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1. Intr oduction

This paper is a review of Voronoi diagrams, Delaunay triangula-
tions, and many properties of specializedVoronoi diagrams. We will
also look at various algorithms for computing these diagrams. The
majority of the material coveredis basedon researb compiled by At-
suyuki Okabe in Spatial Tesselations: Concepts and Applications of
Voronoi Diagrams [6]. Howewer, there will also be referencesto re-
seard and results preserned in many papers. Multiple algorithms for
computing di erent diagramswere found and translated from, among
others, Centroidal Voronoi Tesselations: Applications and Algorithms
[3] and A Swepline Algorithm for Voronoi Diagrams [4].

Section 2 will introduce Voronoi diagramsand provide examplesof
where they can be seenand how they are applied. Sections3 and
4 will discussbasic properties assaiated with Voronoi diagrams and
their duals: Delaunay triangulations. Thesebuilding blocks will allow

the progressioninto discussingmore complexideasregarding Voronoi
1
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diagrams. In Section5, there will be an exploration of weighted VVoronoi
diagrams, followed by a study of di erent methods for constructing
Voronoi diagramsin Section6. The last topic covered, in Section7,
will bethe ideaof certroidal Voronoidiagramsand di erent algorithms

for their construction.

2. What is a Vor onoi Diagram?

First, it should be noted that for any positive integer n, there are
n-dimensional Voronoi diagrams, but this paper will only be dealing
with two-dimensionalVoronoi diagrams. The Voronoi diagram of a set
of \sites" or \generators" (points) is a collection of regionsthat divide
up the plane. Ead regioncorrespndsto oneof the sitesor generators,
and all of the points in oneregion are closerto the correspnding site
than to any other site. Where there is not oneclosestpoint, there is a
boundary. Note that in Figure 1, the point p is closerto p; than to any
other erumerated points. Also note that p° which is on the boundary
betweenp; and ps, is equidistart from both of those points.

As an analogy imagine a Voronoi diagram in R? to cortain a series
of islands (our generator points). Supposethat ead of theseislands
hasa boat, with ead boat capableof goingthe samespeed. Let every

point in R that can be readed from the boat from island x beforeany



A REVIEW OF PROPERTIES AND VARIA TIONS OF VORONOI DIAGRAMS 3

Figure 1. A basicVoronoidiagram [6].

other boat be assaiated with island x. The regionof points assaiated
with island x is called a Voronoi region.

The basicidea of Voronoi diagramshas many applicationsin elds
both within and outsidethe math world. Voronoidiagramscanbe used
asboth a method of solving problemsor asa model for examplesthat
already exist. They are very usefulin computational geometry partic-
ularly for represetation or quartization problems,and are usedin the
eld of robotics for creating a protocol for avoiding detectedobstacles.
For modeling natural occurrences,they are helpful in the studies of
plant competition (ecologyand forestry), territories of animals (zool-
ogy) and neolithic clansand trib es(anthrop ology and archaelogy),and

patterns of urban settlemens (geograply) [2].
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3. Basic Pr operties of the Vor onoi Diagram

3.1. Formal De nition of the Voronoi Diagram. We havede ned
a Voronoi diagram informally. Sincewe are going to be dealing with
mathematical problemsasseiated with and algorithms for computing
the Voronoi diagram, we must formally de ne the two-dimensionalor-
dinary Voronoi diagram.

First, we shall denotethe location of a point p; as(Xi1; Xi2), and the
correspnding vector will be %. Let P = fpy;p.;:;png 2 R?, where
2 n<1 andp 6 p,i6jand8i,j = 1,2:::;n be the set of

generatorpoints, or geneators. We call the region given by
V(p) = fx jix xj lix xj8 3i6]jg

the Voronoi region of p;, wherejj jj is the usual Euclidean distance.
V(pi) may alsobe referredto asV,;. All Voronoiregionsin an ordinary

Voronoi are connectedand corvex. We call the set given by

S
the Voronoi diagram of P. Di erent notation for Vis ~_; V.

3.2. Basic Comp onents of the Voronoi Diagram. The Voronoi

diagramis composedof three elements: generators,edgesand vertices.
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P isthe setof generators.Every point on the planethat is not a vertex
or part of an edgeis a point in a distinct VVoronoi region.

An edgebetweenthe VoronoiregionsV; andV, is V; T Vi = epi;p)
If e(pi;p) 6 ;, Vi and V, are consideredadjacent. Any point x on
e(pi; p;) hasthe property that jjx  xjj = jjx %;jj. An edgecan be
denotedas e, wherei is an index for the edgesand does not have to
be related to the index of generatorpoints. For example,we can label
our edgesfrom 1 to n, n being the total number of edges,going top
to bottom left to right. The labelling of edgess merely a corvenience,
and doesnot have to follow a pre-determinedalgorithm. It should be
decided per Voronoi diagram. Also, the set of edgessurrounding a
Voronoi region V; can be referredto as @/ (p;), @/, or the boundary
of V..

A vertexis located at any point that is equidistart from the three
(or more) nearestgeneratorpoints on the plane. Verticesare denoted
g, and are the endpoints of edges.The number of edgesthat meet at
a vertex is called the degree of the vertex. If 8q 2 V, degree}) = 3,
then V is consideredto be non-degeneate. Otherwise,V is considered
to be dggenerate. Throughout this paper, we will, for the most part,

assumenon-degeneracyn our VVoronoi diagrams.
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Figure 2. Voronoi Diagramson Bounded Subsetsof R? [6].

