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1. Intr oduction

This paper is a study of cellular automataascomputationalprograms

and their remarkable abilit y to create complex behavior from simple

rules. We examine a number of these simple programs in order to

draw conclusionsabout the nature of complexity seenin the world

and discussthe potential of using such programs for the purposesof

modeling. The information presented within is in large part the work

of mathematician StephenWolfram, as presented in his book A New

Kind of Science[1].

Section 2 beginsby introducing one-dimensionalcellular automata

and the four classi�cations of behavior that they exhibit. In sections

3 and 4 the conceptof computational universality discovered by Alan

Turing in the original Turing machine is introduced and shown to be

present in variouscellular automata that demonstrateClassIV behav-

ior. The ideaof computational complexity asit pertains to universality

and its implications for modern scienceare then examined. In section
1
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5 we discussthe challengesand advantagesof modeling with cellular

automata, and give several examplesof current models.

2. Cellular Automa t a and Classifica tions of Complexity

The one-dimensionalcellular automaton exists on an in�nite hori-

zontal array of cells. For the purposesof this section we will look at

the one-dimensionalcellular automata (c.a.) with squarecellsthat are

limited to only two possiblestatesper cell: white and black. The c.a.'s

rules determine how the in�nite arrangement of black and white cells

will be updated from time step to time step. Again, for the purposes

of this section,we will look at c.a.'swhoserules are updated basedon

a nearestneighbor scheme. This meansthat to determine the state of

a cell in position p at time step t + 1, we will look at the statesof cells

in position p � 1, p, and p + 1 all in time step t. For each of the eight

possiblepatterns of white and black cells, the state of cell p at time

step t + 1 is chosenaseither black or white. SeeFigure 1 for the eight

possibleinput patterns, aswell asonepossibleoutput. In all there are

256di�erent possibleoutputs.
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Figure 1. Along the top are the eight possiblepatterns
of three, two-state cells. They are displayed in the con-
ventional left to right order in this �gure. The bottom is
onepossibleset of outputs. In all, there are 256di�erent
possibleoutputs. This image is scannedfrom Wolfram
[1], page53.

To analyze the behavior of these programs Wolfram developed a

naming convention, a standard initial condition and method of view-

ing the results of multiple iterations at once. To name the basic one-

dimensionalc.a.'sdescribed above, a hierarchy wasgiven to eight pos-

sible patterns with black-black-black on the far left and white-white-

white one the far right. Each combination was made to represent a

place in the binary numbering system. Black-black-black for example

was represents the 27th place. Assigning the value of zero to white

and one to black giveseach of the possiblearrangements of updating

scenariosa binary number that rangesfrom 0 to 255 in baseten. See

Figure 2 for several examplesof this naming scheme.

The initial conditions for all the rules, 0-255consistof oneblack cell

with rays of white cells extending to in�nit y on both sides. To view

multiple iterations at once,each time step is placedbelow the previous

onewith the positions of each cell unchanging, for exampleseeFigure

3. This createsa two-dimensionalimageof multiple iterations of a c.a.
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Figure 2. Theseare the �rst three rules and the last
one. The sequenceof zerosand onesare binary numbers
with their baseten equivalent labeledto the right of each
sequence.Wolfram, page53.

allowing for analysisof behavior. It shouldbenoted that the maximum

rate of travel of the black squarein the middle is onelateral squareper

iteration.

Wolfram classi�es the behavior observed in thesec.a.'s in four dis-

tinct classes. The �rst is Class I, which contains simple repeating

behavior. This can range from a single vertical or diagonal line (the

initial conditions remain) as in rules 100 and rule 106, or a seriesof

alternating all white and all black iterations as in rules 119 and 21.

SeeFigure 3, images(a) and (b) of rule 106 and 119 respectively for

examplesof Class I behavior. The behavior is easily recognizableas
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(a) (b) (c)

Figure 3. Above are16iterations of rules106,119,and
126. Rule 106and 119are examplesof ClassI behavior,
and 126 is oneof ClassI I behavior. Wolfram, page54.

containing repetitiv e elements of equal sizethat encompassthe whole

program. Approximately 86%of the 256basicc.a.'s are of this class.

