical applications cortrol, and harvest yield
monitors. During soil samples, GPS is used to take samplesat predetermined
locations on a grid to help in accurate mapping of information suc as nitrogen
and organic material contents. During eld spraying, GPS is integrated with an
aerial guidance system and together are able to make it so the right amount of
chemicalsare applied to the intended spot. This minimizes overlap and chemicals
while maximizing both fuel e ciency and productivity. In crop elds, GPSis used
to help map yield rates which then shav which locations had the best yield.[1]
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In civil engineeringapplications, GPS is used during road construction, Earth
moving, and eet managemen. During Earth moving, GPS is able to make sure
that the desiredgrade of the land is achieved. This technology is alsousedin laying
down foundations in making surethat the material is placedin the desiredpositions.
GPS is integrated with other technology and is usedto keeptrack of equipmert,
maximize deployment e ciency of equipmert, and to help guide vehiclesto their
destinations.[]]

Since early dewelopmert, GPS has beenusedto monitor the stability of struc-
tures. This requiresvery high accuracy asthe deformation of buildings like dams,
bridges, and TV towersdoesnot occur very quickly, but is very important. Defor-
mation is measuredby taking measuremets at the sameplace over di erent time
intervals. In monitoring these structures, it is best to integrate GPS with other
technologies. When monitoring bridges, dual GPS receiwvers are used. GPS has
found usein open-pit mining. It is much more e cien t in measuringdrill bit depth
and the stakesthat were previously used were often buried or misplaced. RTK
GPS has improved drilling, shoveling, vehicle tracking, and surveying in open-pit
mines. RTK provides certimeter accuracy and only needsone referencereceiver
which can be usedwith many rovers. Shovel operators are able to keepthe correct
grade when loading ore into haul trucks by using GPS.[]]

GPS is also usedfor land seismicsurveying and marine seismicsurveying. Seis-
mic surveying is usedto map the subsurfacegeologyof the planet which can then
be usedto nd oil and gas. Low-frequency acoustic energy s the key. The signal
wave is commonly producedby a large metal plate that can vibrate being placedon
the ground. The energyis sert into underground rock layersand is a ected by the
physical properties of the rock and parts of the signal are re ected. The re ected
wave can be detected by geophones.When the geophonesdetect the energy they
output signalsthat are proportional to the intensity of the re ected wave which are
recorded for analysis. GPS is usedto know the positions of the geophonesand of
the signal source,without thesepositions, the information is useless.[]L

In marine seismicsurveying, the basic procedureis the same. However, di erent
methods are required at dierent water depths. In deep waters, four to eight
seweral kilometer long seismic cables containing hydrophones are dragged behind
the seismicvessel. The acoustic energy is produced by air guns that are towed
behind the vesselat depths of approximately six meters. In shallow waters, both
land and marine methods are used. A new technology has beenusedfor waters up
to 200 metersin depth. It is called an oceanbottom cable survey and usesboth
hydrophonesand geophoneghat are combined into a single receiver. This method
helps to avoid water column reverberation. As with land surveying, the locations
of the energysourceand the hydrophonesmust be known very accurately and GPS
accomplishesthis the most e cien tly and at the lowest cost.[]]

GPS has beenused alone for topographic mapping of small areas. However, it
becomescost ine ectiv e for large areas, inaccessibleareas, areasthat take a long
time to travel through like forests, and in areas where many locations need to
be determined like the coast. Previously, large areas were mapped using aerial
photogrammetry. In this method, the plane ies by and takes pictures which are
usedto construct the map after the pictures are developed. The imagesmust rst
be related to a coordinate system for the map to be of any use. Ground cortrol
stations with known coordinates and known aerial imagesare usedas referenceso
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properly place the coordinate system on the gathered photographs. Now, GPS is
usedto take the position of the cameraas well asthe precisetime that the image
was taken. This is a much more cost e ective way as lessground cortrol points
are neededand there is not as much time spent in post production setting up the
coordinate systemon the photos.[]]

