
A REVIEW OF PR OPER TIES AND VARIA TIONS OF
V OR ONOI DIA GRAMS

ADAM DOBRIN

1. Intr oduction

This paper is a review of Voronoi diagrams, Delaunay triangula-

tions, and many properties of specializedVoronoi diagrams. We will

also look at various algorithms for computing these diagrams. The

majorit y of the material covered is basedon research compiledby At-

suyuki Okabe in Spatial Tessellations: Concepts and Applications of

Voronoi Diagrams [6]. However, there will also be referencesto re-

search and results presented in many papers. Multiple algorithms for

computing di�erent diagramswere found and translated from, among

others, Centroidal Voronoi Tessellations: Applications and Algorithms

[3] and A Sweepline Algorithm for Voronoi Diagrams [4].

Section2 will introduce Voronoi diagramsand provide examplesof

where they can be seenand how they are applied. Sections3 and

4 will discussbasic properties associated with Voronoi diagrams and

their duals: Delaunay triangulations. Thesebuilding blocks will allow

the progressioninto discussingmore complex ideasregarding Voronoi
1
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diagrams. In Section5, therewill bean exploration of weighted Voronoi

diagrams, followed by a study of di�erent methods for constructing

Voronoi diagrams in Section 6. The last topic covered, in Section 7,

will be the ideaof centroidal Voronoidiagramsand di�erent algorithms

for their construction.

2. Wha t is a Vor onoi Dia gram?

First, it should be noted that for any positive integer n, there are

n-dimensionalVoronoi diagrams, but this paper will only be dealing

with two-dimensionalVoronoi diagrams. The Voronoi diagram of a set

of \sites" or \generators" (points) is a collection of regionsthat divide

up the plane. Each regioncorrespondsto oneof the sitesor generators,

and all of the points in one region are closerto the corresponding site

than to any other site. Where there is not oneclosestpoint, there is a

boundary. Note that in Figure 1, the point p is closerto p1 than to any

other enumerated points. Also note that p0, which is on the boundary

betweenp1 and p3, is equidistant from both of thosepoints.

As an analogy, imagine a Voronoi diagram in R2 to contain a series

of islands (our generatorpoints). Supposethat each of these islands

hasa boat, with each boat capableof going the samespeed. Let every

point in R that can be reached from the boat from island x beforeany
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Figure 1. A basicVoronoi diagram [6].

other boat be associated with island x. The regionof points associated

with island x is called a Voronoi region.

The basic idea of Voronoi diagramshas many applications in �elds

both within and outsidethe math world. Voronoidiagramscanbeused

asboth a method of solving problemsor asa model for examplesthat

already exist. They are very useful in computational geometry, partic-

ularly for representation or quantization problems,and are usedin the

�eld of robotics for creating a protocol for avoiding detectedobstacles.

For modeling natural occurrences,they are helpful in the studies of

plant competition (ecologyand forestry), territories of animals (zool-

ogy) and neolithic clansand trib es(anthropologyand archaelogy),and

patterns of urban settlements (geography) [2].



4 AD AM DOBRIN

3. Basic Pr oper ties of the Vor onoi Dia gram

3.1. Formal De�nition of the Voronoi Diagram. Wehave de�ned

a Voronoi diagram informally. Sincewe are going to be dealing with

mathematical problemsassociated with and algorithms for computing

the Voronoi diagram, we must formally de�ne the two-dimensionalor-

dinary Voronoi diagram.

First, we shall denotethe location of a point pi as(x i 1; x i 2), and the

corresponding vector will be ~x. Let P = f p1; p2; ::; png 2 R2, where

2 � n < 1 and pi 6= pj , i 6= j and 8 i , j = 1; 2; : : : ; n be the set of

generatorpoints, or generators. We call the region given by

V(pi ) = f ~x
�
� jj~x � ~x i jj � jj~x � ~x j jj 8j 3 i 6= j g

the Voronoi region of pi , where jj � jj is the usual Euclidean distance.

V(pi ) may alsobe referredto asVi . All Voronoi regionsin an ordinary

Voronoi are connectedand convex. We call the set given by

V = f V(p1); V (p2); : : : ; V(pn )g

the Voronoi diagram of P. Di�eren t notation for V is
S n

i=1 Vi .

3.2. Basic Comp onents of the Voronoi Diagram. The Voronoi

diagramis composedof three elements: generators,edges,and vertices.
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P is the setof generators.Every point on the planethat is not a vertex

or part of an edgeis a point in a distinct Voronoi region.

An edgebetweenthe Voronoi regionsVi and Vj is Vi
T

Vj = e(pi ; pj ).

If e(pi ; pj ) 6= ; , Vi and Vj are consideredadjacent. Any point ~x on

e(pi ; pj ) has the property that jj~x � ~x i jj = jj~x � ~x j jj . An edgecan be

denotedas ei , where i is an index for the edgesand doesnot have to

be related to the index of generatorpoints. For example,we can label

our edgesfrom 1 to n, n being the total number of edges,going top

to bottom left to right. The labelling of edgesis merely a convenience,

and doesnot have to follow a pre-determinedalgorithm. It should be

decided per Voronoi diagram. Also, the set of edgessurrounding a

Voronoi region Vi can be referred to as @V(pi ), @Vi , or the boundary

of Vi .

A vertex is located at any point that is equidistant from the three

(or more) nearestgeneratorpoints on the plane. Verticesare denoted

qi , and are the endpoints of edges.The number of edgesthat meet at

a vertex is called the degree of the vertex. If 8qi 2 V, degree(qi ) = 3,

then V is consideredto be non-degenerate. Otherwise,V is considered

to be degenerate. Throughout this paper, we will, for the most part,

assumenon-degeneracyin our Voronoi diagrams.