The secondclassof behavior, ClassI I, is characterizedby c.a's that

have nestedpatterns. A nestedpattern is a con�guration that repeats

itself on an ever increasingscale.That is, smallerscalerepresentations

of a selectedregion occur within the region itself. Approximately 9%

of the basicc.a.'s are of this class. SeeFigure 3, (c) for an imageof a

ClassI I nestedpattern in rule 126.

Class I I I behavior is completely random. The c.a.'s in this class

have shapes that repeat themselves, but their location and frequency

is random. This classcontains about 4% of the basicc.a.'s.

The �nal class,ClassIV behavior, is a combination of ClassI behav-

ior and ClassI I I behavior. Thesec.a.'sexhibit a complexcombination

of repeating patterns and random behavior. SeeFigure 4 for an exam-

ple. There areonly 4 out of the 256basicc.a.'sthat exhibit this behav-

ior, and all four are essentially the samewhen we considerblack-white
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Figure 4. Above is an image of 150 iterations of rule
110and its updating rules. Wolfram, page32.

symmetry and left-right symmetry. Two of them are mirror imagesof

each other, 
ipp ed over the vertical axis placedat the location of the

black cell in the initial conditions. The other two are the sameas the

�rst two where the state of every cell is reversed,(after the �rst time

step).

The four classi�cationsof behavior areimportant for the discussionof

computational complexity in section4. Although the classi�cationsare

distinguishedonly by visually recognizedpatterns and characteristics,

it is preciselythis that Wolfram believesis main factor in determining

levels complexity.
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3. Comput ational Universality

3.1. The Turing Mac hine. Computational universality is the abil-

it y of a machine or program to compute the iterations of any other

machine or program. It is the concept that gave birth to the com-

puter revolution. Using terminology from modern computation, the

universally computational machine is analogousto \hardware", while

the possibletasks it can perform (those of other machines) are analo-

gousto \software". Hardware and software di�er only in that the �rst

is computationally universal and the secondis not.

The concept of computational universality was �rst discovered by

Alan Turing while working with his Turing machines in the 1950's.

The Turing machine is meant to perform algorithmic computation by

following the stepsthat a human would employ. The basicstepsthat

one takes are broken down to the essential elements of reading and

replacing symbols, moving from symbol to symbol, and the mental

statesactive at each of the previouselements. To replicate the process,

a Turing machine usesa set number of symbols, a set number of states,

and an in�nite tape of cells (the sameasone-dimensionalc.a.'s) and a

\machine head". At each time step, the machine head is over a single

cell of the tape. It reads the symbol o� the tape, replacesit with

another symbol, moves one cell in either direction and changesstate.
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All cells not focusedon by the machine head keep the samesymbol

from step to step. A machine chart existsfor each Turing machine that

has symbols on one axis and states on the other. When the machine

headreadsthe symbol s while in state g, it will follow the instructions

held in squares;g of the machine table. The instructions include the

replacement symbol (which may be the existing symbol), the direction

to move in and the state to enter. Turing machine tables can also be

expressedwith images,seeFigure 6, (b).

At the beginningof a Turing machine'sprogram,an input of symbols

is placedon the tape. By convention, the machine headalways begins

on the left most input. The head moves back and forth, reading and

replacing symbols, following the instructions in the table. The head

will either continue inde�nitely , or stop whenit receivesinstructions to

go into the \�nal" state. The �nal state includesno instruction causing

the headto freeze.

Figure 5 is a Turing machine that symbolically determineswhethera

number is odd or even. The instructions aregiven in the form: replace-

ment symbol, direction (r/l), and new state. Starting on the left most

input cell, (the highestplacevalue of the number to be evaluated), the

head moves to the right, replacing every symbol with a blank square.