GPS hasbeenusedto map the sea oor. It isimportant to know accurate water
depth and shape of the seabottom. When accurate water depth is known, the
ships can be loaded so to get the maximum use out of them. Previously water
depth was measuredusing a single-beam echo sounderand measuring how long it
took for the re ected signalto be measuredat the surface. It is then straightforward
to gure out the water depth. The processwas simple, but time consuming and
didn't cover the ertire ocean o or, just preset grid lines. A new technology of
sea oor mapping has been developed which integrates multi-b eam edho sounders
and GPS. The multi-b eam sounderis better than the single-beam sounderbecause
it is ableto cover the ertire sea oor whereasthe single-beam sounderdid not cover
the ertire sea oor. GPSis usedto make surethe vesseldollow the designatedpaths
to properly map the sea oor. GPS is alsousedto provide accurate positioning and
altitude of the mapping vesselwhich is also neededto properly map the sea oor.
(1]

Vehicle navigation makesuseof GPS in the way of digital road mapsintegrated
with a computer systemequipped with GPS. GPS is usedto nd wherethe vehicle
is at any momert and then that position is superimposed on the digital map.
With this technology, it is possibleto get turn by turn directions, sites of interest
(airports, attractions, hotels, etc), and the best routes to get to the destination.
The program incorporates information like one-way roads, illegal turns, and rush-
hour restrictions into the shortest route and gives a time to destination as well.
Similarly, GPS is used in transit systemsto locate vehiclesif they go o -route.
However, transit systemsare common in cities with high-risesand GPS needsto
be integrated with other systemsfor accurate positioning.[1]

A commonusefor GPSis in way-point navigation (called stakeout by surveyors).
A way-point is basically alocation that haseither beenrecordedand the coordinates
stored, or a point in which the coordinates were downloadedinto the receiver. Way-
points are useful becausethey allow the user to go back to locations or to nd
locations they had not beento beforewith ease.Geo-cating makesextensive use
of way-points. Geo-cating is when a personusing a GPS goesout and tries to nd
somethingwith known coordinates. Way-points are a very conveniert tool that has
usein many of the previously mertioned applications. [1]

6. GPS: Integra tion of Technology

While GPS is a very useful technology, it doeshave its limitations. These limi-
tations primarily occur when the receiwver is not able to receive signalsfrom at least
four satellites. This occursin denselywooded areas,in buildings, canyons,in cities
with lots of tall buildings, and in deepopen-pit mining. There are many situations
in which GPS is useful where the signal is not able to be fully received. To make
useof GPS in thesesituations, it needsto be integrated with other technology.[1]

One exampleis GPS/GIS integration. A geographicinformation system(GIS) is
a computer-basedtool that canacquire, store, manipulate, analyzeand display data
that is referencedaccording to its geographiclocation. GPS is one way in which
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locations can be determined and is done so e cien tly and accurately. GPS/GIS
integration is commonly usedin utilities managemem, forestry, agriculture, public
safety, and eet managemei.[1]

GPS can also be integrated with laserrange nders (LRFs). This integration is
useful when GPS receivers will losetheir satellite locks such asin denselywooded
areas. In this situation, a GPS antenna is situated in an open area where it will
operate normally (Figure 2). Then an LRF is usedto nd the position of a point
that is inaccessiblethat is in the trees. This information canthen be usedto nd
the location that is in the woods. [1]

Figure 2. This is a picture using GPS/LRF. The antenna is
situated in an open area, and then the locations in the woods are
determined using a laserrange nder and a compassto determine
which direction the measuremen is taking place at.[1]