6 AD AM DOBRIN

Figure 2. Voronoi Diagramson BoundedSubsetsof R2 [6].

3.3. Voronoi Diagrams on a Bounded Subset of R2. While most

of the time we will considerVoronoi diagramson R2, we can alsohave

them on any set S � R2. We will assumeS to be non-empty, for

a Voronoi diagram on an empty set would be trivial. The bounded

Voronoi diagram is de�ned by V \ S = f V1 \ S;V2 \ S; : : : ; Vn \ Sg.

If, for any i , Vi sharesthe boundary of S, we call Vi \ S a boundary

Voronoi region. Unlike ordinary Voronoi regions, boundary Voronoi

regionsneednot be connectedor convex.

In Figure 2, we seetwo Voronoi diagrams generatedby the same

set P, but on di�erent subsetsof R2. In the left diagram, the shaded

region is not connected,and in both diagrams,many of the regionsare

not convex. Note that the non-convex regionsare boundary regions.

3.4. Dominance Regions. Given any two generators,pi and pj , the

perpendicular bisector of the line connecting pi and pj is b(pi ; pj ) =

f ~x
�
� jj~x � ~x i jj = jj~x � ~x j jjg; i 6= j . H (pi ; pj ) = f ~x

�
� jj~x � ~x i jj �

jj~x � ~x j jjg; i 6= j is the dominance region of pi over pj , and consistsof
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Figure 3. Construction of a Voronoi Region Using
Half-Planes[6].

every point of the plane that is closerto pi than pj or equidistant from

the two. H (pj ; pi ), or Dom(pj ; pi ), is the dominanceregion of pj over

pi . In the basicVoronoi diagram, H (pj ; pi ) is a half-plane.

From our de�nition of dominance regions, we can de�ne Voronoi

regions in yet another way. Let P = f p1; p2; : : : ; png 2 R2 be a set

of generator points. Vi =
T

j 2 Z+ � n H (pi ; pj ) is the ordinary Voronoi

region associated with pi . The set V = f V1; V2; : : : ; Vng is the Voronoi

diagram on R2 generatedby P.

In Figure 3, we can seethe construction of a Voronoi region using

dominanceregions. By drawing in the half-planesassociated with p1,

we can seehow a Voronoi regionis createdusing the method of �nding

T
j 2 Z+ � n H (pi ; pj ). Using this method for all of the points in a Voronoi
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Figure 4. A largestempty circle in a basicVoronoi di-
agram [6].

diagram becomesoverly complicated,and is generallybypassedin lieu

of other algorithms, which will be discussedin Section6.

3.5. The Convex Hull of P. The convex hull of P is the smallest

convex set containing the generatorset P, and is denotedas CH(P).

The boundary of this regionis referredto as@CH(P). Givena Voronoi

diagram V(P), Vi is unbounded i� pi 2 @CH(P). With knowledgeof

the CH(P), we know the following about a Voronoi diagram V(P):

(i) A Voronoiedgee(pi ; pj )(6= ; ) is a line segment i� the line connecting

pi and pj (pi pj ) is not on @CH(P).

(ii) A Voronoi edgee(pi ; pj )(6= ; ) is a half-line or ray i� P is non-

collinear and pi and pj are consecutive generatorpoints on @CH(P).

(iii) All Voronoi edgesare lines i� P is collinear.

3.6. Empt y Circles. With a Voronoi diagram V(P), it is helpful to

know about empty circles. An empty circle is one with no generator
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points within its boundary. For each vertex qi 2 V(P), there exists a

uniqueempty circle Ci centered at qi that passesthrough at least three

generatorpoints, and it is the largestempty circle centered at qi . If we

assumenon-degeneracy, then Ci passesthrough exactly threegenerator

points. Note that the largest empty circle represented in Figure 4 has

three generatorpoints on its boundary.

3.7. Graph Theory and Voronoi Diagrams. Also interesting to

note are the correlations betweenbasic graph theory and Voronoi di-

agrams. If we let n, ne, and nv be the number of generator points,

Voronoi edges,and Voronoi verticesof a Voronoi diagram, respectively.

We �nd that

(1) nv � ne + n = 1:

If P hasmore than 3 elements, then

ne � 3n � 6 and nv � 2n � 5

Furthermore, if welet nc bethe number of unboundedVoronoipolygons

and continue to assumethat P hasmore than 3 elements, then

nv �
1
2

(n � nc) + 1 and ne � 3nv � nc � 3
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Figure 5. A Voronoi graph inducedfrom a Voronoi di-
agram [6].

Another interesting theorem is that for any Voronoi diagram, the av-

eragenumber of Voronoi edgesper Voronoi polygon doesnot exceed6.

More accurately, this number is lessthan or equal to 2(3n� 6)
n .

In graph theory, let G be a connectedplanar graph. Let v, e, and f

be the number of vertices,edges,and facesin G, respectively. Euler's

Theorem states that v � e+ f = 2, and that 2e � 3f and e � 3v � 6

[7].