3.3. Voronoi Diagrams on a Bounded Subset of R2. While most
of the time we will considerVoronoi diagramson R?, we can also have
them on any setS  R?. We will assumeS to be non-empty, for

a Voronoi diagram on an empty set would be trivial. The boundel

If, for any i, V; sharesthe boundary of S, we call V;\ S a boundary
Voronoi region. Unlike ordinary Voronoi regions, boundary Voronoi
regionsneednot be connectedor corvex.

In Figure 2, we seetwo Voronoi diagrams generatedby the same
set P, but on di erent subsetsof R?. In the left diagram, the shaded
regionis not connected,and in both diagrams,many of the regionsare

not corvex. Note that the non-corvex regionsare boundary regions.

3.4. Dominance Regions. Givenany two generators,p; and pj, the
perpendicular bisector of the line connectingp; and p; is b(pi;p) =
fx Jix xjp = jix xjig;i 8 . H(p;p) = fx  jix ]

jix %]jg;i 6 ] is the dominane region of p; over p;, and consistsof
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Figure 3. Construction of a Voronoi Region Using
Half-Planes|6].

ewery point of the planethat is closerto p; than p; or equidistart from
the two. H(p;;pi), or Dom(p;; pi), is the dominanceregion of p; over
pi. In the basicVoronoi diagram, H (p;; pi) is a half-plane.

From our de nition of dominanceregions, we can de ne Voronoi
: T . : .
of generatorpoints. V; = ... [ H(p;p) is the ordinary Voronoi

diagram on R? generatedby P.

In Figure 3, we can seethe construction of a Voronoi region using
dominanceregions. By drawing in the half-planesassaiated with p.,
we can seehow a VVoronoiregionis createdusing the method of nding

T
i2z+ n H(pi;p). Usingthis method for all of the points in a Voronoi
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Figure 4. A largestempty circle in a basicVoronoi di-
agram[6].

diagram becomesoverly complicated,and is generallybypassedin lieu

of other algorithms, which will be discussedn Section6.

3.5. The Convex Hull of P. The convexhull of P is the smallest
cornvex set cortaining the generatorset P, and is denotedas CH(P).
The boundary of this regionis referredto as@CH(P). Givena Voronoi
diagram V(P), V, is unboundedi p 2 @CH(P). With knowledge of
the CH(P), we know the following about a VVoronoi diagram V(P):

(i) A Voronoiedgee(p;;p;)(6 ;) isaline segmeni the line connecting
pi and p; (Pipy) is not on @CH(P).

(i) A Voronoi edgee(p;;p;)(6 ;) is a half-line or ray i P is non-
collinearand p; and p; are consecutie generatorpoints on @CH(P).

(iif) All Voronoi edgesarelinesi P is collinear.

3.6. Empt y Circles. With a Voronoi diagram V(P), it is helpful to

know about empty circles. An empty circle is one with no generator
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points within its boundary. For ead vertex g 2 V(P), there existsa
unique empty circle C; certered at g that passeghrough at leastthree
generatorpoints, and it is the largestempty circle certered at . If we
assumenon-degeneracythen C; passeshrough exactly three generator
points. Note that the largestempty circle represeted in Figure 4 has

three generatorpoints on its boundary.

3.7. Graph Theory and Voronoi Diagrams. Also interesting to
note are the correlations between basic graph theory and Voronoi di-
agrams. If we let n, ne, and n, be the number of generator points,
Voronoi edgesand Voronoi verticesof a Voronoi diagram, respectively.

We nd that
1) ny, Ne+n=1
If P hasmorethan 3 elemerts, then
ne 3n 6 and n, 2n 5

Furthermore, if welet n. bethe number of unboundedVoronoipolygons

and cortinue to assumethat P has more than 3 elemerts, then

1
ny é(n ng+21and ne 3n, n. 3
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Figure 5. A Voronoigraphinducedfrom a Voronoi di-
agram[6].

Another interesting theorem s that for any Voronoi diagram, the av-

eragenumber of Voronoi edgesper Voronoi polygon doesnot exceed6.

2(3n 6)
n

More accurately this number is lessthan or equalto

In graph theory, let G be a connectedplanar graph. Let v, e, and f
be the number of vertices, edges,and facesin G, respectively. Euler's
Theoremstatesthat v e+ f = 2,andthat 2 3f ande 3v 6
[7].

We can nd a direct correspndencebetween Euler's Theorem for
connectedplanar graphsand Eq. 1. Take a Voronoidiagramon R?. Let
n, Ny, N¢, Ne, and n, bethe number of Voronoiregions,boundedVoronoi
regions,unbounded Voronoi regions, Voronoi edges,and Voronoi ver-
tices, respectively. We know that n, n¢+ n = 1. Make any half-
line edgesinto line segmets by cappingthem with a vertex. All new
verticesadded are addedto n,. Simultaneously all but one of the un-

boundedVoronoi regionsare subtracted from n¢; one remainsbecause
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of the in nite region. (Note: If we had no unboundedVoronoi regions
to begin with, we still have an in nite region not previously de ned;
thus n, = 1.) Sincewe have included an extra Voronoi region, we've
altered our equationto ben, n.+ n = 2. Disregard our generator
set P. Our manipulated Voronoi diagram V has becomea connected
planar graph G. The number of regionsn becomeghe number of faces
f in G. The number of verticesn, becomeghe number of verticesv in
G. The number of edgesn, becomeghe number of edgese in G. Our

equationbecomesy e+ f = 2, Euler's Theorem.