Whenever it readsa symbol representativ e of an odd digit, it goesinto
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(a) (b)

Figure 5. Figure (a) is the machine table for a Tur-
ing machine that determineswhether an input is odd or
even. The instructions for the machine head are in the
following order: replacement symbol/direction of head
movement/new state. Notice that the machine headwill
replaceevery symbol with a blank squareexcept in two
cases.Thesecasesare whenthe headencounters a blank
squareand is in odd or even state. In Figure (b) are four
iterations of Turing machine (a) on a three symbol input.

the odd state, and vicea versafor evennumbers. When the headcomes

to a blank squareit prints the symbol 1 if it is the odd state, or the

symbol 0 if it is in the even state. In both casesit goesinto the �nal

state after printing a symbol. The output of the program is a symbolic

representation of the numbers status. Machine tables can be created

to perform an in�nite number of algorithmic computations, someof

which coincidewith known mathematical algorithms.

It wasdiscoveredby Turing that the information in a machine table

could be represented in one long strand of symbols. Let this linear

representation of the machine table be called t1, and let the input that

this table would act upon be called i1. Turing then discovered that a

if t1 wasplacednext to i1 on an input tape, then a newmachine table,
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t2, could be written that would perform the instructions of t1 on i1.

This meansthat the machine head instructed by t2 would travel back

and forth betweeni1 and t1, createthe proper output for the input i1

and then eraset1 from the tape. The machine de�ned by the table t2 is

known asthe universalTuring machine becauseit is ableto perform the

algorithms of any other Turing machine by reading the machine table

and input as inputs. The universal Turing machine is even able to

perform the algorithms of machines more complicated (more symbols

and or more states) than itself. It is a consequencethat any algorithm

that can be performedby a Turing machine can thus be performedby

the universalTuring machine. It is alsoa consequencethat no program

canbemorecomputationally complexthan a computationally universal

machine.

3.2. Em ulation and the Univ ersal Cellular Automata. Many

other programs or machines such as cellular automata, register ma-

chines,substitution systems,or tag machinescan alsobe shown to be

computationally universal. Becausethe only existing proof of com-

putational universality pertains to the original Turing machine, all

other programs are shown to be computationally universal through

emulation. Emulation meansthat a seriesof iterations in oneprogram
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producesan equivalent representation of every step of the emulated

program's computation.

To emulate a Turing machine with a cellular automaton, the itera-

tions of the Turing machine must be displayed vertically asin the c.a.'s

discussedabove. At each iteration the Turing machine shows the sym-

bols present and the position of the head. In the c.a. that emulates the

Turing machine, a color is designatedfor every possiblecombination

of state and symbol, as well as one color for each symbol when it is

not focusedon by the head, and thus not connectedto a state. Fig-

ure 6, (a) shows a Turing machine with two symbols (colors) and three

statesand the c.a.equivalent. The c.a. that emulatesit haseight colors

(2symbols � 3state + 2symbols). For organizationalpurposes,the cells

of the Turing machine wherethe headis not focused,arerepresented by

the two lightest colorsin the cellular automaton. The six darker colors

represent movement and state of the head. A set of nearestneighbor

rules for the computation of the c.a.are then derived from the machine

table of the Turing machine. SeeFigure 6, (b) and (c) for the Turing

machine table and the c.a. rules respectively.

This exampleof emulation is expandableto Turing machines with

greater numbers of symbols and states. The number of colorsusedin

the c.a. increaserapidly, as does the number of casesfor which rules
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(a) (b)

(c)

Figure 6. Figure (a) is the emulation of a Turing ma-
chine by a cellular automaton. Each of the 6 symbol-
state combination, aswell asboth symbol-no-statecom-
binations, are given a color in the c.a. Figure (b) is the
machine table for the Turing machine. The pointer and
the colors represent the states and the symbols, respec-
tively. Figure (c) shows the c.a. rules derived from the
Turing machine table. The white cellswith a horizontal
line in Figure (c) meanthat any color canbe in that cell.
Wolfram, page658.

needto be derived. The derivation of c.a. rules remains fairly simple

however becauseonly onecell is updated per iteration.