We can �nd a direct correspondencebetween Euler's Theorem for

connectedplanar graphsand Eq. 1. Takea Voronoidiagramon R2. Let

n, nb, nc, ne, andnv bethe number of Voronoiregions,boundedVoronoi

regions,unbounded Voronoi regions,Voronoi edges,and Voronoi ver-

tices, respectively. We know that nv � ne + n = 1. Make any half-

line edgesinto line segments by capping them with a vertex. All new

verticesaddedare addedto nv. Simultaneously, all but oneof the un-

boundedVoronoi regionsare subtracted from nc; oneremainsbecause



A REVIEW OF PROPERTIES AND VARIA TIONS OF VORONOI DIA GRAMS 11

of the in�nite region. (Note: If we had no unboundedVoronoi regions

to begin with, we still have an in�nite region not previously de�ned;

thus nc = 1.) Sincewe have included an extra Voronoi region, we've

altered our equation to be nv � ne + n = 2. Disregard our generator

set P. Our manipulated Voronoi diagram V has becomea connected

planar graph G. The number of regionsn becomesthe number of faces

f in G. The number of verticesnv becomesthe number of verticesv in

G. The number of edgesne becomesthe number of edgese in G. Our

equation becomesv � e+ f = 2, Euler's Theorem.

4. Dela unay Tessella tions

4.1. In tro duction. Continuing the theme of graph theory, we will

now discussDelaunay tessellations,which are consideredto be dual

to Voronoi diagrams[7]. For all Delaunay tessellations,we will assume

non-collinearity. This meansthat for our generatorset P, the points in

P are not all on the sameline. Given a Voronoi diagram V(P), join all

pairs of generatorpoints whoseVoronoi regionssharean edge. Thus,

in the Delaunay tessellationof P, or D(P), there exists the edgepi pj

if and only if e(pi ; pj ) 2 V(P) 6= ; . If this tessellationconsistsof only

triangles,we call it a Delaunaytriangulation. If not, we call it a Delau-

nay pretriangulation. A Delaunay tessellationwill be a triangulation if
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Figure 6. A Voronoi diagram and a Delaunay triangu-
lation [6].

and only if all verticesof V(P) are non-degenerate.SeeFigure 6 for an

illustration of the relation between a Voronoi diagram (dashedlines)

and a Delaunay triangulation (solid lines) of the samegeneratorset P

(solid dots).

In a Delaunay triangulation, regionsare called Delaunay triangles.

Edgesin Delaunay tessellationsare called Delaunayedges. If a Delau-

nay edgeis sharedby two Delaunay triangles, then wecall it an internal

Delaunayedge. Otherwise, we call it an external Delaunayedge. The

external Delaunay edgesin D(P) constitute @CH(P).

Interestingto note is the fact that (assumingnon-degeneracy),Voronoi

edgesand Delaunay edgesare orthogonal. With a little thought, this

is fairly obvious, becausea Voronoi edgee(pi ; pj ) lies on the perpen-

dicular bisector of pi pj , a Delaunay edge. This meansthat Voronoi

diagrams and their Delaunay tessellationsare not only dual graphs,

but are reciprocal �gures [7].
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Figure 7. Delaunay triangulations: (a) is not a Pitte-
way triangulation, while (b) is a Pitteway triangulation
[6].

4.2. The Pittew ay Triangulation. The Delaunay triangulation of P

is a Pitteway triangulation of P if and only if every internal Delaunay

edgepi pj crossesthe associated Voronoi edgee(pi ; pj ) of V(P).

4.3. Corresp ondence Bet ween Voronoi and Delauna y. We men-

tioned that Delaunay triangulations arenon-degeneratedualsto Voronoi

diagrams,but have not yet discussedthe meaningand results of this

claim. Given a non-degenerateVoronoi diagram V(P) and a Delaunay

triangulation D(P), let Q and Qd be the setsof Voronoi vertices and

Delaunay vertices, respectively. Let E and Ed be the setsof Voronoi

edgesand Delaunay edges,respectively. Let Cd be the set of circum-

centers of Delaunay triangles. Then the following are true:

(i) Qd = P

(ii) Cd = Q
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Figure 8. Empty circumcircles of Delaunay triangles
(i.e. Delaunay circles) in a Delaunay triangulation [6].

(iii) jEdj = jE j

Statement (i) says that each generatorpoint pi is a vertex of a Delaunay

triangle. Statement (ii) says that the circumcenter of each Delaunay

triangle correspondsto a Voronoi vertex. Statement (iii) says that the

number of Delaunay edgesis equal to the number of Voronoi edges.

On a sidenote, the circumcenter of a Delaunay triangle, is the point

equidistant from the three vertices. It is the center of the circumcircle,

or Delaunay circle, which is the largest empty circle contained in a

Delaunay triangle. The circumcircle of the Delaunay triangle is an

empty circle only if the triangulation of P is a Delaunay triangulation.

The points on a Delaunay circle, which areDelaunay vertices,arecalled

natural neighbors. Two verticesarenatural neighbors if andonly if they

are connectedby a Delaunay edge.
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To close,we will look at another interesting property of Delaunay

triangulations. Let D(pi ; pj ) be the shortest path along the Delaunay

edgesof D(P) from pi to pj . Then D(pi ; pj ) � c � d(pi ; pj ), where

d(pi ; pj ) is the Euclideandistancefrom pi to pj and c = 2�
3cos( �

6 ) � 2:42.

5. The Weighted Vor onoi Dia gram

5.1. In tro duction. So far, in our discussionof Voronoi diagrams,we

have assumedthat our generator points, besidestheir location, have

equalvalue, or weight. The ideaof assigningdistinct weight to genera-

tor points canbe moreusefulthan having uniformly weighted points in

somescenarios.Weighted generatorpoints are sometimesmore appli-

cablewhenlooking at, for example,the population sizeof a settlement,

the number of storesin a shoppingcenter, or the sizeof an atom in a

crystal structure [6].