4. Dela unay Tessella tions

4.1. Intro duction. Continuing the theme of graph theory, we will
now discussDelaungy tessellations,which are consideredto be dual
to Voronoidiagrams|[7]. For all Delaungy tessellations,we will assume
non-collinearity. This meansthat for our generatorset P, the points in
P arenot all on the sameline. Givena Voronoidiagram V(P), join all
pairs of generator points whoseVoronoi regionssharean edge. Thus,
in the Delaungy tessellationof P, or D(P), there exists the edgepip;
if and only if e(p;;p;) 2 V(P) 6 ;. If this tessellationconsistsof only
triangles, we call it a Delaunaytriangulation. If not, we call it a Delau-

nay pretriangulation. A Delaunay tessellationwill be a triangulation if
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Figure 6. A Voronoidiagram and a Delaungy triangu-
lation [6].

and only if all verticesof V(P) are non-degenerate SeeFigure 6 for an
illustration of the relation betweena Voronoi diagram (dashedlines)
and a Delaungy triangulation (solid lines) of the samegeneratorset P
(solid dots).

In a Delaungy triangulation, regionsare called Delaunay triangles.
Edgesin Delaunay tessellationsare called Delaunayedges If a Delau-
nay edgeis sharedby two Delaunay triangles, then we call it aninternal
Delaunayedge Otherwise,we call it an external Delaunay edge The
external Delaunay edgesin D(P) constitute @CH(P).

Interestingto noteis the fact that (assumingnon-degeneracy)yoronoi
edgesand Delaunay edgesare orthogonal. With a little thought, this
is fairly obvious, becausea Voronoi edgee(p;; pj) lies on the perpen-
dicular bisector of pip;, a Delaunay edge. This meansthat Voronoi
diagrams and their Delaunay tessellationsare not only dual graphs,

but are reciprocal gures [7].
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(a) (b)
Figure 7. Delaung triangulations: (a) is not a Pitte-
way triangulation, while (b) is a Pitteway triangulation
[6].
4.2. The Pittew ay Triangulation. The Delaungy triangulation of P

is a Pitteway triangulation of P if and only if ewvery internal Delaunay

edgepp; crosseghe assaiated Voronoi edgee(p;; p;) of V(P).

4.3. Corresp ondence Between Voronoi and Delaunay. We men-
tioned that Delaunay triangulations arenon-degeneratelualsto Voronoi
diagrams, but have not yet discussedhe meaningand results of this

claim. Given a non-degeneraté/oronoi diagram V(P) and a Delaunay

triangulation D(P), let Q and Qq be the setsof Voronoi vertices and

Delaunay vertices, respectively. Let E and E4 be the setsof Voronoi

edgesand Delaunay edges,respectively. Let C4 be the set of circum-

certers of Delaunay triangles. Then the following are true:

() Qa=P

(i) Ca=Q
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Figure 8. Empty circumcircles of Delaunay triangles
(i.e. Delaungy circles)in a Delaunay triangulation [6].

(iii) JEqj = JE]
Statemert (i) saysthat ead generatorpoint p; is avertex of a Delaunay
triangle. Statemen (ii) says that the circumcener of eah Delaunay
triangle correspndsto a Voronoi vertex. Statemen (iii) says that the
number of Delaunay edgesis equalto the number of Voronoi edges.
On a side note, the circumcerier of a Delaungy triangle, is the point
equidistart from the three vertices. It is the certer of the circumcircle,
or Delaunay circle, which is the largest empty circle cortained in a
Delaunay triangle. The circumcircle of the Delaunay triangle is an
empty circle only if the triangulation of P is a Delaunay triangulation.
The points on a Delaunay circle, which are Delaunay vertices,are called
natural neighlors. Two verticesare natural neighoorsif and only if they

are connectedby a Delaunay edge.
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To close,we will look at another interesting property of Delaunay
triangulations. Let D(p;;pj) be the shortest path along the Delaunay
edgesof D(P) from p; to p;. Then D(pi;p;) c d(pi;p), where

d(pi; py) is the Euclideandistancefrom p; to p; and c= 2:42.

2
3cos( )

5. The Weighted Vor onoi Diagram

5.1. Intro duction. Sofar, in our discussionof Voronoi diagrams, we
have assumedthat our generator points, besidestheir location, have
equalvalue, or weight. The ideaof assigningdistinct weigh to genera-
tor points canbe more usefulthan having uniformly weighted points in

somescenarios.Weighted generatorpoints are sometimesmore appli-
cablewhenlooking at, for example,the population sizeof a settlemen,

the number of storesin a shoppingcerter, or the sizeof an atom in a
crystal structure [6].

Recall from our de nition of the Voronoi diagram from Section3.4.
that a VoronoiregionV; is the intersectionof the dominanceregionsof
pi over every other generatorpoint in P. While we will have di erent
formulae for dominanceregionsin weighted voronoi diagrams,the idea
remainsthe same. The dominanceregion of a generatorpoint p; over

another,p;, wherei 6 j andd,(px; py) isthe weighed distancebetween
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points X andy, is written as

Domy(pi;p;) = fpidw(p;pi)  dw(p;py)o:

Let

\
Vw(pi) = Domy(pi; By ):
pj 2Pnfpig

Vw(pi), or Vy(i), is called a weighted Voronoi region, and

tance. We will discussd,, morein depth in the following sections.