Following this method of emulating Turing machines with cellular

automata will leadto extremelycomplicatedc.a.'sfor eventhe simplest

of universal Turing machines. Given the capabilities of universally

computational machines,as seenin the modern digital computer, this

fact does not strike one as particularly odd. The major discovery of



CELLULAR AUTOMA TA AND APPLICA TIONS 13

Wolfram's research is that there exist extremely simple programsand

machines capableof universal computation. This is demonstratedin

the two color, nearestneighbor cellular automaton rule 110(seeFigure

4).

Rule 110producesClassIV behavior: a combination of randomness

and regular repeating structures. Wolfram usesthe regular repeating

structures to emulate the computation of a classof cyclical tag ma-

chines. Someof the cyclical tag machines in this classcan emulate

universal Turing machines. Rule 110, a member of the most simple

cellular automata possiblecan thus be shown to be universally compu-

tational.

A cyclical tag machine is a slightly more complicatedversionof the

standardtag machine. The standardversionstarts with a singlesquare,

either black or white. There are two updating rules, one for when the

left most squareof the sequenceis black, and onefor when it is white.

At each iteration, the left most squareis removed from the sequence

and a combination of white and black cells (typically 0-3) is addedto

the right end of the sequence.A cyclical tag machine is similar, but

has two setsof rules that take e�ect on alternating iterations.

The computation of tag machinesaredisplayed in the sameway asin

onedimensionalc.a.'s and Turing machines, except that the sequence
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(a) (b)

Figure 7. This is an exampleof a cyclical tag machine
that rule 110can emulate. In each iteration the symbol
in the farthest left column is removed and a sequenceis
addedto the right end of the row. Wolfram, page679.

is shifted onecell to the left at each iteration sothe left most edgelines

up.

To show that rule 110can emulate a cyclical tag machine, Wolfram

expandsthe visual representation to a larger format. The �rst change

is that iterations are shown without shifting at each step. This allows

the position of each cell to be maintained by column. The iterations

are then separatedby a sectionof blank space.

Wolfram then employs a seriesof diagonal lines at each iteration to

visually represent all the critical information about the machine. This
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Figure 8. The separatediterations whereeach horizon-
tal line divides iterations. The half coloredcircle to the
left signi�es which setof rulesis followedat that division.
Wolfram, page679.

information includes which cycle the machine is on, the combination

of cellsto be addedand the method in which the color of the left most

cell is determined. The way the lines interact is chosenspeci�cally so

that this information is represented visually.

Wolfram then selectsa number of regular repeating features from

the behavior of rule 110 that interact in similar ways to the informa-

tion lines of the cyclical tag machine. The processof �nding regular

repeating objects that perform this objective is done by trial and er-

ror and can take a tremendousamount of time. Once it is completed

however, oneonly needsto specify the initial conditions of rule 110so

that theseregular repeating shapesare isolated on an otherwisecalm

plane. The interaction is in generalhard to interpret unlessseenfrom

a very zoomed out perspective. For the emulation of each horizontal



16 GAVIN ANDREWS

Figure 9. The solid lines that comefrom the left side
of the �gure represent what the rule will add to the end
of the row. In both rule cases,if the solid line(s) hit
an extensionof a gray �rst squarethey stop: nothing is
added to the row. When the �rst square is black, the
solid line(s) continue through the extensionof the it and
add to the end of the row. The lines that comefrom the
upper right portion of the �gure interact with the solid
lines causing them to stop and create a column. The
dotted lines tell the columnswhen they are the farthest
left cell in the row. Wolfram, page679.

cell in the cyclical tag machine is represented by 3,000horizontal cells

in rule 110. At this rangethe objects that Wolfram selectscan be seen

to interact in the sameway that the information lines do. Rule 110

is thus able to represent every iteration of the cyclical tag machines

computation, e�ectively an emulation.