Another systemthat supplemeris GPS when the signal can't be receivedis dead
reckoning. A dead reckoning systemis made up of a low-cost odometer sensorand
a vibration gyroscope. The odometer is able to determine the distance travelled
while the gyroscope can determine the direction traveled. This integrated system
is commonly usedin vehicles. If the vehicle movesfrom a known location, it can
then determine how far it has traveled and in what direction it has traveled by
using dead reckoning. This systemwill work accurately, but over time will become
lessaccurate mostly becauseof changesin the tires like pressure,tire wear, slipping
and skidding but also vehicle speed. A new inertial positioning system is being
looked into, microelectro mechanical systemtechnology (MEMS), that will provide
the samefunction as odometers and gyroscopes and replace the traditional dead
reckoning system. [1]

A device called a pseudolite is commonly used in combination with GPS in
open-pit mining (Figure 3). The pseudolite is neededbecausethe signal may not
be received while in the pit so GPS technology is integrated with a pseudolite
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Figure 3. This is a picture of GPS satellites integrated with a
pseudolite for positioning in an open-pit mine.[1]

for accurate positioning. A pseudolite is a ground-based electronic device that
transmits a code similar to a GPS signal( code, carrier frequency and data message)
which can be received by a GPS receiver. This combination of technology can
improve the position dramatically. There are somedownsidesto this integration.
The rst of which is called the near-far problem which occurs becausethe signal
from the pseudolite is very strong when the receiver is closecausingit to jam and
overwhelm the other signalsand the signal is weak when the receiwer is far away so
the signalsfrom the satellites are much strong and overwhelmthe pseudolite signal.
This problem does not occur when just using satellites becausethe satellites are
always far away and the signal is approximately constart at every point. The
pseudolitesalso useonly low-cost crystal clocks sothere is inaccuracy there. Multi-
path error again comesup as a result of the signals being re ected and is more
common when using pseudolites. Pseudolite integration is also useful in precise
aircraft landing and deformation monitoring. It is possibleto use pseudolite-only
positioning, but it isimportant to know the positions of each pseudolite. Pseudolite-
only positioning would be useful for indoor applications as well as underground
mining. [1]

Recerily GPS has beenintegrated with cellular phone technology. This is be-
causeof FCC requiremerts that make it sothat wirelessemergencycalls needto be
located within 125 meters. A GPS receiwer is integrated into the cellular handset
and the position can be determined to much greater accuraciesthan 125 meters.
The downsideto this approad is that only new phonescan be equipped with GPS
and that the signal is weak inside of buildings. There are many more applications
of GPS and wirelesstechnology that are just now starting to be discovered. [1]

7. GPS: Err or Appr oximation

Taking a position using GPS will result in someerror of the coordinates. There
are many known reasonsfor this error, some of which were discussedpreviously
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like Selective Availability and antispoo ng, while many have not been discussed.
The rst of theseis ephemeris(orbital) which comesfrom the fact that the exact
position of the satellite is not known becausethe model of the forces acting on
the satellite is not perfect and results in a satellite position error of 2-3 meters
(50 meters when Selective Availability was active). While the ephemeriserror is
a property of the satellite, it a ects dierent locations di erently asthe amount

of the error is related to the angle of the receiver. If the receiver is directly below
the satellite, the error is smaller than when the satellite is at a small angle with

the satellite relative to the ground. The combined error of ephemerisand the clock
error results in about a 3 meter range error. Although the satellites have atomic
rubidium and cesiumclocks (only rubidium in Block 1IR), it is found that the clock
error is 8.64-17.28ns/day which causesthe rangeto be o by 2.6-5.2meters. The
receivers do not have atomic clocks and are not as accuratein keepingtime asthe
satellites which causesmore error.