5.2. The Multiplicativ ely Weighted Voronoi Diagram. Recall
the analogy of generatorpoints to islandswith boats from Section 2.
The multiplicativ ely-weighted Voronoi diagram assignsa speedto ead
boat. Therefore,a faster boat will readh boats previously outside of its
region.

This weighted Voronoi diagram hasits weighted distance given by

%]

Arw (P P1) = ”XT; wherew; > O:

This is called the multiplicatively weightel distane or MW-distance.

There are many namesfor the assaiated Voronoi diagram: V,,, the
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multiplicativ ely-weighted Voronoi diagram, the MW-V oronoi diagram,
the circular Dirichlet tessellation, or the Apollonius model. We will
not be usingthe last two, asthey are highly specializedand this paper
is a more generalsurvey of ideasand conceptsassaiated with Voronoi
diagrams.

A MW-Voronoi region is a non-emply set, it does not have to be
corvex or connected,and it can have a hole or holes. A MW-V oronoi
region V,,(p;) is corvex if and only if the weights of adjacert MW-
Voronoi regionsare not smaller than the weight of p;. Another way
to denote \the weight of pi" is w;. Also, two MW-V oronoi regions
may sharedisconnectededges. Edgesin V,,, are circular arcsif and
if only if the weights of the two a ectiv e regionsare not equal. Edges
in V, arestraight linesif and only if the weights of the two a ective
regionsare equal. SeeFigure 9 for a diagram of the bisectorsbetween
points p; and p; with multiplicativ ely weighted distance for se\eral
ratios = V“V’—J =1 2 3 4 5.

Let Wmax = maxtw;;p 2 Pg and Ppax = fpjjW, = Wnax9. A MW-
Voronoi region Vi, (pi) is unboundedif and only if pi 2 Prax and p; is

on @CH(Pmax)-

5.3. The Additiv ely Weighted Voronoi Diagram. Cortinuing the

boat/island analogy imagine that boats in the additively weighed
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p.'ja

Figure 9. Multiplicativ ely weighted Voronoi diagrams
for two generatorpoints [6].

Figure 10. A multiplicately weighed Voronoi diagram
(the numbersin parerthesesrepresen weighs assaiated
with the generators)[6].
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Voronoi diagram start a certain distance away from their respective
islands. They all still travel at the samespeed, but someboats begin
closerto points than they would in the ordinary Voronoi diagram.

This type of weighted Voronoi diagram has its weighted distance
given by

daw(pspi) = ji% %] Wi:

The dominanceregion of the additively-weighted Voronoi diagram is

given by

Domay(piipy) = fx ix  xjj jix %) w wg, wherei6 j:

If welet = jix xjj, and = w w, we getthe following
results. If =, then the dominanceregion of p; over p; is a half-line
radiating from p; directly away from p;. This result is impossiblewith
the multiplicativ ely-weighted Voronoi diagram. If 0< < | then p;
completely dominatesp;, and Vaw(pj) = ;, another result not possible
with MW-V oronoi diagrams.

With thesepropertiesin mind, we nd the following statemers to

be true. The setV,y(pi) = ; if and only if

minfij x  xjj w;; 8, 2P 3i6jg< w:
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<D .

Figure 11. Additively weighted Voronoi diagrams for
two generatorpoints [6].

The set Va(p;) is a half-line if and only if

minfij x  xjj w;; 8, 2P 3i6jg= w:

The set V,,(p;) has positive areaif and only if

minfij x  xijj w;; 8, 2P 3i6jg> w

Every edgein V,, is either a hyperbolic arc, line segmeh half-line,
or in nite line. SeeFigure 11 for a diagram of the bisectorsbetween
points p; and p; with additively weighted distancefor seweral parameter

values = jix; ¥jjand =jw; wjj=0; 1 2 3 45 6; 8 9; 9:8; 10.
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0123 43
[ P o

Figure 12. An additively weighted Voronoi diagram
(the numbers indicate weights) [6].

If at least one weight, w;, is dierent from another, and Va,(p;)
haspositive area, then there exists at least one non-corvex additively-
weighted Voronoiregion. Every non-corvex AW-Voronoiregionis star-
shaped with respect to its generatorpoint. This meansthat from p;,
we candraw a line to any point in the region V., (pi), and the line will

be contained ertirely within V,y, (pi).

6. Algorithms  for Constr ucting the Vor onoi Diagram

6.1. Intro duction. There are many di erent ways to construct the
ordinary Voronoi diagram (de ned by d,, = jj* %jj, i 6 j). In this
section, we will look at two of these: the Plane-Sveep and the Tree

Expansionand Deletion methods.

6.2. Plane-Sw eep Metho d. Forthe plane-sveepmethod of construct-

ing the Voronoidiagram, we draw all generatorpoints, Voronoivertices,
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and Voronoi edgesn a non-Cartesianplane. There is a one-to-onecor-
respondencebetweenthe non-Cartesianplane and the Cartesianplane,
givensomeinitial assumptions.Therefore,we cancopy our Voronoi di-
agramin the non-Cartesianplaneto the Voronoidiagramin the Carte-
sian plane, which is what we ultimately want.