This processcan be generalizedfor proving the computational uni-

versality of any machine or program. First, one must �nd a scheme

for setting up initial conditions and decoding output so that it can

be seento emulate someother machine known to be universal. The
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schemecan be ascomplicatedasnecessarywithout being universal it-

self (or its use in proving universality is insu�cien t). Sincethere are

a seeminglyin�nite number of possibleschemes,�nding one that can

prove computational universality is quite challenging. Proving that a

machine or programis not universal,however, is even morechallenging

becauseevery possibleschememust be checked.

4. The Threshold of Universality

The conceptof computationaluniversality impliesthat oncea certain

level of complexity is reached, there areno gainsin computational abil-

it y. This is speci�cally implied by the abilit y of the universal Turing

machine to emulate behavior of Turing machines with more compli-

cated machine tables than its own. The level of complication at which

universality is reached is called the threshold of universality. Tradi-

tional intuitions, developed during the computer revolution place this

threshold to be quite high. We assumethat a machine capableof such

complex computation is either made of complicated parts or simple

parts put together in a very complex way. The results of section 3

show in fact that one of the 256 simplest cellular automata is univer-

sal. The threshold is in fact surprisingly low. Although the cellular

automaton rule 110 is the only examplein this paper, there are many



18 GAVIN ANDREWS

other typesof machinesand programsin A New Kind of Science that

display universal computation and are just as simple. Almost all of

theseexamplesfall into Class IV behavior, while a small handful are

of ClassI I I.

The threshold of universality and a number of important similari-

ties between simple programs and systemsin nature are the fuel for

Wolfram's Principle of Computational Equivalence. The theoretical

principle is basedaround one key idea: \that all processes,whether

they are producedby human e�ort or occur spontaneously in nature,

can be viewed as computations." Cellular automata and other such

programsare not only capableof the levelsof complexity seenin spon-

taneous natural processes,but also show striking visual similarities.

Both natural systemsand programs exhibit similarities in behavior

while di�ering signi�cantly in biologicalbaseand underlying structure.

Wolfram framesthesesimilarities of behavior seenamongnatural pro-

cesses,as well as those between programs and natural processesin

terms of computation.

The secondpart of the principle assertsthat all systemsthat do not

appear obviously simple, are of equivalent computational sophistica-

tion. Essentially , Wolfram theorizesall systemsin the universe that

exhibit Class I I I or Class IV behavior are computationally universal
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and thus fundamentally equivalent. If all a systemdoesis compute its

own behavior, and the systemis computationally universal,then it can

reproduceany other systemsbehavior, and all systemsare equivalent.

Key to this argument is of coursethat the threshold of universality is

reached by all systemsproducing ClassI I I and ClassIV behavior.

Challengesto the principle can comefrom two angles. The �rst is

that thereexist processesmorecomplicatedthan what is seenin univer-

salprograms,such ascontinuousprocessesor humanthought. Wolfram

respondsthe �rst exampleby assertingthat it is just aschallengingto

emulate continuous systemswith discrete models as it is to emulate

discretesystemswith continuous models. This implies that the levels

of complexitiesare similar, if not the same. Wolfram responds to the

human thought issueby expressinghis belief that advancesin neuro

sciencewill lead to an understanding of the brain in terms of simple

computational programs.

The other challengeis that thereexist a number of ClassI I I processes

and programssuch asrule 30, that arenot universal. This is a good ar-

gument, but the discussionin 3.2 shows that the processof disproving

the presenceof universality is harder than proving it. Wolfram specu-

lates that many such ClassI I I rules will be shown to computationally

universal in the future.
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The implications of the Principle of Computational Equivalenceare

astounding. Essentially , every processwe seearound us is a system

carrying out a computation, that for the most part (with the exception

of the obviously simple systems)is of the samelevel of computational

complexity. The only di�erence between the computation of cellular

automata and natural processesis that we do not know the rules that

the natural processesfollow. The principle of computational equiv-

alence is so broad in scope, it carries implications for almost every

�eld from evolution, to physics and mathematics, to psychology and

philosophy.