Another error is multipath error which results from the antenna receiving more
than one signal. One of these signalsis the actual signal, while the others are re-
ected o asurfacelike water. When this error occurs, it a ects both carrier-phase
and pseudorangemeasuremetts on the order of 10's of meters and new advances
to getrid of multipath error are not likely. The antenna-phasecerter error results
in errors in the certimeters and comesfrom the signal being received at a location
other than the geometric certer of the antenna. There is also electrical noise from
the circuits making up the receiver which a ects position by around 0.5 meters.
As the signal is sert through the atmosphere, there is ionospheric delay and tro-
posphericdelay. While the ionospherespeedsup the propagation of the carriers,
it slows down the propagation speed of the PRN code, this causestoo short of a
measuremen using the carrier and too long of a measuremen using the code, but
sincethe propagation speedchangesat the samerate, this error can be gotten rid
of by di erencing the two measuremets. If the receiver is not capable of doing
this, an error of 5-15 meters may occur. The trop osphereslows the propagation
speedsat the samerate sothey can not be canceledby di erencing them.

In addition to thesetypesof error, there wasan additional sourceof error in GPS.
There weretwo methods in use(1990)to deny civilians full useof the system, selec-
tive availability and Anti-spoo ng. In selective availability (SA), the transmitted
signal from the satellite is truncated so that the satellite position cannot be ac-
curately computed, causing error in measuremeis of 30-50 meters. Anti-spoo ng
a ects many of the high accuracy survey usesby only allowing authorized receivers
to get the most accurate signal. In the rst Gulf War, SA wasturned o so that
the US troops could use civilian model receivers that were more readily available
at the time. Selective availabilit y is no longer in useby the US governmert.[2]

7.1. The bar-b ell. When taking a reading with a GPS unit, the given coordinates
have an error assa@iated with them. That is, the given coordinates do not give the
preciselocation, but the measuredcoordinates are within a radius of the actual
location. In using this idea, we rst look at a line segmet constructed from two
points. If we measurethe distance betweenthe two points to bel, then the actual
distance, L, betweenthe two points is

1) | 2 L 1+2
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and looks like Figure 4. Equation 1 showsthat the actual length is given by taking
the actual points where the measuremeh took place and connecting them with
a line which will have length L, and then putting the error circles around these
points. The error circles correspond to the error of the GPS and have radii of
Figure 4 looks like a bar-bell so that is what we will call it. When the measured

Figure 4. This is apicture of the bar-bell that is being used. This
bar-bell shaws the measureddistance (dashedline) when the two
measuredpoints are within the error circles. When the measured
points are on the opposite outer sidesof the circle, the measured
distanceis at a maximum.

points are on the axis at the outer sidesof the bar-bell, the measureddistance is
maximized. When the two points are on the axis at the inner sidesof the bar-bell,
the measureddistanceis minimized. Theseare the two worst-caseestimatesfor the
actual distance. When we apply this ideato two connectedpath segmets, the error
cannot be maximized or minimized for both path lengths. This canbe seenin Figure
5. We notice this becausethe middle point is a measuremen that correspondsto
two connectedbar-bells which cannot both give maximum or minimum error. In
relating this to GPS, this is equivalent to the fact that interior waypoints share
the samemeasuremels sothey can not be worst casemeasuremets for both line
segmelts.

This ideaappliesfor any number of segmets which correspondsto any number of
bar-bells. If onebar-bell givesa maximum distance, the bar-bells that are directly
connectedto it cannot give maximum distances. In the rst example, we will look
at methods to estimate the worst-caseerror for a three measuremet, two-segmen
path. We will then usethe bar-bells in a slightly di erent method by assuming
that eat bar-bell givesthe maximum length. We will do this by assumingthat
two measuremelts are taken at ead interior point. One of these measuremets
will be for the rst bar-bell, and the other measuremen will correspond to the
secondmeasuremen so that we have two maximized bar-bells. When using GPS,
we will only take one measuremen at eact point. By doing this, our task changes
to nding out whereto take measuremets to get the best approximation for the
perimeter of a gure.