Let P = fpy;po;:::;png be our generatorset. For any point p, we
dener(p) = minfd(p;p)) 1 1 ng. By the properties of Voronoi
diagrams, r (p) is the radius of the largest empty circle certered at p.

We shall denotethe location of p as (x(p); y(p)). Let

(P) = (x(p) *+ r(p):;y(P):

In other words, for any point p 2 Vi, (p) = (x(p) + d(p;pi); y(p))-

(p) = p if and only if p is a generator point. Any q2 V, e 2V,
V; 2 V, andV haveimages (g), (e), (Vi), and (V), respectively.

Let pp and p; be two generatorpoints sud that x(p;) > x(p;) where
epi;p) 6 ;. maps e(p;i; p;) to part of a hyperbola with leftmost
point pi. Wewill cut this hyperbola at p; into h* (pi; ;) andh (pi; p;).
h*(p;p) = h*(pip) andh (ppy) = h (B p).

To help the readerbetter understand (R?), we candraw an analogy
betweenit and R2. Recallthe boat/island analogyfrom before. Imag-

ine that there is a current, moving directly to the right, that is faster
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than the uniform-velocity abled boats. Therefore,no boat canread a
point to the left of its island. Voronoi regionsin (R?) are cortained
within open-right hyperbolas.

For the plane-sveep method, we will needto make four initial as-
sumptions. First, numerical computation will be carried out in precise
arithmetic. Second,no four generatorpoints align on a commoncircle.
This is the sameas assumingnon-degeneracy Third, no two genera-
tor points align vertically. Lastly, any generatorpoint and any of that
generatorpoint's Voronoi verticesdo not align horizortally.

In this method, we take a vertical line and move it from left to right
over the plane. We update our data everytime there is an evert, which
will be de ned as:

‘the sweeplinehits a generatorpoint.
‘the sweeplinehits a Voronoi vertex in (V).

To represen the structure of (V) alongthe sweepline,we will use
an alternating list L of regionsand boundary edgeswhich appear on
the line, from bottom to top. We will also use Q, a set of points in
the plane. It is a list of all possiblepoints where everts may occur.
To beginwith, Q = P, the set of all generatorpoints. Candidatesfor

Voronoivertices (q) areaddedto Q asthey arefound by the sweepline.
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Figure 13. Voronoidiagramand its image: (a) Voronoi
diagramV for v e generatorsand (b) its image (V) [6].

lowing algorithm, we will endup with the transformedVoronoidiagram

(V).

(1) Let Q = P.
(2) Chooseand deletethe leftmost point, say p;, from Q.
(3) Let L bealist consistingof a singleregion, (V(pi)).
(4) While Q is non-emply, repeat 4.a,4.b, and 4.c.
(a) Chooseand deletethe leftmost point w from Q.
(b) If w is a generatorpoint, sy w = p;, do 4.b.i, 4.b.ii, and
4.b.iii.

(i) Find the region (V(p;)) onL cortaining p;.



A REVIEW OF PROPERTIES AND VARIA TIONS OF VORONOI DIA GRAMS 25

(i) Replace( (V(pj))) onL with

C (V():h (eip)s (V) h*(esp)s (V(e)):

(i) Add to Q the intersectionof h (p;; pj) with the im-
mediate lower-half hyperbola on L and the intersec-
tion of h* (pi; py) with the immediate upper-half hy-
perbolaon L.

(c) If wis anintersection,say w = (), do 4.c.i, 4.c.ii, 4.c.iii,
and 4.c.iv.
() Replacethe subsequencéh (pi;p); (V(R));h (B p))
onL with h=h (pi;pk) orh=h"(pi;px).

(i) Deletefrom Q any intersectionsofh (pi;p;) orh (p;; px)
with other half-hyperbolas.

(i) Add to Q any intersectionsof h with its immediate
upper- and lower-half hyperbola on L.

(iv) Mark (q) asaVoronoivertexincidert to h (pi;p;),

h (p;p«), andh.
(5) Report all half-hyperbolas that were ewer listed on L, all the
Voronoi vertices marked in 4.c.iv, and the incidencerelations

amongthem. [6]
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From this algorithm, we have all edgesyertices,and generatorpoints

of (V) on (R?. We now needto be able to corvert a point

(p) to

p 2 R2. We know to which generator points eat edgeand vertex

is assaiated. Call one of these generator points p;. We know that

(P) = X(p) + r(p);y(p). Let xi = x(p), yi = y(p), X

= x( (),

andy = = y( (p)). Let m be the slope of the line betweenp; and

(p) and d be the Euclideandistancebetweenp; and (p). m =

andd = P (y Vi)2+ (x Xxj)2. From this, we nd that

—_ d .
) (p) = 2cos(tan 1(m))’
Our point,
(3) p=(x r(p:y);

cannow be written with Eq. 2 and Eq. 3:

d
2cos(tan 1(m))

(4) p=(x Y )

Yi

X Xi

Using the sweeplinealgorithm and Eq. 4, we can graph a Voronoi

diagramin (R?), then translate ead point on an edgeor vertex badk

to R?, giving us our Voronoi diagram V.