5. Modeling With Cellular Automa t a

5.1. The Pro cess of Creating a Mo del. The Principle of Compu-

tational Equivalencehas very profound implications for almost every

�eld of scienti�c and social inquiry. If it is true, onewould predict that

usingc.a.'sor other such programsto model natural processeswould be

very successful.There is one important conceptthat makesthis issue

more complicated,the conceptof \computational irreducibilit y." This

meansthat the behavior of a not-obviously-simpleprogram can not be

reducedto a simpler computation (such as a mathematical equation).

Essentially , there \exists" no equation that can predict the behavior of
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a systemat each time step without being ascomputationally intensive

as letting the system compute its own behavior. There are no sim-

pler or lower dimensionalrepresentations of thesesystems.All systems

that are complicatedenoughto break the threshold of universality are

computationally irreducible.

Models,however, are simpli�ed representations of natural processes.

They condensethe information of a processfor the purposesof pre-

diction or of understanding behavioral mechanisms. If the principle

of computational equivalenceis correct then no non-simpleprocesscan

truly bemodeledbecauseof computational irreducibilit y. No reduction

of information is possible.

On the other hand, if all natural processesare computations, we

shouldbe able to emulate behavior exactly with another universalsys-

tem. All one has to do is determine all the information produced by

a systemat each time step and �nd an appropriate emulation scheme.

Wolfram arguesthat similarities in the behavior of systemsfollowing

di�erent governing mechanisms negatesthe importance of basic ele-

ments: whether they are black and white cells, moleculesor particle,

there is no computational di�erence.

There exists a middle ground, however, between not being able to

make a model and emulating behavior exactly. Although emulation
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(through the processmentioned in section3.2) of natural processesis

practically impossible,and reduction of computational information is

impossible, there is still modeling potential at the visual level. Af-

ter viewing the behavior of a large number of simple programs and

machines, visual similarities to natural processessuch as leaf growth,

pigmentation, crystal growth, shell growth are easily identi�ed. The

connectingmodel is createdby selectinga speci�c feature(s) of a pro-

cess,and adjusting the parametersof c.a. or other program until its

behavior matches.

This is the only way to model using c.a.'s becausecomputational

irreducibilit y does not allow for many other forms of analysis. Anal-

ysis from traditional mathematics all require someform or reduction

of information. Analysis speci�cally developed to deal with c.a.'s and

other such programsis still in the early stages.Even with thesedraw-

backs, the c.a.modelsin the following sectiondo show someremarkable

results.

5.2. Mo dels. One such c.a. model developed by Wolfram is that of

snow
ak e growth. The featuresselectedfor modeling include the gen-

eral hexagonalshape and the mechanism of growth that createsthe

intricate patterns within the hexagon.The mechanismis hypothesized

to occur becausewater particles give o� a small bit of heat when they
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change from liquid to solid form. When particles add to the crystal

during growth, heat is releasedprohibiting future growth in the area

for a time. This processresults in the gaps in between parts of the

snow
ak e.

The c.a. model of this processis set on an in�nite two dimensional

hexagonalplane to ensurethe hexagonalfeature of the overall shape.

The cells are either black or white and only adjacent cells are con-

sidered to be in a cells neighborhood. The updating rules (in order

to incorporate the processof heat releasementioned above), allow a

white cell to turn black if only one cell in its neighborhood is black.

If there are more than one black cells in the neighborhood, the white

cell remainswhite. Figure 10 shows both an actual snow
ak e and iter-

ation 24 of the c.a. model. Although the imagesare not identical, the

selectedvisual featureshave beensuccessfullycaptured.