7.2. Triangle. The rst example we will look at is of a triangular path made of
two segmeits and three points (Figure 6). In looking at the triangle example, we
rst want to note a few things about the bar-bell discussedin the previous section.
We know that our measuredpoint will be within a radius of the actual point.
When we plot this, the measuredpoint will be at an anglein relation to an axis that
we choose (seeFigure 7). Using this idea, we are now ready to look at a specic
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Figure 5. This is a picture of two bar-bells connectedtogether.
The dots on the circlesrepresen wherethe measuremet is taken.
This shawvsthat when one of the distancesis a maximum, the other
one cannot be a maximum. The left bar-bell is maximized which
makesit sothat the right bar-bell cannot be maximized, but does
not stop the right bar-bell from being a minimum.
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Figure 6. This gure shawsthe triangular path that is discussed
in this section.

path made up of three points in the shape of a triangle. As we seein Figure 8, the
actual measuremets are taken at the three points ( 1;0); (0; 1), and (1; 0) with the
anglesof the measuredpositions ; ;and beingtakenwith respectto the x-axis.
We also notice that the length of this path frrg)m ( 1;0) to (0;1) to (1;0) (which
we will now call a, b, and c, respectively) is 2 2 if there are no error circles. This
meansthat the error range for our measureddistance should include this number.
Next, we construct the lengths of thesetwo paths, calling the path going from a to
b P; and the path going from bto ¢ P,. Using the distance formula, we seethat
the length of P; is

@ V(cos( )+ 1 cos( )P+ (1+ sin() sin())?
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Figure 7. This gure takesthe actual point of the measuremen
to be at the certer of the circle and shows how the angle of the
measuredpoint is de ned.
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Figure 8. The path followstwo sidesof a triangle that hasvertices
at ( 1,0), (0;1) and (1;0). The error circles around the vertices
are eadh of radius and the anglesare , , going from left to
right. The dashedline is of a possible measuredpath, while the
solid lines are the actual path betweenthe two actual points.

and the length of P, is

(3) \/(1+ cos( ) cos( )2+ ( sin() 1  sin( )%
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The total length of this triangular path is then P; + P,. In order to determine
the possiblemeasuredminimum and maximum perimeter lengths, the error range,
we take the partial derivatives of the length measuremeth and needto optimize
the system of equationsfor the three angles, ; , and . Sincewe are not dealing
with a systemof linear equations, the best method to nding the anglesis through
approximation using Newton's Method for nonlinear problem solving. We will use
Maple's command NLPSolve to optimize theseequationsfor us. To useNLPSolve,
we needto pick a value for and a range for ead of the angles. When we pick
a value for , we assumethat the measuredpoint lies upon this circle. This is a
fair assumption becausethe maximum and minimum lengths will occur along this
circle. We choose to be % becausethis correspondsto about a 6 meter error for
length measuremets of about 50 meters. We choosea range for the anglesbased
upon where we think the anglesare.

When we use NLPSolve with these parameters, we nd that for a maximum
path length is 228.3664°, is 90.0000°, and is -48.3664° and the path length
is 3.2604. Using NLPSolveto nd the minimum length, we seethat is 36.8699°,

is -90°, and is 135.5787 and the path length is 2.7602. This speci ¢ caseis
shown in Figure 9. We notice that theseanglesare not 180° from ead other and

,0.'75 —

Figure 9. This gure shows the two optimized paths for the
triangle in the casethat = % We seethat one of the paths goes
through the error circles until it hits the other side of the circle
(the maximized path) and that one of the paths stops as socon as

it hits an error circle (the minimized path).

that the rangefor the path length includesthe value if we did not have any error in
our measuremets. We also useNLPSolve to make surethat as goesto zero, the
measuredpath length goesto 2° 2 and that the anglesgoto =45°, =-90 °, and

=135 ° for the minimum length while the anglesfor the maximum length di er by
180° as expected from the gure.