Recall from our de�nition of the Voronoi diagram from Section3.4.

that a Voronoi regionV i is the intersectionof the dominanceregionsof

pi over every other generatorpoint in P. While we will have di�erent

formulae for dominanceregionsin weighted voronoi diagrams,the idea

remainsthe same. The dominanceregion of a generatorpoint pi over

another,pj , wherei 6= j anddw(px ; py) is the weighted distancebetween
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points x and y, is written as

Domw(pi ; pj ) = f pjdw(p;pi ) � dw(p;pj )g:

Let

Vw(pi ) =
\

pj 2 P nf pi g

Domw(pi ; pj ):

Vw(pi ), or Vw(i ), is called a weighted Voronoi region, and

Vw = f Vw(p1); Vw(p2); : : : ; Vw(pn )g is called the weighted Voronoi dia-

gram. Another way to denoteVw is V(P; dw), whereP is the generator

set with weights W = f W1; W2; : : : ; Wng and dw is the weighted dis-

tance. We will discussdw more in depth in the following sections.

5.2. The Multiplicativ ely Weighted Voronoi Diagram. Recall

the analogy of generatorpoints to islands with boats from Section2.

The multiplicativ ely-weighted Voronoi diagram assignsa speedto each

boat. Therefore,a faster boat will reach boats previouslyoutsideof its

region.

This weighted Voronoi diagram has its weighted distancegiven by

dmw (p;pi ) =
jj~x � ~x i jj

wi
; wherewi > 0:

This is called the multiplicatively weighted distance or MW-distance.

There are many namesfor the associated Voronoi diagram: Vmw , the
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multiplicativ ely-weighted Voronoi diagram, the MW-Voronoi diagram,

the circular Dirichlet tessellation, or the Apollonius model. We will

not be using the last two, asthey are highly specializedand this paper

is a more generalsurvey of ideasand conceptsassociated with Voronoi

diagrams.

A MW-Voronoi region is a non-empty set, it does not have to be

convex or connected,and it can have a hole or holes. A MW-Voronoi

region Vw(pi ) is convex if and only if the weights of adjacent MW-

Voronoi regionsare not smaller than the weight of pi . Another way

to denote \the weight of pi " is wi . Also, two MW-Voronoi regions

may sharedisconnectededges. Edgesin Vmw are circular arcs if and

if only if the weights of the two a�ectiv e regionsare not equal. Edges

in Vmw are straight lines if and only if the weights of the two a�ectiv e

regionsare equal. SeeFigure 9 for a diagram of the bisectorsbetween

points pi and pj with multiplicativ ely weighted distance for several

ratios � = wi
wj

= 1; 2; 3; 4; 5.

Let wmax = maxf wj ; pj 2 Pg and Pmax = f pj jwj = wmax g. A MW-

Voronoi region Vmw (pi ) is unboundedif and only if pi 2 Pmax and pi is

on @CH(Pmax ).

5.3. The Additiv ely Weighted Voronoi Diagram. Continuing the

boat/island analogy, imagine that boats in the additively weighted
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Figure 9. Multiplicativ ely weighted Voronoi diagrams
for two generatorpoints [6].

Figure 10. A multiplicately weighted Voronoi diagram
(the numbersin parenthesesrepresent weights associated
with the generators)[6].
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Voronoi diagram start a certain distance away from their respective

islands. They all still travel at the samespeed,but someboats begin

closerto points than they would in the ordinary Voronoi diagram.

This type of weighted Voronoi diagram has its weighted distance

given by

daw(p;pi ) = jj~x � ~x i jj � wi :

The dominanceregion of the additively-weighted Voronoi diagram is

given by

Domaw(pi ; pj ) = f ~x
�
� jj~x � ~x i jj � jj~x � ~x j jj � wi � wj g; wherei 6= j:

If we let � = jj~x i � ~x j jj , and � = wi � wj , we get the following

results. If � = � , then the dominanceregion of pj over pi is a half-line

radiating from pj directly away from pi . This result is impossiblewith

the multiplicativ ely-weighted Voronoi diagram. If 0 < � < � , then pi

completely dominatespj , and Vaw(pj ) = ; , another result not possible

with MW-Voronoi diagrams.

With theseproperties in mind, we �nd the following statements to

be true. The set Vaw(pi ) = ; if and only if

minfjj x � x i jj � wj ; 8pj 2 P 3 i 6= j g < � wi :
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Figure 11. Additiv ely weighted Voronoi diagrams for
two generatorpoints [6].

The set Vaw(pi ) is a half-line if and only if

minfjj x � x i jj � wj ; 8pj 2 P 3 i 6= j g = � wi :

The set Vaw(pi ) haspositive area if and only if

minfjj x � x i jj � wj ; 8pj 2 P 3 i 6= j g > � wi :

Every edgein Vaw is either a hyperbolic arc, line segment, half-line,

or in�nite line. SeeFigure 11 for a diagram of the bisectorsbetween

points pi and pj with additively weighted distancefor several parameter

values� = jj~x i � ~x j jj and � = jwi � wj j = 0; 1; 2; 3; 4; 5; 6; 8; 9; 9:8; 10.
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Figure 12. An additively weighted Voronoi diagram
(the numbers indicate weights) [6].

If at least one weight, wi , is di�erent from another, and Vaw(pi )

haspositive area,then there existsat least onenon-convex additively-

weighted Voronoi region. Every non-convex AW-Voronoi regionis star-

shaped with respect to its generatorpoint. This meansthat from pi ,

we can draw a line to any point in the region Vaw(pi ), and the line will

be contained entirely within Vaw(pi ).

6. Algorithms f or Constr ucting the Vor onoi Dia gram

6.1. In tro duction. There are many di�erent ways to construct the

ordinary Voronoi diagram (de�ned by dw = jj~x � ~x i jj , i 6= j ). In this

section, we will look at two of these: the Plane-Sweep and the Tree

Expansionand Deletion methods.