Another model developed in A NewKind of Science is that of 
uid as

it interacts with a barrier at various speeds.The featuresof 
uid 
o w

being modeledare the variouspatterns of eddy formation asotherwise

undisturbed 
uid encounters a solid object. At low speedsthe 
uid

slidesaround the obstruction with little alteration. As speedincreases,

the 
uid directly behind the obstruction moves slower than the rest

creating a pair of eddies behind object. As the speed of the 
uid
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(a) (b)

Figure 10. A picture of a snow 
ak e and the 24th iter-
ation of a two color hexagonalc.a. The updating rules of
the c.a. allow a white cell to turn black if only one cell
in its neighborhood is black. If there are more than one
black cells in the neighborhood, the white cell remains
white. Wolfram, pages370-371.

Figure 11. This is a picture of a vortex streetdisturbed
by an obstacle. Wolfram, page377.

continues to increase,the eddiesbegin to travel with the 
uid. New

eddiesoccur in the original locations and a trail of connectingeddies

appearsbehind the object, seeFigure 11.

The c.a.model of this processis alsoseton an in�nite planeof hexag-

onal cells. Each hexagonis broken into six equilateral triangles. The
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Figure 12. This is a picture of the liquid dynamic
model at the most basiclevel. The 
uid 
o w is from left
to right. Also shown are the updating rules. Wolfram,
page378.

lattice of cells in this c.a. serve asa frame work for thousandsof small

vectorsthat represent water molecules.SeeFigure 12 for the updating

rules and an iteration including the top end of the obstruction. The

rules determine how vectors will leave a vertex basedon their incom-

ing direction and quantit y. In the model, new vectors are continually

added to the plane from the left. The frequency at which they are

addedrepresents the speedof the 
uid being modeled.

The density of the vectors is 1/6 th of the maximum which Wolfram

equatesto a Reynoldsnumber of 100. The resultsarestrikingly similar

to 
uid 
o w of this density.
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Figure 13. The three imagesabove are all the same
c.a., but at iterations 1,000,4,000,and 7,000, from top
to bottom. Each line vector is an averagevelocity vector
of a 20X20 cell black. The vectors enter from the left
in a regular way with a frequencythat represents 0.4 of
maximum speed. Wolfram, page380.

Both of thesemodelsare pretty successfulin capturing the selected

featuresof the natural processes.Many pressingquestionsremainhow-

ever. Such as: How do I comparethe accuracyof this model to another

of the sameprocess?Doesthis model have any predictive capabilities?
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and, What doesthis model actually tell us about the natural process?

Thesequestionshave no answers becauseof the limited forms of anal-

ysis available for programsof this type.

6. Conclusion

StephenWolfram's research on the behavior of simpleprogramsand

the conceptof computational universality havegreatsigni�cancefor the

�eld of computerscience.Traditional assumptionsabout the structural

complexity required of a computationally universal systemhave been

proved false,warranting continued study of the phenomenon.Besides

adding to the annals of computer science,the results of Wolfram's

research alsoshows potential for computer basedtechnology.

The Principle of Computational Equivalence is where the conclu-

sionsabout the nature of computation and complexity are applied to

systemsother than those existing inside of a computer. All that is

learnedabout computational processesand the threshold of universal-

it y is hypothesizedto bepresent in every natural systemin the universe.

The principle is both incredibly broad and profound, speci�cally when

onecarriesout the logical implications held in the principle for philos-

ophy, physics, evolutionary biology and psychology. The impetus for
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the principle comesfrom the striking similarities betweenvarious nat-

ural processesand behavior seenin computational systems. There is

no questionthat the modeling of natural processeswith computational

systemssupports the principle. The evidenceis not su�cien t for proof

however. The insu�ciency of the evidenceis a product of the shortage

of analytical tools available for studying computationally irreducible

programs. There is currently no way to concretely relate thesetypes

of programsto traditional mathematics.

In the future, we will �nd the Principle of Computational Equiva-

lence to be either correct, incorrect, or logically beyond proof. The

result will depend on the issueof analysisdiscussedabove. If no form

of analysisarisesthat can createa more concreteconnectionbetween

natural systems,computational systemsand traditional mathematics,

the principle will remain unprovable and understood only in its own

terminology.

Regardlessof the outcome,A New Kind of Science is a landmark

study of the nature of complexity and randomness.
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