When we closethis path and make it the perimeter of the triangle (Figure 10),
we again use Maple and a slightly modied path that includes adding the third
side into the equation. Again, the behavior is as expected when goesto zero.
The Q)eiimeter in this casewert to the perimeter of the triangle without any error,
2+ 2 2. Howevwer, the anglesare not as expected. When minimizing the problem
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Figure 10. This time the path is of a closedtriangle that has
verticesat ( 1;0), (0;1) and (1;0). The error circles around the
vertices are ead of radius and the anglesare , , going from
left to right.

and sending to zero, went to 22.5°, went to -90°, and went to 175.5°.
We expect the anglesgo to the same value as in the two-side path problem as
that would put the anglesas the sameanglesthat connectthe points. The same
situation ariseswhen trying to maximize the perimeter. When goesto zero,
goesto 202.5°, goesto 90°, and goesto -22.5°.

7.3. The Semi-Circle Problem. We will now look at estimating the perimeter
of a semi-circle of radius 1 using a nite number of marks and adding straight
line distances. We will rst look at estimating the Semi-Circle using three points
and determine the distance along that path. We will then add more data points
and determine the distance along eadh of these paths. Note that using more data
points should give a more accurate answer. Additionally , we shov how many data
points are neededto get an accurate perimeter measuremet This method is useful
while using the GPS becausewe then have an idea of how many data points are
neededfor an accurate perimeter measuremeh We will start with = 0:1. As
mentioned in the bar-bell section, we will treat this as taking two marks at eath
point. Our discussionwill focus on the maximized bar-bells although it appliesin
both situations.

We begin by taking data points that are symmetrically placed about the semi-
circle. When we use three data points (Figure 11), our path is that of a triangle.
The three points are then connectedusing the bar-bell that maximizesthe distance.
This meansthat for ead segmenm, we change where we put the error. We do this
becausetwo consecutive segmetts cannot have the maximum error for both lengths
so we know that the length will be lessthan this. We also know that the length
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will be more than if we usedto minimum error bar-bells. In Figure 11 we seethe
semi-circlethat is being estimated as well as the bar-bells.

Figure 11. This is a picture of how three GPS points might be
usedto estimate a semi-circle using the bar-bell method.

While using this technique,aswe increasethe number of data points the error
balls start to overlap. We seethat Figure 12 is using 15 samplepoints and they are

Figure 12. The error circles are just about to overlap when
using 15 circles of radius 0:1.

almost overlapping. In Figure 13 the error circles have now begunto overlap. The
minimum measureddistance can now be zero becauseoncethe error circles start
to overlap, the minimum distance betweenthem is zero.
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Figure 13. The error circlesare now overlapping when using 20
circles of radius 0:1.

Number of Points | Min Max
2 1.8 2.2
3 2.4284| 3.2284
4 2.4 3.6
5 2.2615| 3.8615
6 3.0 4.0917
7 1.2139| 3.788
8 0.833 | 3.1833

Table 1. The estimated perimeter of the semi-circle using from
2 to 8 points. When more than two data points are used, the
maximum values are above and the minimum values are below

. The maximum valuesapproach  while the minimum valuesgo
to zero.

7.4. Length Measuremen ts Using Bar-Bells. Usingthe method discussedabove,
we have computed the estimated di erences for both maximum and minimum bar-
bells for 2 points up to 8 points. This data can be seenin table 1. The rst column
is the number of points, the secondcolumn is the minimum estimated distance,
and the third column is the maximum estimated distance. Note that the maximum
valuesare getting closeto  while the minimum valueslook asif they are heading
to zero. When eight points are taken, the gure that we are using is Figure 14.

We will now look at how changing impacts are results (Figure 15). This gure
shows how the value of e ects the measuredlength. The rst column is the
number of samplepoints used. As can be seen,the maximum valuesand minimum
valuesare getting closeto

7.5. A Reasonable Value for . One of the main reasonswe usedi erent values
of is because = 0:1is arather large when the actual distance is as small as
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Figure 14. This is the the gure that is being usedto estimate
the arc-length of the semi-circle using eight sample points.
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Figure 15. Inthis gure, isbeingvaried. The isfor = 0.1.
The isfor = 0.075. The + isfor = 0.05. The isfor =
0.035.The isfor = 0.02.