6.2. Plane-Sw eep Metho d. For the plane-sweepmethod of construct-

ing the Voronoidiagram,wedraw all generatorpoints, Voronoivertices,



22 AD AM DOBRIN

and Voronoi edgesin a non-Cartesianplane. There is a one-to-onecor-

respondencebetweenthe non-Cartesianplaneand the Cartesianplane,

givensomeinitial assumptions.Therefore,we cancopy our Voronoi di-

agramin the non-Cartesianplaneto the Voronoi diagram in the Carte-

sian plane, which is what we ultimately want.

Let P = f p1; p2; : : : ; png be our generatorset. For any point p, we

de�ne r (p) = minf d(p;pi )
�
� 1 � i � ng. By the properties of Voronoi

diagrams, r (p) is the radius of the largest empty circle centered at p.

We shall denotethe location of p as (x(p); y(p)). Let

� (p) = (x(p) + r (p); y(p)):

In other words, for any point p 2 Vi , � (p) = (x(p) + d(p;pi ); y(p)).

� (p) = p if and only if p is a generator point. Any q 2 V, e 2 V,

Vi 2 V, and V have images� (q), � (e), � (Vi ), and � (V), respectively.

Let pi and pj be two generatorpoints such that x(pi ) > x(pj ) where

e(pi ; pj ) 6= ; . � maps e(pi ; pj ) to part of a hyperbola with leftmost

point pi . We will cut this hyperbola at pi into h+ (pi ; pj ) and h� (pi ; pj ).

h+ (pi ; pj ) = h+ (pj ; pi ) and h� (pi ; pj ) = h� (pj ; pi ).

To help the readerbetter understand� (R2), we candraw an analogy

betweenit and R2. Recall the boat/island analogyfrom before. Imag-

ine that there is a current, moving directly to the right, that is faster
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than the uniform-velocity abled boats. Therefore,no boat can reach a

point to the left of its island. Voronoi regionsin � (R2) are contained

within open-right hyperbolas.

For the plane-sweep method, we will need to make four initial as-

sumptions. First, numerical computation will be carried out in precise

arithmetic. Second,no four generatorpoints align on a commoncircle.

This is the sameas assumingnon-degeneracy. Third, no two genera-

tor points align vertically. Lastly, any generatorpoint and any of that

generatorpoint's Voronoi verticesdo not align horizontally.

In this method, we take a vertical line and move it from left to right

over the plane. We update our data everytime there is an event, which

will be de�ned as:

:the sweeplinehits a generatorpoint.

:the sweeplinehits a Voronoi vertex in � (V).

To represent the structure of � (V) along the sweepline,we will use

an alternating list L of regionsand boundary edgeswhich appear on

the line, from bottom to top. We will also use Q, a set of points in

the plane. It is a list of all possiblepoints where events may occur.

To begin with, Q = P, the set of all generatorpoints. Candidatesfor

Voronoivertices� (q) areaddedto Q asthey arefound by the sweepline.
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Figure 13. Voronoidiagramand its image: (a) Voronoi
diagram V for �v e generatorsand (b) its image� (V) [6].

Given a set P = f p1; p2; : : : ; png of n generatorpoints, using the fol-

lowing algorithm, wewill endup with the transformedVoronoidiagram

� (V).

(1) Let Q = P.

(2) Chooseand deletethe leftmost point, say pi , from Q.

(3) Let L be a list consistingof a singleregion, � (V(pi )).

(4) While Q is non-empty, repeat 4.a, 4.b, and 4.c.

(a) Chooseand deletethe leftmost point w from Q.

(b) If w is a generatorpoint, say w = pi , do 4.b.i, 4.b.ii, and

4.b.iii.

(i) Find the region � (V(pj )) on L containing pi .
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(ii) Replace(� (V (pj ))) on L with

(� (V(pj )) ; h� (pi ; pj ); � (V(pi )) ; h+ (pi ; pj ); � (V(pj ))) :

(iii) Add to Q the intersection of h� (pi ; pj ) with the im-

mediate lower-half hyperbola on L and the intersec-

tion of h+ (pi ; pj ) with the immediate upper-half hy-

perbola on L.

(c) If w is an intersection,say w = � (qt ), do 4.c.i, 4.c.ii, 4.c.iii,

and 4.c.iv.

(i) Replacethe subsequence(h� (pi ; pj ); � (V(pj )) ; h� (pj ; pk))

on L with h = h� (pi ; pk) or h = h+ (pi ; pk).

(ii) Deletefrom Q any intersectionsof h� (pi ; pj ) or h� (pj ; pk)

with other half-hyperbolas.

(iii) Add to Q any intersectionsof h with its immediate

upper- and lower-half hyperbola on L.

(iv) Mark � (qt ) asa Voronoi vertex incident to h� (pi ; pj ),

h� (pj ; pk), and h.

(5) Report all half-hyperbolas that were ever listed on L, all the

Voronoi vertices marked in 4.c.iv, and the incidencerelations

amongthem. [6]
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From this algorithm, wehaveall edges,vertices,and generatorpoints

of � (V) on � (R2). We now needto be able to convert a point � (p) to

p 2 R2. We know to which generator points each edgeand vertex

is associated. Call one of these generator points pi . We know that

� (p) = (x(p) + r (p); y(p)). Let x i = x(pi ), yi = y(pi ), x � = x(� (p)),

and y = � = y(� (p)). Let m be the slope of the line betweenpi and

� (p) and d be the Euclideandistancebetweenpi and � (p). m = y� � yi

x � � x i

and d =
p

(y� � yi )2 + (x � � x i )2. From this, we �nd that

(2) r (p) =
d

2cos(tan� 1(m))
:

Our point,

(3) p = (x � � r (p); y� );

can now be written with Eq. 2 and Eq. 3:

(4) p = (x � �
d

2cos(tan� 1(m))
; y� ):

Using the sweeplinealgorithm and Eq. 4, we can graph a Voronoi

diagram in � (R2), then translate each point on an edgeor vertex back

to R2, giving us our Voronoi diagram V.
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6.3. Tree Expansion and Deletion Algorithm. While the Plane-

Sweep Method is a good system to construct the Voronoi diagram,

it is more useful as a programmableway to do so. Carrying out the

method by hand, or even with Maple or Mathematica, is a laborious

task, involving much morework than is actually necessary. For simpler

Voronoi diagrams (those with a relatively small generatorset P), we

canutilize a simpleralgorithm. This algorithm takesa Voronoidiagram

on l � 1 generatorpoints and another generatorpoint in the plane,and

givesa Voronoi diagram on l generatorpoints.

To add pl , the l th generatorpoint, we needto know the vertices of

V l � 1 that will be a�ected by V(pl ). We can do so with the following

information. Let qij k denote the vertex incident to V(pi ), V (pj ), and

V(pk) in that order. For somepoint p = (x; y), we let H (pi ; pj ; pk ; p) =

0 be the circle that passesthrough pi , pj , pk , and p. The circle contains

p if and only if H (pi ; pj ; pk ; p) < 0. Consequently, qij k is in V(pl ) if and

only if H (pi ; pj ; pk ; pl ) < 0. We will let

(5) H (pi ; pj ; pk ; pl ) =

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

1 x i yi x2
i + y2

i

1 x j yj x2
j + y2

j

1 xk yk x2
k + y2

k

1 x y x2 + y2

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

:
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(a) (b)

(c) (d)

Figure 14. Implementation of the TreeExpansionand
Deletion Algorithm.

Like the Plane-Sweep Method, we will need to make some basic

assumptionsto begin. We will neednon-degeneracy, sowe will assume

that the degreeof any vertex in V l � 1 is 3. A problem arises,though,

when H (pi ; pj ; pk ; pl ) = 0. When we add pl to V l � 1, we will have a

vertex of degree4. To avoid this, we can changeour inequality to say

that H (pi ; pj ; pk ; pl ) � 0 if and only if qij k is outside of V(pl ). We will

also assumethat V l � 1 divides the plane into i + 1 regions;call them

cells. Assumethat every cell, besidesin�nite ones,is simply connected

with no holes. Also, two cellsshareat most oneedge.
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We will let T be the set of verticesof V l � 1 that will be in V(pl ). As-

sumethat T is non-empty. Also, assumethat V l � 1(T) (the components

of V l � 1 in T) is a tree. Following the aforementioned assumptionsand

given P = (p1; p2; : : : ; pl � 1; pl ) and V l � 1, we will implement the follow-

ing procedureto computea new Voronoi diagram V l :

(1) Find the generatorpi (1 � i � l � 1) such that d(pi ; pl ) is mini-

mized.

(2) Among the verticesqij k on @V(pi ), �nd the one that gives the

smallestvalue of H (pi ; pj ; pk ; pl ). Let T be the set consistingof

only this vertex.

(3) Repeat 3.a until T cannot be further augmented.

(a) For each vertex qij k connectedby an edgeto an existing

element of T, add qij k to T if H (pi ; pj ; pk ; pl ) < 0 and

if the resultant T is a tree (satisfying one of our initial

assumptions).

(4) For every generatorpi associated with a vertex qij k that satis-

�es assumption4.6.7.,draw the perpendicularbisectorbetween

pi and pl from e(pi ; pj ) to e(pi ; pk). Let this line segment be

e(pi ; pl ), the interesectionof e(pi ; pl ) and e(pi ; pj ) be the vertex

qij l , and the intersection of e(pi ; pl ) and e(pi ; pk) be the vertex

qik l . In the casethat qij k lies on the outer circuit of V l � 1, draw
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the perpendicularbisectorbetweenpi and pl . When applicable,

the bisector is a segment from e(pi ; pj ) to e(pi ; pk). In this case,

let this line segment be e(pi ; pl ), the intersectionof e(pi ; pl ) and

e(pi ; pj ) be the vertex qij l , and the intersection of e(pi ; pl ) and

e(pi ; pk) be the vertex qik l . If the bisector doesnot intersect ei-

ther e(pi ; pj ) or e(pi ; pk), it will bea ray originating on e(pi ; pm ),

wherepm is either pj or pk , whichever is associated edgeinter-

sectswith the perpendicular bisector. Let this ray be e(pi ; pl ),

and the intersectionof e(pi ; pl ) and e(pi ; pm ) be the vertex qiml .

(5) Remove all verticesin T, and the edgesincident to them, from

V l � 1.

(6) Considerthe interior of the edgesand verticesaddedin 4 to be

V(pl ), and the resulting diagram to be V l .

In Figure 14, we seethe use of the Tree Expansion and Deletion

Algorithm on a Voronoi diagram with six generatorpoints. The new

generatorpoint a�ects only the central vertex. For the other three ver-

tices,H � 0. In Figure 15, we seethe implementation of the algorithm

on a Voronoidiagramthat, while symmetrical,much morecomplicated

than in Figure 14. We �nd that H < 0 for four vertices.