A REVIEW OF PROPERTIES AND VARIA TIONS OF VORONOI DIA GRAMS 27

6.3. Tree Expansion and Deletion Algorithm. While the Plane-
Sweep Method is a good systemto construct the Voronoi diagram,
it is more useful as a programmableway to do so. Carrying out the
method by hand, or even with Maple or Mathematica, is a laborious
task, involving much morework than is actually necessaryFor simpler
Voronoi diagrams (those with a relatively small generatorset P), we
canutilize a simpleralgorithm. This algorithm takesa VVoronoidiagram
onl 1 generatorpoints and another generatorpoint in the plane,and
givesa Voronoi diagramon | generatorpoints.

To add p;, the I'" generatorpoint, we needto know the vertices of
V, 1 that will be a ected by V(p). We can do sowith the following
information. Let g;« denotethe vertex incidert to V(pi), V(p;), and
V(p«) in that order. For somepoint p= (x;y), welet H(pi; p;; pk; p) =
0 be the circle that passeshrough p;, p;, p«, and p. The circle cortains
pif andonly if H(pi; p;; pc; p) < 0. Consequetly, ¢« isin V(p) if and

only if H(pi; pj;pc; pr) < 0. We will let

1 X Yy X2+ y?

1 Xy ij + yj2
(5) H(pi;pspp) =

1 X Y Xe+Vy2

1 x y x2+y?
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(a) (b)

SN
. \
(€) (d)
Figure 14. Implemertation of the Tree Expansionand
Deletion Algorithm.

Like the Plane-Sveep Method, we will needto make some basic
assumptionsto begin. We will neednon-degeneracysowe will assume
that the degreeof any vertex in V, ; is 3. A problem arises,though,
when H(pi; p;; pc; ) = 0. When we add p to V; 1, we will have a
vertex of degree4. To avoid this, we can changeour inequality to say
that H(pi;p;p;p)  Oif and only if g« is outside of V (p). We will
also assumethat V, ; divides the planeinto i + 1 regions;call them
cells. Assumethat ewery cell, besidesn nite ones,is simply connected

with no holes. Also, two cellsshareat most one edge.
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We will let T bethe setof verticesof V| ; that will bein V(p,). As-
sumethat T is non-empty. Also, assumehat V, (T) (the componerts
of V| 1in T) is atree. Following the aforemenioned assumptionsand
givenP = (pg;p2;:::;p 1 p) and V, 1, we will implement the follow-

ing procedureto compute a new Voronoi diagram V,:

(1) Find the generatorp;i(1 i | 1) sud that d(p;;p) is mini-
mized.

(2) Among the verticesq;x on @ (p;), nd the onethat givesthe
smallestvalue of H (pi; p;; pk; ). Let T be the set consistingof
only this vertex.

(3) Repeat 3.auntil T cannot be further augmerned.

(a) For eat vertex g;« connectedby an edgeto an existing
elemen of T, add gj« to T if H(pi;p;;p; ) < 0 and
if the resultart T is a tree (satisfying one of our initial
assumptions).

(4) For every generatorp; ass@iated with a vertex g; « that satis-
es assumption4.6.7.,draw the perpendicular bisectorbetween
pi and p from e(pi;pj) to e(pi; p). Let this line segmen be
e(pi; p), the interesectionof e(p;; p) and e(p;; p;) be the vertex
gj 1, and the intersection of e(p;; p;) and e(p;; p«) be the vertex

gki. In the casethat g; « lies on the outer circuit of V| 1, draw
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the perpendicular bisectorbetweenp; and p.. When applicable,
the bisectoris a segmen from e(p;; p;) to e(p;; pc). In this case,
let this line segmenh be e(p;; p), the intersectionof e(p;; p;) and
e(pi; b)) be the vertex g, and the intersection of &(p;; p) and
e(pi; px) be the vertex gg,. If the bisector doesnot intersect ei-
ther e(p;; py) or e(pi; px), it will be aray originating on &(p;; pm),
wherep, is either p; or px, whichewer is ass@iated edgeinter-
sectswith the perpendicular bisector. Let this ray be e(pi; p),
and the intersectionof e(p;; p)) and e(pi; pm) be the vertex g, .

(5) Remove all verticesin T, and the edgesincident to them, from
Vi 1.

(6) Considerthe interior of the edgesand verticesaddedin 4 to be

V (p), and the resulting diagram to be V,.

In Figure 14, we seethe use of the Tree Expansion and Deletion
Algorithm on a Voronoi diagram with six generatorpoints. The new
generatorpoint a ects only the certral vertex. For the other three ver-
tices,H 0. In Figure 15, we seethe implemertation of the algorithm
on a Voronoidiagramthat, while symmetrical, much more complicated
than in Figure 14. We nd that H < O for four vertices.

To keepour verticesand regionsorganized,we have terms by which

we can refer to them. We call verticesin T in. Verticesoutside of T
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(@) (b)

(©)

Figure 15. A Secondimplemertation of the Tree Ex-
pansionand Deletion Algorithm.

areout. During the algorithm, verticesthat are asof yet unchedked are
undecided. We call polygonswith a vertex in T incident and all other
polygonsnon-incident. All verticesand polygonsare initially labelled

undecidedand non-incidert, respectively.
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7. The Centr oidal Vor onoi Diagram

7.1. Intro duction. A certroidal Voronoi diagram, or tessellation, is
a Voronoi diagram of a given set suc that ewvery generator point is
alsothe certroid, or certer of mass,of its Voronoi region. Typically,
certroidal Voronoi tessellations(CVT's) have an assaiated density

function, (x;y), on , a subsetof R?.

7.2. Real-W orld Applications and Observ ations. Applications for
CVT's cover a multitude of disciplinesfrom computer scienceto urban
planning.