it is. In practice, common GPS measuremets are of kilometer long baselinesor
measuring acre lots. As GPS is accurate to within 20 meters, we will use this to
determine what size we use. To do this, we nd what percertage the error is on
an averagemeasuremeh Consider, for example, a squarelot with sidesof length
2 kilometers long using GPS. Sinceeadh measuremeih can be o by 20 meters, the
total error could be at most 40 meters with the length being 2,000 meters. This
resultsin at mosta 2 % error. Although this is a good value for large distances,this
value is very small for somethinglik e the semi-circleso at times we uselarge values
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of to seethe e ect of the error. For example, with the semi-circle approximation
using a small value of is hard to see(Figure 16).

Figure 16. This is the semi-circleusing 8 bar-bells with = 0:035

7.6. More General Paths. Using a circle, it is best to take measuremets after
having traveled a xed distance around the circle and taking a measuremen (as
in Figure 14). The next question is when to take measuremeits for a non-circular
path. When the path is a straight line, only the end points need be measuredto
minimize error while getting the appropriate shape. However, when the path makes
large bends or curves, intermediate points will needto be taken to appropriately
measurethis path distance. If we wereto measuresomethinglikethe path in Figure
17,it should be apparert that we would not want to take points every time we have
travelled a certain distance on the path, but would want to take more data points
where the path curved and lessdata points where the path wasrelatively straight.
From calculus, we know that the curvature of an ellipse is

@ 20 e
(12 (cos( ))? + @ (sin( )?)

We will now determine the total amount of curvature along dierent paths.
By integrating curvature along the path we accurrulate curvature. For example,
Figure 18 shows the total curvature of a circle written in parametric form with the
x-axis being the angle. This shows that the curvature of a circle is constart and
that we would want to take points distributed equally around the circle to best
estimate the circumference. As the circle is not that exciting of an example, we
move to looking at the curvature of di erent ellipses. When the ratio of semi-mgor
axis to semi-minor axis is large, the plot looks like Figure 19. This shows that
when the ellipse is making a sharper curve (near the left end and the right end),
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Figure 17. This is a path in which we would want to take more
measuremets around points with higher curvature. For example,
we would want more points around x = 0 and lesspoints around
X=5
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Figure 18. This shows how curvature accurrulates as we travel
from the start of a circular path to its end.

the curvature is accumnulating very rapidly, and when the ellipse is more at the
curvature accunulates slowly. As mentioned above, to be more accurate, we want
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Figure 19. This is a graph of an ellipsewith aratio of 10-1 semi-
major to semi-minor axis alongsidethe total curvature of the el-
lipse.

to take more data points where the curvature is large and fewer data points where
the curvature is small. A corveniert way to do this is by looking at a graph of
curvature. Looking at the y-axis of a plot of curvature versusangle, ead incremert
shows a changein curvature that is the samefor every incremert. That is, if we go
from 2 to 2.5 on the y-axis, our changein curvature is the sameasif we wert from
0.75to 1.25. Using this idea, we break up the ellipse into 22 segmeits that ead
have the samecurvature. The ellipse usedis shown in Figure 20.
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Figure 20. This is a graph of the ellipse with a ratio of 3-1 semi-
major to semi-minor axis alongsidethe total curvature of the el-
lipse. This ellipse used an example of estimating the perimeter
using the curvature technique.

The ellipseis divided into equal segmets by going up on the curvature plot by
0.02 and recording the angle that corresponded with that curvature. The angles
are then usedto nd the locations of the sample points. Next, nd the distance
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between eadh of these points and add them up to get an approximation of the
perimeter. Using this technique, the perimeter is 132.56. The actual perimeter of
this ellipseis 133.65,s0 the approximation is close.