To keepour verticesand regionsorganized,we have terms by which

we can refer to them. We call vertices in T in. Vertices outside of T
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(a) (b)

(c)

Figure 15. A SecondImplementation of the Tree Ex-
pansionand Deletion Algorithm.

areout. During the algorithm, verticesthat areasof yet unchecked are

undecided. We call polygonswith a vertex in T incident and all other

polygonsnon-incident. All verticesand polygonsare initially labelled

undecidedand non-incident, respectively.
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7. The Centr oid al Vor onoi Dia gram

7.1. In tro duction. A centroidal Voronoi diagram, or tessellation, is

a Voronoi diagram of a given set such that every generator point is

also the centroid, or center of mass,of its Voronoi region. Typically,

centroidal Voronoi tessellations(CVT's) have an associated density

function, � (x; y), on 
, a subsetof R2.

7.2. Real-W orld Applications and Observ ations. Applications for

CVT's cover a multitude of disciplinesfrom computerscienceto urban

planning.

An interestingareain which CVT's pop up is in the territorial behav-

ior of animals. For example,the male mouthbreeder�sh, to establish

domain, will spit sandaway from the center of its territory . For a high

enoughdensity of �sh introducedsimultaneously into a body of water

with a uniform sandy 
o or, we �nd an interesting result. The spitting

of sand results in raised bars of sand, and, when viewed from above,

createsa pattern which very closelyapproximatesa centroidal Voronoi

tessellation[3].

Also in biology, CVT's appear in the cell division of animal and

plant cells. In a study of the development of star�sh embryos, it was

found that a view of a layer of columnar cells in an arrangement in a
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hollow sphereshowed the cells to closely match a centroidal Voronoi

tessellation[3].

Looking at urban planning ideas, we can seeclosecorrelations to

thoseof the CVT. If we just look at the convenienceof mailbox place-

ment throughout a population, we make the following assumptions:

(1) A personwill usethe mailbox nearestto their home.

(2) The cost to a person of using a mailbox is a function of the

distancefrom the personto the mailbox.

(3) The cost to the generalpopulation is measuredby the distance

to the nearestmailbox averagedover the population.

(4) The optimal placement of mailboxesis onethat minimizescost,

or the distanceto the population in general.

It makes sense,then, that the optimal placement of mailboxes is at

the centroids of a CVT, using the population density as a basis for

generatorpoints. We can usetheseideasin many di�erent aspects of

urban planning and the placement of resources.Schools, distribution

centers, mobile vendors, bus terminals, voting stations, and service

stopsare someexamples[3].

7.3. Generator Sets. The idea of the centroidal Voronoi tessellation

is somewhat limiting in terms of the various diagrams that we can
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produce. The original Voronoidiagramsthat weconsideredhavea one-

to-one correspondencebetween every possibleset of generatorpoints

P and the Voronoi diagram V(P). The sameis not true for centroidal

Voronoi tessellations: sincenot every Voronoi diagram is a CVT, we

cannot construct a CVT from just any given generatorset.

In the discussionof the optimal placement of resources,wementioned

population density, but did not explain why this was important. To

create a CVT, we needa generatorset whosecorresponding Voronoi

diagram has the property that each generatorpoint is the centroid of

its Voronoi region. This implies that the problems that we will run

into when trying to �nd a CVT will lie solely in the generatorset.

This is where the disparity between CVT's and ordinary Voronoi

diagrams arises. The freedomthat we have with regular Voronoi di-

agramsis important becausewe can visualize dominanceregionsand

distancesgiven any setof data. CVT's are limited in this sense,but, as

in the applicationsand observations mentioned in Section7.2, they are

very useful for planning systemsand noticing similarities in di�erent

�elds (like animals' territorial habits and cell division).

7.4. Constructing a Generator Set. To create a CVT, we need

to �nd a generator set whosepoints are the masscentroids of their

respective Voronoi regions. There are many methods for doing so: the
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two that we will look at are Lloyd's method and MacQueen'smethod.

The generalideaof thesemethods is to takean initial setof n points, P,

then move them incrementally such that the resulting Voronoi diagram

is alsoa CVT.

To selectan initial set of points, we usea Monte Carlo method. A

Monte Carlo method is any which solvesa problem by generatingsuit-

able random numbers and observingonly the fraction of the numbers

obeying someproperty or properties [5]. A Monte Carlo method is not

necessaryto createa CVT: we could selectn random points on 
, then

useLloyd or MacQueen'smethod, and get a very similar, and for all

intents and purposes,the sameresult. The Monte Carlo method, in

e�ect, givesus a headstart on creating the generatorset for the CVT.

It givesusa setof n points that resemblesour density function, � (x; y).

BecauseLloyd and Macqueen'smethods take the n points and iterate

them to �nd a generator set for a CVT, which also resembles � , the

set found using a Monte Carlo method may be closerto our �nal set.

By using a Monte Carlo method, we save time overall by reducing the

number of iterations of Lloyd or MacQueen'smethod.

7.5. Llo yd's Metho d.

(1) Select an initial set of n points (P) in 
, by using a Monte

Carlo method.
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(2) Construct a Voronoi tessellationof 
, V, associated with P.

(3) Compute the masscentroids of the Voronoi regionsin V

(4) Let P be the set of masscentroids computed in Step 3.

(5) If P meetssomepredeterminedcriteria, implement Step2, then

terminate; otherwise,return to Step 2.

7.6. MacQueen's Metho d.

(1) Select an initial set of n points, (P) in 
, by using a Monte

Carlo method; let i = 1.

(2) Determine a point y in 
 by using the same Monte Carlo

method as in Step 1.

(3) Find the point p� in P that is closestto y.

(4) Set

p� =
ip� + y
i + 1

and i = i + 1.

(5) If P meetssomepredeterminedcriteria, go to Step6; otherwise,

return to Step 2.

(6) Construct a Voronoi tessellationof 
, V, associated with P.