An interestingareain which CVT's popup isin the territorial behav-
ior of animals. For example,the male mouthbreeder sh, to establish
domain, will spit sandaway from the certer of its territory. For a high
enoughdensity of sh introducedsimultaneouslyinto a body of water
with a uniform sandy o or, we nd an interesting result. The spitting
of sandresults in raised bars of sand, and, when viewed from above,
createsa pattern which very closelyapproximates a certroidal VVoronoi
tessellation[3].

Also in biology, CVT's appear in the cell division of animal and
plant cells. In a study of the dewelopmen of star sh enbryos, it was

found that a view of a layer of columnar cellsin an arrangemen in a
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hollow sphereshaved the cellsto closely match a certroidal Voronoi
tessellation[3].

Looking at urban planning ideas, we can seeclose correlations to
thoseof the CVT. If we just look at the corvenienceof mailbox place-

mert throughout a population, we make the following assumptions:

(1) A personwill usethe mailbox nearestto their home.

(2) The costto a personof using a mailbox is a function of the
distancefrom the personto the mailbox.

(3) The costto the generalpopulation is measuredby the distance
to the nearestmailbox averagedover the population.

(4) The optimal placemen of mailboxesis onethat minimizescost,

or the distanceto the population in general.

It makes sense,then, that the optimal placemen of mailboxesis at
the certroids of a CVT, using the population density as a basis for
generatorpoints. We can usetheseideasin many di erent aspects of
urban planning and the placemen of resources.Sdools, distribution
certers, mobile vendors, bus terminals, voting stations, and service

stopsare someexamples[3].

7.3. Generator Sets. The idea of the certroidal Voronoi tessellation

is somewhatlimiting in terms of the various diagrams that we can
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produce. The original Voronoi diagramsthat we consideredhave a one-
to-one correspndencebetween every possibleset of generator points
P and the Voronoi diagram V(P). The sameis not true for certroidal
Voronoi tessellations: since not every Voronoi diagram is a CVT, we
cannot construct a CVT from just any given generatorset.

In the discussiorof the optimal placemen of resourcesye mertioned
population density, but did not explain why this was important. To
createa CVT, we needa generator set whosecorresmpnding Voronoi
diagram hasthe property that ead generatorpoint is the certroid of
its Voronoi region. This implies that the problemsthat we will run
into whentrying to nd a CVT will lie solelyin the generatorset.

This is where the disparity between CVT's and ordinary Voronoi
diagrams arises. The freedomthat we have with regular Voronoi di-
agramsis important becausewe can visualize dominanceregionsand
distancesgiven any setof data. CVT's arelimited in this sensebut, as
in the applicationsand obsenations mertioned in Section7.2,they are
very useful for planning systemsand noticing similarities in di erent

elds (like animals' territorial habits and cell division).

7.4. Constructing a Generator Set. To create a CVT, we need
to nd a generator set whosepoints are the masscertroids of their

respective Voronoi regions. There are many methods for doing so: the
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two that we will look at are Lloyd's method and MacQueen'smethod.
The generalideaof thesemethodsis to take aninitial setof n points, P,
then move them incremenally sud that the resulting Voronoi diagram
is alsoa CVT.

To selectan initial set of points, we usea Monte Carlo method. A
Monte Carlo method is any which solvesa problem by generatingsuit-
able random numbers and observingonly the fraction of the numbers
obeying someproperty or properties[5]. A Monte Carlo method is not
necessaryo createa CVT: we could selectn random points on , then
use Lloyd or MacQueen'smethod, and get a very similar, and for all
intents and purposes,the sameresult. The Monte Carlo method, in
e ect, givesus a headstart on creating the generatorset for the CVT.
It givesusa setof n points that resenblesour density function, (X;y).
Becauselloyd and Macqueen'smethods take the n points and iterate
them to nd a generatorset for a CVT, which alsoresenbles , the
set found using a Monte Carlo method may be closerto our nal set.
By using a Monte Carlo method, we save time overall by reducingthe

number of iterations of Lloyd or MacQueen'smethod.

7.5. Lloyd's Metho d.

(1) Selectan initial set of n points (P) in , by using a Monte

Carlo method.
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(2) Construct a Voronoi tessellationof , V, assaiated with P.
(3) Compute the masscertroids of the Voronoi regionsin V

(4) Let P be the set of masscertroids computedin Step 3.

(5) If P meetssomepredeterminedcriteria, implemen Step2, then

terminate; otherwise,return to Step 2.

7.6. MacQueen's Metho d.

(1) Selectan initial set of n points, (P) in , by using a Monte
Carlo method; let i = 1.

(2) Determine a point y in by using the same Monte Carlo
method asin Step 1.

(3) Find the point p in P that is closestto y.

(4) Set

ip +vy
i+ 1

andi =1+ 1.
(5) If P meetssomepredeterminedcriteria, goto Step6; otherwise,
return to Step 2.

(6) Construct a Voronoi tessellationof , V, assaiated with P.