Another technique to determine when to take measuremets is to take data
points after travelling through a certain angle, and using thesedata points to mea-
sure the distance travelled. When 22 points are used with this technique, the
incremert for is 17 radians, and the perimeter is 133.2 which is closer to the
actual perimeter. However, this technique would not be the best for usewith GPS
becauseit is hard to know when we have gonethrough a speci ¢ angle.

The nal technique we will look at is to goa xed distance on the ellipse and
then take a data point. This way the data points are distributed equally about the
ellipse. It is expected that the curvature method givesa more accurate solution
with the samenumber of data points. The total perimeter of the ellipse is divided
by the number of segmetts usedto nd the distancetravelled betweendata points.
To nd the arc length of a segmen of the ellipse we needto useelliptical integrals.
We useMaple to do this. When 22 data points are used,the perimeter is 132.6. We
note that this is slightly better then the curvature approach. However, this might
be dueto the fact that the number of data points is pretty large, sowe will decrease
the number of data points and obsene what happens. This data is cortained in
Figure 21.
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Figure 21. This plot shows the estimated perimeter versusthe
number of path segmeits usedin this approximation. One set of
data points, , is using the curvature approadc, another set, , is
using the xed path length approac, and the last set, , is using
the xed angle approach. The dashedline is the actual perimeter
of the ellipse.

The graph in Figure 21 shows that the xed angle approac is the best. Ad-
ditionally, the curvature approach is better than the xed path length approach.
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However, the xed path length approach will be the easiestmethod to use with
typical GPS measuremets. This plot also shows how the measureddistance oscil-
lates depending on whether an even number or an odd number of path segmeits are
used. While using the xed path length method, as the number of path segmeits
increasesfrom even to odd, the path length goesdown, but then is badk up for the
next even number of segmets. This is becausean odd number of segmeits is not
goingto include a point at one end of the semi-mgor axis while an even number of
path segmeits will. When using lessthan 5 data points, the xed angle approac
is the worst and also hasthe biggestvariation when increasingfrom one data point
to the next when using lessthan 5 data points. The xed path length approach
is better when using an even number of data points as opposedto an odd number
of data points, this is best seenin Figure 22. Figure 22 shows ead estimation
technique plotted by itself to seethe data better.
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Figure 22. The plot with s the curvature approach. The plot
with  is the xed path length approach. The plot with s the
xed angle approadc.

Using Figure 21, it is seenthat it is best to usethe xed curvature approach
when using lessthan 5 data points. When using between 5 and 20 data points,
the xed angle approad is best, then the xed curvature approach, and then the
xed path length approach. When using more than 20 data points, there is not
very much di erence betweenthe xed path length and the curvature approach.
Therefore, it is bestto usethe xed angle approach when approximating an ellipse
unlessusing lessthan 5 data points when the curvature approacd is better. When
using an even number of data points, there is not much di erence betweenthe xed
path length and the curvature approadces. A reasonfor this is that the only time
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there is a big changein curvature, the distance must be small soit really doesnot
matter in the end. When using GPS to measurea path that is somewhatelliptical,
the xed path length approach would typically be the most e cien t.

8. Conclusion

In this paper, we focused on two main ideas. We rst looked at the Global
Positioning System in detail. The con guration of the system was discussed,as
werethe usesand applications of GPS. The other main ideawasin determining the
best positions to take data points to measurea path length or a perimeter. When
we know where to take measuremetts to best estimate an object, this information
can be applied to taking way-points with a GPS to get accurate and e cien t path
lengths.

There are many ideas that were discussedwhich can still be expanded. The
largest problem to be worked on is in determining how many data points to take
and where to take these data points when given a particular path shape. To do
this, many di erent shapeswill needto be examinedand it should be determined
which technique is the best to estimate the path of that gure. The ideas and
methods applied to speci c fundamental shapescould be used collectively to help
determine where to take data points for more complicated shapes. Additionally ,
bringing GPS badk into the problem and estimating perimeters and determining
experimentally which measuremeh method is the most accurate would seeif the
results are applicable to using GPS to measuredistances.
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