7.7. Similarities and Di�erences. Lloyd and MacQueen'smethods

arevery similar, but alsovery di�erent. They di�er just in their method
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of resetting P. For Lloyd's method, every time we go through the cy-

cle of steps(an iteration), we are constructing a new Voronoi diagram.

Consideringthe fact that weprobably must gothrough several hundred

iterations, this is a very time-consumingmethod for computers. For

MacQueen'smethod, insteadof recomputingthe Voronoi diagrams,we

are simply moving a point, then checking our results with the \prede-

termined criteria." With MacQueen'smethod, though, we only move

onepoint at a time, insteadof many points in the set. Lloyd's method

gives a better approximation of a CVT, but the di�erence is not no-

table enoughto justify its use over MacQueen'smethod. Becauseof

this, we will useMacQueen'smethod for constructing the CVT.

7.8. Stopping Criteria. Typically, we will have two di�erent types

of criteria, but only useonefor any given construction of a CVT. One

criterion will be the total number of iterations, i . The higher the num-

ber of iterations is, the closerV will be to an actual centroidal Voronoi

tessellation. The other type of criterion will be an error counter, � . If

our set P remainsrelatively unchangedfor a certain number of itera-

tions, then we considerMacQueen'smethod completed. Becausey is

chosenusing a Monte Carlo method, it is possiblethat p� = y. Then,

P would beunchanged.Sincethis could happenon any given iteration,

we would want to set our error counter to cover multiple iterations. It
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(a) (b)

(c) (d)

Figure 16. 256-Point CVT's Using a Probability Den-
sity Function of � (x; y) = xy on [� 1; 1] � [� 1; 1] with
Limits of: (a) i = 103, (b) i = 105, (c) � = 10� 4, and (d)
� = 10� 8.

is very rare that it would happen multiple times in a row. The lower

the error counter is, the closerV will be to an actual centroidal Voronoi

tessellation.

7.9. Imp erfections in Constructing a CVT. It is important to

take note of the fact that we do not get CVT's with either Lloyd or

MacQueen'smethods. We considerthe approximations that we receive
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(a) (b)

(c) (d)

Figure 17. 256-Point CVT's Using a Probability Den-
sity Function of � (x; y) = e� 10x2y2

on [� 1; 1] � [� 1; 1]
with Limits of: (a) i = 103, (b) i = 105, (c) � = 10� 4,
and (d) � = 10� 8.

usingthesemethodscloseenoughto true CVT's becausethe di�erences

betweenthem areminimal. The only way to guaranteethat the Voronoi

diagram of P that we get usingLloyd or MacQueen'smethod is truly a

centroidal Voronoi diagram is by carrying the method out inde�nitely .

This cannot be done for all practical purposes. Thus, we accept the

approximation that we make.
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7.10. Figures 16 and 17. In both Figures 16 and 17, (a) and (b)

are computedusing an iteration limit, while (c) and (d) are computed

using an error counter. In Figure 16, note the di�erence between the

two diagramson the left and the two on the right. In (a) and (c), we

seeVoronoi regionsbunched together that are relatively far away from

the points (� 1; � 1) and (1; 1). Someof theseproblemsarecorrectedin

(b) and (d), as we can observe a better order of smaller regionscloser

to thosepoints than in (a) and (c). In Figure 17, we can seethe same

generaltrends as in Figure 16. The smaller regionsare closer to the

origin in (b) and (d) than in (a) and (c). Theseresults are expected

because(b) usesa higher iteration limit than does(a), and (d) usesa

lower error counter than does (c). Theseresults follow directly from

the ideasput forth in Section7.8.

8. Conclusion

This paper is a survey of subjects closely related to Voronoi dia-

grams. There are many topics on Voronoi diagramsthat werenot cov-

eredin this paper. Future studiesmay include an analysisof problems

about properties of the types of Voronoi diagrams that are discussed

in this paper. A seeminglysimple, and particularly interesting prob-

lem is, given the Voronoi edgesof a non-degenerate,ordinary Voronoi
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diagram, to �nd the locations of the generatorset P [6]. Also fasci-

nating are \p ost-o�ce" problems, onesthat, given a set of locations

(generators) and mail centers, �nding an optimal and e�cien t algo-

rithm for which mail centers deliver to which location, and in what

order. Problemsinvolving biological modeling using Voronoi diagrams

are very interesting as well. Charting patterns of crystal growth us-

ing additively- and multiplicativ ely-weighted Voronoi diagrams is an

interesting application of Voronoi diagramsto biological studies[2].

There are also many types of Voronoi diagrams with interesting

properties that are not included in this paper. For example, there

are many other metrics to usewhen computing weighted Voronoi di-

agrams. Compoundly-weighted Voronoi diagrams use a combination

of multiplicativ ely- and additively-weighted diagrams. Edgesof CW-

weighted diagramsare fairly complex,and are either part of a fourth-

order polynomial curve, a hyperbolic arc, a circular arc, or a line seg-

ment, half-line, or line. The (additively-weighted) power distance to

a point is characterizedby subtracting the weight of a generatorfrom

the squareof the Euclidean distance between the generator and the

point. Power diagrams contain only line segments, half-lines, and/or

lines. Thesetwo metrics of Voronoi diagramsare very useful in model-

ing real-world occurrences,asarethe two coveredin the paper, because
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the introduction of weighted distancesaccount for properties inherent

in generators.Thesepropertiesareakin to thoseof the boatsdescribed

in the boats/island analogies.

Wecanalsoapply weighted distancesin the �eld of centroidal Voronoi

diagrams. Another possiblefuture project is to useweighted CVT's to

reassociate congressionaldistricts. Instead of creating districts based

on many di�erent subjects (including politics or geography), usingpop-

ulation density to redistrict a state could result in a more balanced

system.
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