7.7. Similarities and Dierences. Lloyd and MacQueen'smethods

arevery similar, but alsovery di erent. They di er just in their method
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of resetting P. For Lloyd's method, ewvery time we go through the cy-
cle of steps(an iteration), we are constructing a new Voronoi diagram.
Consideringthe fact that we probably must gothrough se\eral hundred
iterations, this is a very time-consumingmethod for computers. For
MacQueen'smethod, instead of recomputingthe Voronoi diagrams,we
are simply moving a point, then chedking our results with the \prede-
termined criteria.” With MacQueen'smethod, though, we only move
onepoint at atime, instead of many points in the set. Lloyd's method
gives a better appraximation of a CVT, but the di erence is not no-
table enoughto justify its useover MacQueen'smethod. Becauseof

this, we will useMacQueen'smethod for constructing the CVT.

7.8. Stopping Criteria. Typically, we will have two di erent types
of criteria, but only useonefor any given construction of a CVT. One
criterion will be the total number of iterations, i. The higherthe num-
ber of iterations is, the closerV will beto an actual certroidal VVoronoi
tessellation. The other type of criterion will be an error courter, . If
our set P remainsrelatively unchangedfor a certain number of itera-
tions, then we considerMacQueen'smethod completed. Becausey is
chosenusing a Monte Carlo method, it is possiblethat p = y. Then,
P would be unchanged. Sincethis could happen on any giveniteration,

we would want to setour error courter to cover multiple iterations. It
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(@) (b)

(c) (d)

Figure 16. 256-Roint CVT's Using a Probability Den-

sity Function of (x;y) = xy on[ 1;1] [ 1;1] with

Limits of: (a) i = 10%, (b) i = 1C°, (c¢) = 10 4, and (d)
=10 8,

is very rare that it would happen multiple times in a row. The lower

the error courter is, the closerV will beto an actual certroidal VVoronoi

tessellation.

7.9. Imp erfections in Constructing a CVT. It is important to
take note of the fact that we do not get CVT's with either Lloyd or

MacQueen'smethods. We considerthe appraximations that we receiwe
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(@) (b)

(c) (d)

Figure 17. 256-Roint CVT's Using a Probability Den-
sity Function of (x;y) = e 1 on[ 1;1] [ 1;1]
with Limits of: (a) i = 1€, (b) i = 1%, (c) = 10 4,
and (d) = 10 &,

usingthesemethods closeenoughto true CVT's becausehe di erences
betweenthem areminimal. The only way to guararteethat the Voronoi
diagram of P that we get using Lloyd or MacQueen'smethod is truly a
certroidal Voronoi diagram is by carrying the method out inde nitely .
This cannot be done for all practical purposes. Thus, we acceptthe

appraximation that we make.
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7.10. Figures 16 and 17. In both Figures 16 and 17, (a) and (b)
are computed using an iteration limit, while (c) and (d) are computed
using an error courter. In Figure 16, note the di erence betweenthe
two diagramson the left and the two on the right. In (a) and (c), we
seeVoronoi regionsbundhed together that are relatively far away from
the points ( 1, 1)and(1;1). Someoftheseproblemsare correctedin
(b) and (d), aswe can obsene a better order of smaller regionscloser
to those points than in (a) and (c). In Figure 17, we can seethe same
generaltrends as in Figure 16. The smaller regionsare closerto the
origin in (b) and (d) than in (a) and (c). Theseresults are expected
becausegb) usesa higher iteration limit than does(a), and (d) usesa
lower error courter than does (c). Theseresults follow directly from

the ideasput forth in Section7.8.

8. Conclusion

This paper is a surwey of subjects closely related to Voronoi dia-
grams. There are many topics on Voronoi diagramsthat were not cov-
eredin this paper. Future studiesmay include an analysisof problems
about properties of the typesof Voronoi diagramsthat are discussed
in this paper. A seeminglysimple, and particularly interesting prob-

lem is, given the Voronoi edgesof a non-degenerateprdinary Voronoi
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diagram, to nd the locations of the generatorset P [6]. Also fasci-
nating are \p ost-o ce" problems, onesthat, given a set of locations
(generators) and mail certers, nding an optimal and e cient algo-
rithm for which mail certers deliver to which location, and in what
order. Problemsinvolving biological modeling using Voronoi diagrams
are very interesting as well. Charting patterns of crystal growth us-
ing additively- and multiplicativ ely-weighted Voronoi diagramsis an
interesting application of Voronoi diagramsto biological studies|[2].
There are also many types of Voronoi diagrams with interesting
properties that are not included in this paper. For example, there
are many other metrics to use when computing weighted Voronoi di-
agrams. Compoundly-weighted Voronoi diagrams use a combination
of multiplicativ ely- and additively-weighted diagrams. Edgesof CW-
weighted diagramsare fairly complex,and are either part of a fourth-
order polynomial curve, a hyperbolic arc, a circular arc, or a line seg-
mert, half-line, or line. The (additively-weighted) power distance to
a point is characterizedby subtracting the weight of a generatorfrom
the squareof the Euclidean distance between the generator and the
point. Power diagrams cortain only line segmets, half-lines, and/or
lines. Thesetwo metrics of Voronoi diagramsare very usefulin model-

ing real-world occurrencesasarethe two coveredin the paper, because
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the introduction of weighted distancesaccourt for properties inherert
in generators.Thesepropertiesare akin to thoseof the boats descriked
in the boats/island analogies.

We canalsoapply weighted distancesin the eld of certroidal Voronoi
diagrams. Another possiblefuture project is to useweighted CVT's to
reassaeiate congressionabistricts. Instead of creating districts based
onmary di erent subjects (including politics or geograply), usingpop-
ulation density to redistrict a state could result in a more balanced

system.
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